CS 466/666 P\lgorithm Design and Analysis . gp(‘ina 2020

Lecture & - Hqsh\n%

Ho«smg 's ot only useful in designing efficiedt  data Stiuctures for Seacching - but s also  wseful
m d\wgn?/\é chata Streaming ngoﬁthms and in  derandomiyation.

An importont concept that we will Stud% is the notion of  k-wise Independent fondom vaciables.

We will 2ec  opplications n data St(ev\mw‘ﬂg in the next lecture

Hagsh Functions

A P(“\mara motivation e{ d&s?gn?w& o hash ‘E\Al\(’.ﬁur\ 1« t obtain an Lﬁ?d&\t doto  Structuce f«w Sln((‘,\:ﬁwg

Wao would ke 1o ochiove OU) Warch 9me ug(ng the RAM  (rowdsm access maching)  model.
Th the RAM wmodel , Wwo OSSume +tlol we Coan  GCc2ss  an m&{\t«ma position in o 0\((&\6 in DU tme

We alse assume  that the word SISQ is [MS@ an&k andk T taker 00 tima \Cor o word operation

Congider the Scenacio that we wowd lLike 4o gtore N 2lements (kams) f(om the gt $o,1,. M1[7}‘
An obuious O\FPHJC\C\!\ s to we oan o\(\’ma A e"f m 2lamentc ]n?h‘mllg ALY =o ’fv( all 1, and  when

o K‘L%\ o inggeted, we sel AU L ond this cuppor Smmhvxg n O Bwe In the RAM modal.
But, of tourse, this approach C2guaras too much  Space , when  mo>on.
Tor axomple, Cmsidec the Scenario that M ¢ the wt of all TP-oaddressec ond n Ts the

Numbec af P addresses v?siﬁv\a Water oo pac 01‘0“6'

Iokmtku(x, we  wowld like to  use OM\éX on mm\a S‘E ST&Q Oln) and. still Su\d\w\ﬁr& Qurcl,m\& in OU) Hime.

A hoch functlon s wsed to map  the elements of  the b\\g waverse B tle leocalione 1n the Small table.
A heach toble is o data Structure  that consists of the fo[tm?ng Compoments
— o “table T with n cells Indexed b\a N = ;0, l,-.ﬂ\»l} , Loch cell can Stole Ouogm> bits .

~ 0o hash fw\cﬁm\ h:M>N.

dek%/ wi wont the hash function  to map ok?ﬁramvﬂ kmas into  differant locations -
But , of courte, b\% tle pPigesnhole prindple , this & m?esam o ochicve i we do not know the k% in  advance
Wa Soy Hore T¢ o _collision T—f X*y  but hm:mgy
Instead , whakt we Coan MF!L foe s o hove a JLM& of  hash ’fmndv‘ows , Qo that the number o{
collisons 75 small  \with L\ISL\ Prabqbi\c%\a , T’{ wa Pkk o Yoandowm  hosh }Cmcﬁw \C(vm the ﬁmit\a.

Wae ostume  the Keys  Coming are independent f(ow\ the  hash Tunction that we choose (e, tlete Y& wo
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AN

a_duusoma Y who  knewe our nternal  Candomnese and, cheosa o bad  Seb eﬁ ke&s -gof oue hagh funct(ons }
Wae oo not asgume that we know the ko'v&& in advane . ( ﬁcfuo\\\ﬂ‘ Q2uen T§ wo  know the

kﬂzni W advence . 1t Te nen-tawvial Lo o{u?&h o 300& hach ?mcﬁan 5 see qufact P\asl\h\g (0[{'1(‘,)

A notucal Tdeo i< to Cenuidec the hash fo\wdk\a bﬁn& tle et of all \wacﬁoni «Grom Mt N,
and we Just P\ck o. Condom function heM>N  ac our hash ‘%‘U\(Hof\-

Thus. the &ﬁﬁn& it the wme as the halls-and - bing gztb‘n& that  we Sugt ctudied.

guppusz tlere ore n ko,ﬂ;,

Then . 1l 2xpectas. Nw bor ef k‘w\\é in o lotation s one, and the wmodmuw looaded lecation hog
gkkbgn /ng[o&n) kz\Ag.

