CS 466 /666 A[gorithm Desisn and Pma\lﬂsix . gpﬁna 2020
lecture 3: Applications of  toil inequalities
We will gee  two IMUJLSYU\% and TMPDFTM% opplications of tonl Tng%m[:ﬁe,s

The fiest i about 5myk eparsification  and  the Second s about dimension reduction.

Given  an  undicected qtaph G=(VE) with o weight w@ on cach edfe @eE, Aor o Subset of
verfias eV, (et %&(S) be the cet of eo\ges with one Zndpont in £ and e endpoint in V-2,
- = . . .
and let w(§g(©) = z%qu() be the fofal weight 0f the edges in bG8,

We are  interested in \C"m&m% N “g?mse” graph H  that opproximites  the cuwt grructures of G owell

ng\l‘jmn Li—cvvf QP\)fox?mafor\) Wwe &mz\ H:(U,‘FB 1S on $-cut C\\)P(Dx\mqfur o\C C]’i(\/ﬂé) ‘\\L
Lo ol SV we have (1= Wlh6 ) ¢ wlsr(D) € () wlbes)) -

Note that & oand H  ace defined on the Qome wvertex Cet buk  Cowld have different edge Sets.

~\ Qp\ctum {(Dm Nick Harvaa’s notes )

This turn¢ out to be O ‘\Yn\mrtant and bemﬁfﬂ p(obum With moma \ﬂ\%(est\“ﬂ& and Surgri&‘hé ceswlts
kam& we  will Qee  the {‘nst and g‘lm{;ugt Yeoult in thic  ditection , and  rmention one Su&r?f\‘&;hg
Opplication  in da&?gn\n{& neac- inear time a\ﬁoviﬂm\ %r minimum  cut

Thic Rest cesult needs o Somewhat S“cruni &SSUJ”)H%’] on the lnput &th .
Dse mpi*ﬁn ; The Tﬂpvﬁt %(O‘Pl'\ G =(yE) i< mnw«fa?jk\‘eu}\ ond  hot ywin-cut value Q((a&[\/l)_
With ths Ossumptlon.  theve & o ey aimple  uniform  Sam pUi "q algwwhm o Sparsﬁc% o olense TnF\LT Xm};h

saAthm ¢ et o @cmyv\\)lbng P{obm\ﬂif\g p-

Tor euery ed{@ ee Bl . with Pmbabm%% Pooopwto@ in Hoowith  edge weight wazjﬁ';

The 1dew 1t to Qb the Q\é\m&o\‘t‘xon C\‘ght) go that we oxpet fo  choote P/\C(uh‘bn of QD(KZS . andk make
thewe  waght to be Jﬁ . 2o thot The oxpecdted Totol wz‘ng\(\t in gach cut in Hoots the same 6g that ™ &
RBut. of Coucte, t 1< not Qmm&h to hove the QxPzd—ad\ values 4o be cortect |, o we need to  ensuve  that

all cuts in H have ooprovmately  the Some weteht o that ™M & Limultancowlly
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But. of Course, it ¢ nol enogh o have the axpected values +o be correct | s we need to  ensure that

all cute In H  hove ()\'Jp(ox'\modcd& the Some welght o¢ that n CT %‘,m\mmm% .
Tor this, we will wee Chermnotf bound.  and Qmuo&\% the asgumPtion that the min-cukt value s &X(lugn),

whete. we  cecall that Q;c\wtfarl volue Q(Lagh) j¢ the \”Qgimz that we con achigue tight Concantration

Thoocem (\<miar3 et p= 5%}:— whete ¢ 18 the min-cut valie of &
Then H 3s an ook apptonmator of & with  O( p EHED) edges  with probability 2 V-
M Consider  a  Qubset Qe . g(x& (D hac X Qd\gu. Note that k= ¢ b% definition.
E\é\ lineaes ty of expectotion . EL \6\4“3“ = }% o) Elxe) = Qeg@@w L+ O P)O> =P léq(s)\ = pk wheee Yo
is an Indicator variable where  Me= [ I tha zoliz e s oadded to H and Xe=0 otherwis.
g‘\m\[ar\j/ Elw(s (s)ﬂ PJE&LQ\ \ég(s)\ =k, and <o the @xpeced volaes are what we wont.

Next . we consider the P(obab\‘[‘d\a that the actual value o% \%H@)\ V¢ %o\r Emm the QKPQ(J(&t[nn.

Cinee %H(S)\ Con be Wwritten A% o Sum of W\dxz?eno(gn“( 0-1 variebles  (ie. Eeg%(g Xe ) . we Can
. K[ - & nn - EE
O\W\\é Chetnoff hourd  and qet (\ FNOE P K\ > QPK) Priz e © & = <,

where we wed oue choice of  P=15Lan [ (o)
Recall thot kzc \oﬂ definition. S the Prnbah](?%ﬂ that  §u¢)  wiolates the fequirement af an -t
approximator is at most ne which s pretty Cmall

But there axe z%?onent\m[[a Moy cubsete of vextices LSV, and 30 & naive union bound wonl work.

The ‘\m‘;nrtwﬁ observation ¢ that the P(obabtktfn thot o ngz cut (e, la(g:(> e vislated s
much  smaller Ciee n S ), amd there ace  not mang cmall cuts |

A

L emma The numbec 0& cuts  with ot mett ae Qd\ges 1[0( >\ s at most n2 -

;{oc& We have done  +the Case when y=| . “The gzmm\ Case i Similaf  with @& modification .

