CS “466/666 Algorithm Design and  Analysix . Spring 2020

Lecture & Balls and bins

Balls and  bine s a4 basic  vandom process that undeclies  2averal Cowmm  phenomenoms,

Tmm% wa  study  Some basic  questions  and  one *mtumxng vagiant  Yefered o the  powar of dwo  chotcas.

Nexk Aime we  ace SM\S 4o Seq eome  applications in \,\as\n‘mg.

Ralls ond  Bing

We hove w balls omd n bns . Badh ball Y thoown tooa vmlfgvm\é Yondow lom Tmupzm{mﬂ\é.
We wontd  \Wke o Sy what  does o Jcm;\m\ Dtuation  look ke .

There  afe My q{mb’m\s e Can osk to wmdecstand the  dlstibubon  of tle bolls wte tle bins.

We start ﬁvw\ Soma us\a Calemlationg

TExpaected Number of‘ Balls in_a Bin

\et B;l be the Tndicator variable tab ball ‘5 < n oin 0
M m i m

Then BT boale in kbin 31 > Tl ?\ E:,jx = SE\EEB\“JK = S?:‘ Pe L val R LN IE: A s

T pocBomlac . when w=n, Tl 2xpetted numbs e e—{— bals sm o bin T¢ one -

Do we foFad that  wost bine have obowt one boll  wmest of e Bwe kS

What s the Pro\m\::\\ﬁ& That  thew s lxadlb one ball  in each bia ?

TExpected numbec o‘f evv\‘n‘ha Bing
A

let Y1 be o ndicator votiable that biw 7 g .E\m\)“h%v

L ™ i . X -X
Than EY_\(,] = PFL Din LT amP*\a} = (- ) = 0 Qwswxg l-x €2 and =¥ RQ {m' Snall x\)
o, L of cmpty bins J = EL 3,01 = 2 R0GT = g ™

¢

Whan  wEn, we 2xp acted o e tlat o %‘frmﬁw of the bins oare vi\\ah,d_

Twst Lan\dhé ot tha z\q)umﬂon s‘% o move &Kaba\ 7 valiable g‘\Vu o bettec M\d\us‘mwo&tn& mg do  dishabation .
Tn &mt, this  Tondom variable can be thown to be  concentrated  around The mean . 0 we do oxpect  to

Se  around, i/e—%amon 0'% Qmpt% bing  when M=,

Moaximum Load Question: What it the mavimum numbac ®J§ bolls WM o bia ﬁﬁpzm\\ai

A g\mF\ar Q\(quﬁuv\ NS {ﬁw what w  do  wa Q,x?act W 2o dwe ballc ™ oa in (e “ollieem ouws)

s b\r&kd\m\a ?mmhm Yo tle et when nz268 ( TSV\“\‘“& b 29)
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The proboknlity tlat thoca oce no  collision  n the  GBrst m bolls i

(\*‘—v\)(\’%\»-.i“%\ < 27%9:1“»-9:’%\ = thg;on ~ va:ﬁ
This \aw\oa\a?LTh% would bz Smaller than /2 wlea w2 \J 2n e
Tov =368, it coys  that when wmzmaf L the pobebiling thel  Tle madmum load T¢ ot
\gagt twe T¢ o least Lo This  ectimate  Ts \/mz close 10 tle fxact answer.
To Summariie, wa 2ypect %o see o colligon  whan  m= IO This ebservation T8 wieful in oliffecent
?lau,s LQ.& L\asbﬂw&‘ (xvm\xi\)h?»\& o heufisRc fvv fmtofm% ’mh&us Cate )
An intuitive ,uc‘:[mmtior\ Tt that tlare are m paivs sf possible wlicions , and we 2xpert  Some collisom

would occunr Whan vvxl“,(,\/\] Instead @% tle incovvedt AntwiXion  that Collitone wewld occac wt\a

when MR nfa .

The oY\ Mum n_m-=

n 13
The proboliiity  that a bia hes ab feat ko balls G T west CH by & wnlon bound,

Tt B{JYEV\ Tt we have to deal  woth biemial wzﬁ\‘du\n

n\K * ne \¥
Sove mgq,f\,b\ bounds afa QT) < &v\;) < % < L/K The P(eﬁg ol a \uﬁf as  Qxerases.