We coan Ctote  the kzns that afe hashed inte the Qame locabion b‘é o~ linkad st

This T¢ called MM , \Cor which tlo ,UPu’mk Qensch Bme Ts OC1) , while the moximum

Qeafch ’Hmk T< DL\O&V\ /LD&(D&Y\}.

UsTng the ideon o% powec o& TwWo cholees, We Can U< two (andom {uncﬁons hy and ha

When we nSect o Volue %, we look at the (ocations h &) and l'\lb() and  Stofe X in o least (oadsrd
location . When we Search, we Search both the [inked Usts in lpcations K, ond hs0O.

Then, we can faduwe  the maximum  Search time o O(\o&&o&v\} while  net 'mcvqasmi the  Qwecnge

Searth time \mg more  than o -chtof o{ two.

Randsm Hosh Functions ?

Qo Lar <o ciowi . bub we {gmfw\ the Joswet of  the Hme to  evaluate A&)  andk  the spoce
TQQG\A\VQW\Q!\T to <toce h (20 +thot we could compite hG) aga‘m ) .
Thete is jmst no wma we could do t  effia ant\% —For o Yondom —?w\g‘t\mn .

Constder o Condom ‘E\M\Lt{(]ﬂ hWMm->a . To gtore this toble i YQ%mms at  least m[aSn bits ac

J

eoch  elemant Fl%v_\\"es lagn bike to  temember tts  location. “Thic 3¢ eyea wmore  Tthan L\RW\S an a(ra%

of sige M. Without using <o much Space , there (s ho woy fo  Compwlz  heo zfrhdmtg 5 we

donwt even know which Lunction to Cam{?@f@) omd cant &et Constert omswers  to  the Queies .

'Idsza\kﬂ/ L\[ we use Ola  celle {o( the hash table where egach cell  gtorec (o&m bits , we would [ike
to <tore the \Cmdmn U\sTng 00 cells . ¢o that 1t deec nof create ()mé ovechaad in g&bmga {g%u‘mmeﬁ.
This  means  that O((ogv@ bite Can Wgregent the  hagh \Qmm‘or\ , Ond tthZ{orz the  hash

-go\m?hé chould  have ot west ?o(étm) \anc’ﬁom ('m&%mdﬁ e\f N ‘Funcﬁbng ffom M I\))‘
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?OVJWW\MU%, bk& Q\AGOSTW% o hash WUW\CHLM ’Qrom a  Small  nash f‘*"’"t% , we ean still achisve SOme ﬂf
the  propecties 3mmntui b\& the Yandom hash ‘E\M\CﬁonS- This ie eimilac  in spint to d&rmdomiso\tion,

but  heve wo oo that —Qw the Qake OJV eﬂic‘\{nc% ei, time  onA g})au,

Tn Short, we need a Queant m?regenmﬂw\ "% a  hosh \Cmcﬁon, to Suppor € Jﬁmt %M(% time  and
‘(QQE(A\(CS wttle gto(o\&e space

Tor this . we ntroduce O weoker notion Of Condomness -

A n
Toc o et of n (J;\Ma) independent Candom vafiables . &\'\QK Smig{l\& Pe ( Ql K4 :1;) = T Pe CK: =),

iz

K- wise ?ndzPende s oo weaker  potion  \whece 1t OM\Q Natu‘mu the above  Conditions to  held ‘Eor

(;mUQ aub set o{ (up tod &k variables. Yoather thoan all possible cubcets @'ﬁ Variablec.

Definition A <et o {ondom voaciobles Koo X, Xn 18 k-wise  independent 1 o¢ Gny  Subset
¢ 4

Telt,n)  with \I\ <k Qud &0\“ any valwes x;, 1T, it hods that Pr ( 0 (X\:x‘)} = TYI Pr(ﬂ; < x,ﬁ
19

iex

The %?u\o\\ case  Wwhen k=2 (< called jm‘\m/i;e \moLa{;emiem

We  See fwo  examples wh»& \)m\vwi% \(r\d-aPendQv\*\? Yondem Vvoriables ave easiec to bg ime(o&rw&

E*“’“\B\Q\ Givan b fandom  bits Xyos X We con ganuﬂz S ?m}(w\&z independert  bits as follows ¢

Enumerote +he lbﬂ v\ow~2m?’ﬂ6 Sub St Of ”?\,%u-,B?]'
Tor 2ach cudh subset < dtqﬁm \‘\’S = ‘\Q?s i, whlere @ denotes the wod-2 operation -
Then , it Is easy to cee that eoch it Yo Is Yondom by <he principle of defecred decisions
C The prindple of defevced decision Says that we can fix a Bt w with (eSS L omd thnk of the

process of c\aoognS o Condom s%r‘m& Ao Xy as fiest d\ac\dmz\ the value of other bite ond  then

deciding the volus of +the ©-th bit. By {wmﬂ oll other bits , <ice X=1 or O Witk pYobability V2,

Yo s exill e%wﬂha \‘Luka to be O oc 1
Mote Fybvvvm\\a, this prnciple  Ts ust Saying  that P Ye=1 \m\ bits exCept ) = J{ for all possible

values o% the ‘(sz_mo\‘m}n% bitc implies that  Pr KYS:ﬂ:‘; , and Tt follows Lrom  Conditional Frobmhﬂi‘f&)
Consider two cubsets S, and Sy We would Lke to Show that the two bits Ye, ond Yo, ace independent
We Ossume  wathout los¢ of Qeverality that $-<. 3. ket x;¢ S-<,.
B\d the F(mc‘\y\z of deferred deasion on X7, We can Arque thot Pr(\{g\:cl Ng,=d) = J; %o( ony o dedond.

Therefore . Pe (Ygme O Ng,=d ) = P (g =e | Ye,=d) Pr(Xg,=d) =5 5= PelXe =) PrNe,=d),
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which  proves  the poivwise  ndependence of Yo .

Ao the varlables YS 2 - wise TndaEand\ut 2

Exmg\q P2 Given  Two ‘mda?zmenf Um?&:ofm\ﬁ romdom voariables X, X, over go,\,.‘,?w% , we Can zehﬂffﬂt P
\)&ivw?Sz i“o\@?endavﬁ( Condom  yoaliablec \mﬂ get‘hing Y;i(XﬁIX}\ wod P \Qor L:O/I/”,)F/\) whete p ol A pms
Pgein. by the principle of deferred  decisions. Y5 ot \M:hmt& Coandom , 2. P Q\ﬁ:{ﬂ:\T Lor any 0<a<p-l.
For poirwise independence, Wz want to Show that Pr (Yi=zo o Y}Z\')> = Pe (=) Pr(‘(j:\a): \?:
The evert  Tiza and \’J‘:B is Qasmmkev\t o QXL'fTX))W\O&P = a  ond ()ij%ﬁ mod P =b.
These two 2guations  on Two voriables  have & unigue Zolution ( because P s prime, onk 2o mulbiplicative inutree axvist)
o= (b0 i) modp  and X =(a-1C-ad({-13') mod
Since  there  are Pl choices ‘QD\’ X, ondh X5 . and  there 3¢ on(% one chotee  for Yiz=a and Yizb,
this  implies  that Pe ( Xi=zo0  omd \/j:‘o) = _\%1 proving the  Dairwise Sndqvjndznce,
I(\tb\\ﬁuﬂ\ﬁ, fhts  ConStrudtion Can  be thought of as Sqmmtmg o fondom line over a field . ie f
we OM”&\ Know one  point X; of the Uine ‘then another pont W ors still vondom. byt onee we know

two points of the line Then we can fiqure out all  other pouts  of the line.

Note +that in  both xzxamg(z;, we  need %?grﬂ\cim“ﬂa \Cewar Yondom bits 4w &zmmtt mw\g\ fondom  yaiables.

¢ it Nowi ind ant (andom vaciableg

We  cannot OL?)?L\& chernefl  vounds Jgor poi (wise Vndependent  Condom  variables

An important  cemack s that C‘f\ﬂ\ﬁﬂghzu‘s M(Z%MU%\Q etill applies Lor poitwise ndependent rondom  voriablec.
This is becanse  for poirwite independent varioblet X, %, Xy, we haue ‘Etx;xﬂrﬂﬂﬂle CRERP
This tmplies that  Cov (i XD=0 ¥ 1a] , owd <o \/wi%%ﬂ“— %NthJ‘ for pacwise independent  Voyiobles
Applying  Chabysheu's Tnequality  ques  Pr (1X-EUKDl20) € Ve TX] /o7 = ?Q;NMUJ/& foc K= “?ix

This Wl be (MFO(to\nt n c\nm\%sis o§ data %T(‘-@am‘mg algarit‘amg.