. . ﬂK(,L £ 2
Usw\& this bound , +tla above Pfabmb&ﬁ\a s at moest QK\ R) = K< .

W x k- kink

8\& the amon bound, Pr [ sswe bBn hat at lewst Kk bols :\ s N T

We would ke o actimate  the Swallest k' Swueh  that  this pw&m\:tﬂ\a T 2wl anhgh
TIn  other words. wae want  fle minimum ¥ Swch  that kKlnk > Qn n .

Setting K> 30un [Lnlin  would do Csmple coleslations . see MU Sau )

T\\uzﬂvm, with v\?&k thab:nha, 4he  nmoximum  loade ¢ ol st O lnn/ Lnla n)

This  Olnn /Inlan)  Comes “p  in P\asb\\\mé and  alse  n cmo\\\as\s of qri)?{ux\nw\oﬁiow a‘éﬁr\\f\qms

(Q,%. WoNe ehill the  best knowa approximation  Yatio A~ cmgmﬁor\ vv\‘m‘\vw\\smﬂw\)

CO\A?W\ Colleclor Question * For what m do we 2xpect  to have no QMFJC% b‘mg%
et X bt thoe nuwbec s& balls  thiown wuntil ’thQ(L e NO Em?‘héx bins .
Let %5 be the numbec of bollc thrown when  thecw oave Umﬁ\\% \ QW\FJYB bing

Tan TOA = BLZ %] = 2 EL6)

How +o compite ELx;] 7 ANote tlat gad X5 s a geomstnc Yandom  Vaiable with Fowmtu F:’Lr\"
Recall tlat o KQO\MLVRQ Cond g vaqickle \( T g%\/vm H\a tle detabutdvw  tlat P¢ LX:\O: K\~\ﬂ\<‘\\),

T words, Y 15 the number ef tole wntdl the %(SJC QLS L, whan  tla  Suciess Prcbab‘\h“ha < P
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The JwFtLLtu\ volug ef a &zmvxv?c {ondem  Vowiohle \( with Po\mmdu— P TS P
Thete afe at  loast thee ways o e Yt Ot

@ dicect  calewlatton {(m the defmtlon with o olrﬁuzmlﬁm tiek .

oo _ N © R -\
@ use BVl 2 Z IROED) = 2 W0 - 20 Gep) = /Gl G —‘5

=1
T

-1

ch\&o_ D{ Summation

@ WL Condiiimal Pwha‘alﬁﬁa B afua that BOYY: pox U»@<E[ﬂﬂ> = K\rPBEE‘ﬂ*\ , hana BO)= p.

An\gwm&, we L\o\vg, ¥EXX? TS:' EEXT] = TS:‘\ \/(T/Y\) = é L = n \V\V\ (:E = HV\ l'tkL V\"“H’\ L\D\(mun\\c vmm};zr>

This  nwlin  Sewer as o lowee  bound {o( didfecent 't‘rv‘m&&- 28, the Covar Eime c{ Candorm  walke  1n

Q Complefe gm?\\ . numbec a% ed\&qg negded  In 3(agk @PQ(ST%CCK‘\M ba Yondom S‘mm?/inj chFa &\BDV?{:LML

Heudist ouments

We 2howed +that the mosimum load tc O(Qnw [ Inlon ) wikh Wigh ?mmm\:ba. Te 1t trgm?