Universal  Hash  Functions

Defintion  Let U be o univesse with Wizn and  let \/Zi\o,\)...,nf\%. A fc«m‘\lz\ of hash Lunctions

H ’F\’om U to \J 7¢ Soid Yo be k~-univessal ’\%,fo( ony Aistind  elements X X,,.., Xx and &

hosh function h chosen uniformy  Candom  from L we have Py i) =hay = L he) €

heq

Hois said to be _Stromely k-universal 1f  for ony  volues vdu\dw\-)%Kégo,\,.‘./\nwy ond o Tandom

hash function h from H, we hae  Pr (Mx,):uy, RUGY Yy o - kalzﬂk) :l? for distinct X,
n

NeX(
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We can think D{ Mg ST\'m\[a k _unversal t}c the random vaciobles W{o), h(), ... l\ﬂ\\)\*iv afe
Kewise M\dewndﬁ“t v whea  his Chocen un‘\fm’mha tondom frum .

With this conmection . it i< not Sw?ri;m& +that <the  ConStrucdions \Cor %Qnémﬁng £ - wise iniaeanolent
vandom vaciobles Ccan be  wed to  Comstrut  unmiversal  hoach ‘Emr\tﬁons.

We  will \Cow& on  2-lmiuersal  and thnSmQ 2 -univecsal  hach {amlﬁeg.

2-univecsal  and tvomgly  2-universal ﬂ?mmmu ot hosth funcﬂons
N

We begin with o Constructlon where the <ile of the wunivese and the sije of the table ave the gome.
lef U:\fi‘i‘O,l,u,P%? whete  p TS o plime Number

Let hgy (0 = Coxtb) mod P

et M = § how | 0€abepal

Clom H s Stfong(a - wunivectal

|
El

Proof (e vneed to prove that Prk)(u\%b(\):%\)r\LhQ,b(YQ:k:\)))t Lor anyg Yogs and any K% Xy

%M\Sg\gmg Mo OL)= Y. ond }’\a/b(xﬂi\il maeans (ax,+b) mod P =Y, and (mgﬂg) rod P :31
Griven X‘,x,,\ﬁ,,%l, these ave twe inaog e%uqf\vn: with Two Varyables. and +there < o uYﬁgﬁuE Qo lution *
-1
o= LV&—‘SJ QXL*XN) maé\P OR b= ((:X\—O\XQ Mmod F

Hence , thew s OM\Q one  cholce c& o,b  out o{ pl ?ogsw‘)oihﬁzs So\t\gﬂ‘wg the condifions. lofovmﬁ the claim. 4

The  obove  Construction onh& defines o Strongly 2-universal  hach fo\m\x(lﬂ when  1ul= |yl

In opplications.  we \A&U»ilukg want o define o r\/\aw;a& {rom a {Mgz universe  +to o Small table.

Thee 3¢ an eo\sg W(LS to exfend the above conetruction to this Qe’rﬂnﬁ_

Lot U= %O, Lo PF« \& ond = ¥ Ol . Pfﬂ ‘?D( Some  positive intefer  k and  Some  prime  p.

Tvxhzr\;rﬁ 2wch element wel) az a vetor %= (Voo Ukl Y where O%ui< p- ond 2%;0 U3 F" =W

Tn othec words . interpeet W as a “?»wﬁ” Nnumber  where W 18 the least gagn\{:@nt “cAr&Tt”
ond Wyo, ts the  mmest gi&n}{icm\t “oUKl‘f”:

N

Tor Gmg vecor K:(ao,.ﬂ/ Q) Wwheese O£q~é\>»l -Fo( szn& 0€1¢ k-1, omnd any oébép—\

-1

let L\&),b<7‘>: Zo Riuwy “r\g> moé\P

Let  H = 'g%a,\o \ 0 <o €p-l Hor Qvery 0<€ick-1 . ond oébey—ﬂ].

Cloim = H s gt{ong(\a 2-unversal,

. =2 > oA S5 0D
o0 We need to  prove That };«EH( %?}b(w«)t% and }\K,b Cw)r%\f = for ony W,y and WE W
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ANesume puithout  loss o% %ane(&llha “that Wo ¥ Wp ~ Then  these conditions ore e%u?\/awnt To

et &
Rotp +b= (- agugdmedp o ank o Ggwp 10 = (30 T by ) wed p,

F‘»fmo& a\,,_,\xm)f,ﬁ/\ﬂ,%, this s again Two linear Q%thﬁt)ns with Twe voriable P\aum& a unigue Solwtion.
Her\u,‘%o{ Q\/uu& a,...,Q, , there s emcﬂﬂ one Cholce oﬁ (Go,b) out a§ PI Pogg\;i\iﬁﬂc S‘olf»ksf\dmg the Conditions.

Thecefore, \'\’PG(}E hg,b(fﬁr% and ha)b(ﬁ)‘% )= [/le ?rou‘\n& the claim . o

Yiv\qu\ﬁ, the above  Construction  con  be utmmomld\/' to omy “table 3{3@ and  is <till 2 -univecsal
et hap @)= (laxte) modp)medn  and H = § hay | 0¢aspa and 0¢b<pa)

Claim > s 2-universal  (but not %t(bn&(g 1’\“\\\/@(501\)‘

?Yoo& TExorclse Cee  Lomma  13.h of MU . 4

Note thot there s o prime number  between WM and 2w wa O‘“é Integec \o\a Rectrand’s postulote {wiki).
and  So  the Obove J\\‘O\M\\lx worke \c@( aﬂ% m and N ‘na (‘,l'\()osiw& Qa \JﬁmcF Quch that mep<am.

Also, we can  defire hach fomlies for other fields , ey fNelds with o power of two elements.

k= un\vessal —Qam%k;eg of hach Lunctions

The tdea 75 similar.  Tnstead of generating o yondom [ine ( o D\JISNL one ?olﬂnom‘mm . we ean
Qenerate O Condom d\ag(u k POL%num]m.

B% Fo\%mm‘.o\l \rﬁl(Po(o\YWn, we know that givm any K distinct ?n\m‘s XaoXaoms X ond K values
Yo la Yy o there is o unigue degree ko polyromial P owith  pGO=y; for €<k

This meane thot L we Pk a Coand.om degree  k polynomial the outpute are ¥-wise Tndependent

Move precisely. we Coan constvut o k- wniversal hach f&m?lg as %lluw&

Pick random Q.0 .0, €X ol pad let hatd) = (a3 au,x v taa,) mid {Q wod n .

Thew it com e <hown that H = S‘(\a\ OEO\;QP»k {or 0<% k-\g S o k-unmvundsal  hash ’iam}h&,

Ha&h‘m& \mh\& ) -unwvecsal amilies
et Julem and \Wl=n Lel b be o pame  numbeC  Such fhot  ms p<am.
Ug?r\s o hash \Qomta }{:2 Wb | 0€a,b & Pt hé whaee  hap 0= Q(w—& b) med P> Mok n

we onkuQ naed o chose ok to  celet  a hash  Function
So, we can Stofe this hash Lunction using or\la 2 celle (vecll that each cell can gtore (ogﬂw bits ).
Also, the hath valie Con be ecunluated vedy %u\tckhé\) \Ai‘lr\j ov\la oW) opefotions on Lo&)(m)—\oﬁc worde.
Therefpre. these hash funckions gat\s‘gg the Smal Space Yefuitemeat ond also the fast evalustion Cequitement.

Can Jcmi ?fnvidu the  Some guc\(w\‘teas os {ondom hash fmmﬁnns 2 Ne¢ ond o .
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Expu.teo\ seacch time : The 1><\>sz€&\ Ceacch  time o% chaia }ms%‘mg can Still be mem\fu&\

Lemma  Actume m elements in S are hoshed into an n-bin hash table bg\ (/LSMS o Tandom hash FTunction

Q\"om a  -uwnivecal wﬂ“t\‘ Tor on ar‘o‘\tﬁx(\& element %, fok X o2 the numbec of Ttems ot bin hoo.