Whet s the Yva%a\u‘vﬂﬁg e% L\av?ng A rpty ban Q'Fffr Tk(mv\& nlnn+con \m\\g%

The  man  4echnical o(TH\‘cumA in m\atm‘rné balls and  bing s that  the randew  Vaciabes  nvelved  afe
mt Indepindent . and  So o 2xample  Chermolf type bounds can ot be d\\(u‘da Gpplied.-

Tn %ome Ukuakion , Sk ag avxa\\&‘m& the Numbec mﬁ szpﬂé bins , we obsexve that the gueals  that two binc
afe mnmﬁ% ace m&mtwd% wrvelated 5 Ond thue Chernoff tupe bownds Stil OW[“&‘

Tn the %)(\owmi . we pretend thot  thae vactiables  are Twﬂ]nmiavﬁt and Come Wy with  Sewe  hewrigfic  bounds,

onde loder menbion That +hese w&umavﬁs Can be made F@L‘lsa hé o method callad ¥ Porgson qwmx}mmﬁwq,

Maximum Load

Let pe be the pmho&,rm\a that a bin has zmﬂ% ¢ bolls .

m N \ ""\’r¥ | mlm-) ce Cmagkt) (o (M0
Then Pr = Q FBQ—V\\» (\’7\3 - 0l ) (=)
i) o (n-ven) LAY \ -1 \
Agsw“& m=n S>> Then ’\)( = lnx s (- Y\j < oL 1-Q = ocld

We fuctiar ogume that ol bing  owe '\miew“o\wf ( While et Tyrue . *mmmuug not  +too ’G‘” DH_}

" " \
Than  no bin hos and\\a ¢ ol T8¢ ot wegt (1- ﬁ?ﬂ < Q [tachd
~n/Cart) Y _
1’% thie P(aba\ﬁ\ﬁ\a PR \/uxa Small Q‘S. 2 < n , then  with L\?g\r\ V{uha\,}\‘\f\é Thave will be some bin

with ot least balls .
— -0 N
For o /< o, 1t suffes %o st —w/(efl) £ ~1an © L < n/ (20 lan)

é> KY\ (‘\n S Qun - nlan~-In (1‘2—) . (*)
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| .
Rvd Sf\ﬂ‘m&fs D\Wrox?w\ﬁon <hat L s JLSF(%) < WL%} ., (see MU Lemma 58 for the first ?r\a%mhté)

Y \8
fn (6) € vlav - va ne (mg‘ms Inte!d= Tt jlr nx dx = x(ln\h\)\i = Inv-v ).

iz

Lot = nn/ Qnlan .

Then In vl < e (2nlnn - Lnlnln n) - Jnn -\'(QV\Q_V\V\ ~9thQnW>
nn n Qnlnn
< Qan - lhn/ly\hn ( sha tle Sum s«ﬁ the (Qma\“n‘mg thiet torme ¢ \age than guo\)

N

Q_V\ n \QV\QV\V\ - QW kllﬁ.

This show thal (%) holds when €= Lnn /2nlnn , ond theredore here gasts some bin with load Sllnn /inln n) W%P

( oupen Collector

To ectmate The F‘“b“\"m“{} that  Seme bm mTo\wd after nlnten balls, agan W use

- ) G-t mee ) ="
pr = 1 1% L\—%) e (MTU'Q‘ when mon S
¥w W= ninn tan Po x QHC n .
~< n - C
- \
S, tle ’\)(obm\o‘\\‘\‘:\a of Mvin& Come emphy bin 8 & - U*Q/W> A e

When < ¢ Q& \DJ&L positive Constant | thye ¢ \/u\a close  to PO
When o T o ngz V\lgmﬁ\/c. Constont. wlhrs ¢ \/U\A clace 4o one.
This T @ “Shw\; threshold P}\U\omemm, —Eo( Whith  we U«Pzﬁ the  avent \\qwam

when  there  are \/IHLQ eloge

™ nlwn balls.

Poissen AP?mx‘u mation (c?ﬂov\m\)

\/\J\mg ean wa assume  Independence  in ploviows O\(Sumwnts 2

No , we con not , bwt we an make Tt precce by m}wg the Polssom approximogion +uhm%m.

Recall  +hat pr = Lv;) K”\RYLV Jvﬂf X Jiw/n (w\/w\r /F | fov smal ©

Think of m/n s the mean.

Defive o Posem raedem vadable with patareter o by the probability olstribution  Pr(X=))= Ji“/AJ/J‘L.

Then  po 1 Just o Poston randow  vadable with  jaz m/n .