™ <
—_ o x&¢
T\V\RY\, Ei)(j < n
L+ if xeS
Proof et X;=1 % the i-th element o S 3c in the Some bin oS x  ond O othecwise.

e the hash {umﬁm\ i chosen 'Erov‘(\ 6 22— yecsal %D\m\\‘i\_ it —?ouow& that Pe(y,=1) = \/ﬂ_

Thecefore  EXD= T B = 5 3f x& S ok EIX] = 14 T- f xeQ

Y

The obove ctotement ¢ S'\MPL& but it chowld be (ead Ca(e‘{jmtha whee  we ek  the 2-wuniveccal Wo?mt%;
Considar  the SWF‘\& %agth& Ccheme  where wo  chosce o Candowm bin  and ‘)mt all the balls there .

m
TE s stil teue that the expected number of balls in o bin s “w, but +the Scacch time would be m aszﬁg-

Maximum (oad s Howeer  we  connot %wa(m-\wa that the moaximum  (oaded bin  hag Q(ngn/mjlo&n> balls

We Can Still Wse the 2-uniyersal F“’V”h& o Qive o non-teivial  bound

et X,S:\ i Ttem 1 ond  Ttem 1 0de NQ\;P@\ to the gome bin. andk O othecwise.

Let X = ?& K;‘) be the numbec D‘% wllision  Paics

2 Y(‘f*}) Vﬁ
Then ED - LY = 3 PeChoshon) € B = (R) s 8 >

1. DY 2N
R )

‘m{\ 1—uﬂ§\/~ugal‘\‘ha
%a Mackoy's ma%mwﬁ o Pe Cx =z om/n >€ Ua , of Q%m‘von\enﬂud Pe (X < wmn )2 /2

guw:o&e the waximum  load g \f Then  there are at (gost KY‘)S Colligsion P&IFS_

2

wA

‘ﬂ\zm%wq, with \;(obm\::uh& > 1/1, we have Q\;B < L which \IY\/\\)LL\*ZS that \/S MFT.

Whan  men. this impliee  thet the Mmaximum load 1S S_IIY\— with \>ro\oub?\ﬁa ]/1,

_Remark : o gu&(umt;zz thet  the moaxi mum  (oad 3¢ O(logn (Loglugn) with \q‘)&\n ?(bbab‘\k‘\*ﬂﬁ‘

we Con  Wse o Q(\o&m/ LogLogn>— wnivecsal  hash {o\mtt\a cw%%) .

But then the 2uoluation Time 3g S\L(Logh/tgg(ognﬁ, which ¢ not & gooo( trade off.

Pecfect Hashing
[

Given o —F\xed et S, we would Lke to bulld o data Structure  to Support cn\u(\ ceacch opefations
with  axcellent  (wovst Cose %\Ac\ran’tfze et = | S|

“This prohwm is aseful  n \m:\d‘mi o Static G‘\\\Qt‘iona\(\,&_
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A hosh fwxctnm 3s M }{ Wt takes a  constont number e{ WwoY A operations (on (oglm*biﬂ( wwds>
to find on Ytem o  detecmine  thot it doeunt exist
TSt . onvinee douestf that 1t ts et o Eevind  problem

Next ), wa observe  that perfect hasln‘m& i< 2asy if thore 18 Suffidieat Spac -

_grmo, 1% he X s o Condom hash %Ancﬁm\ /grom o 2-unwversal fgm?ta YV\&PP'N\S the wnivere

U into (o,n-1). then, J;oc any et ¢ of Sie Mo when m<3¥n . the ?(o‘oQEB\]T«A ofr W

being  pecfect foc & s at least V/a
Proof The  proof ¢ Gimilac to the amalysic  for moximum load of  A-univecsal {«mﬁlﬁ\
Ug‘mg the above nototion and  Calculation. the Jasc?u%uk numbeC 0’% collvsion \DNV te lece thon W\l/mr\.

%ﬂ Manc koy's ;m%mu%, this implies thot Pr (& =2 W\l/m> < 4.

When n2m, ths means  that this T \)e(ﬂged’ (e no collision pms) With P(o‘oab\'\ﬁﬁ ot \eqst \/1

To Lind o pecfect hach function. we con qenerate fondom hagh Lunctions \C(om £he {amita ook

theck  whether 3T ¢ Pu%&t. On average  we omhi\ need, to check at most 2 hagh ‘%LAY\Lt{UﬂS.

However . this Ccheme Cequires QL) bins.

The new idea s %o uwe o tuwo-level h%h:n& Scheme to do paqﬁut ha&h‘m& with Onh& O(m) bins.
Tust, we uce o hash gw\ct\‘m to mop the elemedts iato o toble of w bias [cells .
A oz have Seen, =4he moximum (ood  cCould be O(¥m )

The 3dea ¢ to build o new [Second-lavel hash  table ﬂlor gach  bin with mu\LH\g\n elemente

'I% a bn has ¥ tems. b\i the above lemma, the Second-level hash table Jicr that  bin on\t& needs O(KY bins .

COM\)TW\Y\& thece Wil %WL o PMJY[Lt hash fu\nct\'w\ with onla O(m) bins.

Theorem The  twoe-lavel a?\afwd\ qives o \)E(fymf \msh‘mi scheme {—b( Mmoo items u\s‘m& OCm) bins.

Erm& R <hown above ., +he nwmber of  collision pov ¢ Ko n the first tevel s ot most W\lfn with Fra‘oZl/i.

o, &Zo( m=n , the numbic of Collision polts 18 ot mest m  with ’Prcbabm%% 1/

The {-\(gt level  Nhosh fund\‘on can  be Found b% tﬂﬁmi and ckukmg tondom halh —?w\ﬁ\‘«m {*\"mm a  2-umversal ‘\Camu&—
On velage, we on\xa need to check at moct 2 {»mmons <o \Cw\&\ A st level hash Sunceion  with Sm colligion Po\‘)r;
let ¢y be the number 0% Ttems in the i-th  bin

Then, H collision ?D\Irs = %(Qc;ﬁém_

We wse o weond - {zvel  hash %mmm\ that &‘\\/u no Collisions UA\\A& c;1 spoe %o« 2och  bin With ¢ >
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Bxg the oaveve lemma, we can {Jir\d Such & ﬂiw\cﬁw ‘oa %(Lﬂ‘mﬁ ot motk L Candem hash %\mcﬁm\s on  Owiage

m > LAY 3 m
The total nueber of  bing weed & At most M- E\Q: = m+1?::\ ) Z G S s amam = am.

QQRCL ©othe extro Space re%uf\rz&\ to store the hash functions s at mesk  o(m) cells. <ine there
ofe ot mest  mal hash Luactions. 0nd each Cequuies bn[xa ol cells (e;g. to Store the \)ml(s (a\,lg»

Seacch time - ?w\d\‘\n& the locatton takes OC) oppecotions. OUD Hor each level.

Ouerall, this is &quﬁto\“\% like \O\A‘Llrk\w\g AN otow {o( the m elements | aven themgh ﬂ\% Come from

A ta(&g_ WhTverse

Reforences  ond -thku f‘amk?ng (\m“}ect Tdeas)

Material 1o this lecture Is Arom  Chapter (3 of MU

Tn prockice,  people dont we  k-umversal hash ?mmiiﬂ for large Kk  becawe of +the Com putational  overhead

Insteod. they Just use Some Simple hash fomily and observe that it wetks well

A pastieuarly  simple way T called fabulotion hashing . which only inuolves toble lookups and XoRs.

Tt s not  Y-wise independent. but Can be provad To have nite propecties of random functions. eq.
Mondmum  lvad 3 O(logﬁ/(og[ogﬂ)

Thete ace olso  other bemmﬂfm\ ]’\Dxﬁl(\‘mﬁ tadnm%mes Such as cuckoo ‘r\c\sl«{m&.

k- wise TV\CkQFV,V\d\Q,'\t vaniables  ove used fo( d\uo«ndom}sqﬁun, o  tumn rmoLvMISuX m\gor‘xthms into

determintstic , b\s c)\o‘\n& brute %Duz Cearch  In  the éam\;&e Space ojy S(SL O(mk).

N\

For <ome awl?caﬂm\g, an  euen  tweaker  wolieon  Called almost ¥ -wise Y\nd\lvlndxeﬂull is enmgk )

and Tt has  Smallec %mm‘;\z Space 0{ STy D(lk n)

7

This has betome &  <toandacd  tool In okqmmxom;?)m& * Lixed pavoametec m\go(whms
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