Note thot Tt 15 a probabitrhy dlisteibutlon \ith gypected volue . and ¥ 1 a good  opproximation  of
binowlal voandom variobles (MU Thm 3.0).

ot ><7(m be the numbar of balls ™ bw when m Yalls are thiown o \((]M ba o Poissem  vandem

Votable  with mean w/n.

w m " W () )
A wain a&\‘ﬁrz(awm between  tle  olistributions (X(\j,xi 3},,‘)Xi>) oA (\/‘L ), A\ _._1\(; ) s that

Pl

(@)
? \<§ W\ﬂ\a not ba Q%ua\ o m.
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There o two kaa ?o‘m"& n tha PVED‘J‘?

( CMU, Theorem §-é]>

)
? \TT =m . Than e two  distobuddont ace e same

® CondiBimned o

@ s Y\uﬂ:m h&pg&zns with  (easonable \Umbm\o:k:f\a el woth Pmbah(\(%\a at \east EFM‘ ([MU/ Thaeotem L’(])

\ {

we  Can 3‘1\/4& de\ Uppe( bound v the Poiseom  distaibution 5 we  can jw\/c ajust

Com\{m‘mg these two \ao‘\rﬁs , T]L

g\}&hﬂa biggz( wppec bound. i tha nr?g‘mal dighibubion (e . Just o {o@w( eJm ]ptggu .

More \wursatu&, Suppoe  we  prove that on uent 2 Mwam v the  Poissen sztﬂnj with Probab‘w(m{l F

then we coan  pse the obove claims +o  conelude that

® ©,
Pz R (&) = Pr\(ﬁi\?Y\:m>PV(?Y":m> z er:?@(gl?:m-zm) = ?\Bﬁ?r,\(g) D Pey(€) € emp.

Tor the yoximum (oad  ond  +he Cowprn collectoy Prob\am, We Can  plove a \/Lf\/& gmall uppec bound  on

the bad event n the ‘mde?endent Porsson setﬁng Cle. P(\Y(QQF {—‘o( veey <mall F> , and <o thic

Etanslates into o <mall uppec boundk 00 The bad event P(c\mbmfz an the  balls and  pbinc Se‘tﬁmg ae well

The \cmz\ ?o\\nf o{ This fulma%m is that we con work with ihiqendm\j vandom variables | and 28

can o\?\ﬂ\a (’,Mrv\b{—{ bounds 4o show theat bad euedtc \'\D\F?nn with  gmall P(ol}mbﬂﬂ'\:\_

W

The proojys Qe \/Q\'\A e mmhemﬁmlln , but the moin  reasen  that +hic i< DP—HDY‘Q] i< becawse the Jrubm\gsw?

bwt does not O‘PP(‘A in  othec Qﬁf‘m\gs

Ceems to be toilored made to  the O\V\RL\&SF& of balle and binc

Power of Two Choices (Q\?flﬁ‘/\m\>

Now we know tholl whken 1 balls  aye theown ato n binc Then  the wosdmum load ¢ %\QV\/QV\QM\\) W'L"P'

Consider tlo %[kw?n& vatiant when gadh ball ¢ Theown we pick e (oandom bns  and put the ball ™ tle

b with 'Gn,wu balls .

Q\Arw‘\ﬁng\\a thie S‘TMFIL madifieation  Can %i&y\?{?mv\ﬂ\a Cduce the mavimum load 1o OCLn Ln n) !}

The intuiBen 1g ngu A ball ig ojy \(\{\SH: Hﬁ Thove the T-th ball ?Lﬁ nothe b guﬂ;usa wa Qom

bwmd  the number e{ bing with ot least 1 balle \aa B, over the entice Course o—{ the procass. What

A ball 1 of KzTShJQ 1+ \{‘ the two vandom bine both have ok least 1 \OO‘HS;

Chould  be ETJ‘ \ 4

This ]r\qygeng with F(obm\a‘»htﬁ et wwost Q%/m) ~ Hence E/:—‘ < K%ﬁ go\umg tle  recurrence

qves thot @J becomes  OLLan)  whaon S: O(Qan\A)_ At thic Fo‘mt the nNumber s teo Spml| to a‘;p\%

Concent(oklon ir\Q%uALIt{es {or the induction , but 1t ig easy to {‘u\‘ys\q the P(co\ﬁ ’f(om there .

We will use the ‘QO\KOWRﬂ& C\(\er\uﬂ— bound :

“n
P\”L @(.V\)P} > )r\l‘)> < e Bh , whate @(ﬂ,[:> T tle  binemal Comdom  vVortalle with  n tials and  Quceese Frc\: ?
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2

Lot Rue n/a ank g = 2Ri/n

Lﬂ" 2} bao thL Lent HJK q{fw m“ n eqfs Aare 'HI\FWV\ tL\y_ vawEa«r b% (G\Y\S with at (JULVK U balls TS g%-
Note thal F“ hold¢  with F(obcv\o\\kﬁ\a 1.

We  will prove that WL C(\,; hold¢  +len Th holde il ]r\ig‘r\ P(g\mb{kﬁ% C unti) %; Lecomas too Smm”>.

In the \ﬂoum‘mg Wwe Conditien on the event &

Lot My =t Yf the -tk ball hat helght at least i«

Thee  PeCe=1) = Bi/n

Lt pi=%i/n. Then Pl éﬂ >K> < Fr(%u,y;) k)

Qo P (# b it ok least 1e bal) s ) € Pe (8 bl vith hoiglt ot Laast \«D> k i £:>
SR (E Y v ()

< Py LE(V\,\:\3>{< \ g\\}

St K= Riy=2npr. then the obne PWBAL‘\L‘% ¢ P (BLn, =) >1hg>:\ < | N by Checnoff.
Pe (&) Py o TR
Thie implies  that '4s LWQI \CL]B <« as lon as \-‘{\Zéng\,
P +\ r\)_ Pr L%\\) g P

gv PFL“ C(\:\ﬂ) = vf L“ikaQ Pf(i]} + Pr&“OLIH \“i;)?r(‘i}}

S Pe G lepPe@d+ b ey < ‘t\i* Pe %) as UWS as pin? blan .

To {\nTSV\ the PVOD{* we nNeed Two ware str?& . ‘F\(S% i< 4o \Dro\ra. that '\);'r\< LLlan ™ Oungwns

Q%wkx. Brd cecond T8t handle the cae  when P;-vw<(>$lvm.

The %‘mt §tz? TS =asy - A %“m\?le induction  Can Show  that E‘Hqi n/lL\ ond ﬂ\uzfofe

pin< blan Sn Ol0nlin) Shepe And thus Pr (A€ Olalnn) /> 10 this step -

The Second S%Ap e alse easy . Pwd Chetmeff bound w2 aan show  that uk? thove are ob vwoest

OLLnn)  bins with ot least with SUNnLAn) bals at this Sfﬁge__ Then hose  bins ave SMJE too {m

pR
+thot we ean %n‘\sh e arfument bi& Simple loound C (QN\/?\} to veadh one skop h:gmr and thefe afe

ot mest U\}) ways o ¢ cmos‘\n& two balls) to  show that there are at mest 2 bins  with

one mote  boll. And  then no wore bin wWwith ome moce ball -
This conclades  +he ?rao& (gletch) .

Remack:  The bound Is Tt One Con ghow «hal \Wwhp thare 1 a bin with S (2nlan)  balls.
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What \\C we chooge 4 Yandom bing in gach gﬁ? andk p\ﬁ +he ball in o least (saded ‘o‘m%

EQ.EQ( ences

Balls ond bins are from chopter € of T MUl You can vead the detonls of Poisson appoximation there .

Power ol *two choices 1s —G(om Qkp\?tu \ & o’% trol . Tt ¢ o well-Studied JcoP‘.L wth QPPUcat\‘vr\g in
}\o\s\ﬂ“m& ond Furthee Qenerolizations  (eg balanced  allocations on g(a\oks)\ Good.  project Topie .

The book ‘o% Dubhachi and. Panconess on  Concentration of measure for the m\ug\m ot (QY\OL%M\E&J\ ﬁ\&or‘\ﬂm v

¢ an excellent esoucce - You can vead about nega’ﬁv& coctelations  and  the Jclneona o—% ma(tmgqlu +here.
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