“Tha proof s left ac  an exerase of o homework F\"ob\ﬂm 1

With thic (emma, we can do & wmore mm{u\ union bound  based on the 2ize of the cuts:

Pe ( gome cut 3¢ v\oLmho\)

< g?\/ Pe( ocut Q ie \/Rc(atecls // union bowad
= > Preut € s V“’WJWO\) // Dl\\/'\d\ir\& nto  casec
R= 12,49, Sey: B )5 sane bated on the cut 2ize’

Qrouped nte e g \ﬁ&(g)\élmc
Z <~ “ P €
S a=o i N - Pe Ceut & 3¢ violated | V\Q\l%&(§>\§10\(‘—> Il b"& the lemma

& _ 5ae
N o N /e J/ b% the U\uncff( bound  obove

"N
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= = -«
Kzt 0S1S o 2N
£ 4 fn 7 Fivst teem domnated
. - 4 . .
T‘waym"e, with P(Dbm\:mh& ot least V-5, B is an &-cul QPPer\mmfor o{ Gy

W;‘\r\a\l\i\, by o imple application of Chermeff bound . H has O(? lelel) edgas wWith P\‘\K}\ \)Foba\a:(‘ﬁrj.

This completec  +he P(oo{~ a

Remark Using Cheenoff bound ond  unon bound can a\reada olve, rnany }Y\JNMLHA& P(ob\ams.

LLMflL\ Thic fesuld s gectrictive . Qinee 1t adSumes the grayk hoe a  Somewhat (M&L min-cut  value .
But WC“ &ra\ﬂns that Ore aggev\tial\\é\ mm?\m (Ve Ci&(n)ﬁ , the theorem go\ns thet there 18 an  @-cut

approximotor  with  OC (\\o&n/%lﬁ Q&geg, o g‘\gntlg:cm Q?Mngicatlon ‘gfbm O ed\&m in +the ‘mPvﬁ &(QYH

MApplicotions * 02 nofuial  Opplication 1< ko deagn  fast opprowi mation mkgnﬁt%w\s for cut problems.
Toke  ouc  Lovecite problem about cubs.  Sap the minmum ot cut problem.
The (ummf\& time z»% the &\&oﬁthm& uguuua da\)u\d on 1B\ ., which could be &lem)
To Speedup. Wi faest SPMS%A & by Qonstrmtm& an  &-cut apptoamator H o with  fever Qo(ﬂ,u.
Tthew, tus an (evact) algoithm o W to f3ad o mmimum st oewt QeV L, omd feturn R ag
aur opprovimete  min St cut  on CT , omd it Com bz Shown that it ¢ o (i~ %a}~aPP(w‘\maﬁun.

Thie ‘S\\/a& us o trodeof{ Dbetween Cuntime ond QPF(WZMO\TCDY\ gmmﬂw@\

I mproverment by Renczur  ond kaLgL‘ Without +he minimum cut  aSsumption . 3t s 208y to S22 <+ hat
the Come  wnform  Qompling algocithm  wont work | -y W M > W As very \Tkgia the tut edge 18 not chosen.
Benczue and Karger designed o vecy elever  non-uniform Sampling  Algocithm . whece each edge s Campled
with  probabiity m\/uma proportivnal  to  the “wmectwlhd” of  the two enel powntc.
They defined o notlen  Called “SHDY\& commv:ﬂ&" omd, ?{cvad\ “hot swalIm& with F(ohab\k‘\%g \Y\Wrse\cij
Propoctional o Tt will fesulk in on e-eut approvimetor  with  Olnalopn /e™) edgec for Ony_ qraph
Tucthecwmore, Jckeu(\ showed  how o @m‘amtz tThis  Gecuwlt gFavs‘\§§z( in neal Upeat time o awnd this

%3( exomyle gwas the  Licst OLA") « Liwme O,\&eﬁﬂr\w\ ‘f%( cm\wtm& a\ap(oy?ma\%fc min &t Cut.

We will not dAigeust thie (esult 1o more  detonl.  TIwnstead , we will S%ucha o gtﬁm&e( esult  on QF{C({M

SPMQECQHW\ when We Cowme Yo the [inead m\gtbro&:, port of the ctoucse

Minimum cuts n_ neac lineat time Coptional . gketeh )

An O\W\O\yng awucmmn va K&(&{r’s i?qrs}%xmﬁon Ceswlt I¢ o near-lingac Hime alﬁoﬁﬂnm \Cn( minimum  cutls.
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et ¢ pe the wmin-cul  voluz of the input %rQP\n G. S, & i< Q»Q&sgg,QDnne{fzri.

KO\f&Qr C\avzr\% need o Classical  tesulE about SPQMM& Lcee Pukm&‘
_Theotem RESNC I c~a&it—mnna&zd, then & noes ak least A Qd&od\{]uwﬁr %Panw‘mg {teeq.

QL}\P()DSQ we  have 2d.ge- oLngv‘lnT gPam\m& tYees T,%. T, o, TL%\

Then. we know that thew exists Some  Tree T;  that efoster  a minimum cut S ol mest 2 fimes

Kargee obsecyed  that }\Mm& Cudn o tree i Wwould  be ey NLF\EM in ~Ftnd:n& that minimam ewt <o
because  bne Just needs fo Qearch over all cute  formed by removing Two edgee feom T3

He come wp with 0 cophisticated dw\w\c ?rn&(o\mm]vx& Tim) Hime algoﬁthm to fmd a minimum  Cut

{OVW\‘“}\ \’A (emoving ot  mott two Qéd&ns ?vowﬂ T (the cace 0& F-Qmm/in& one Qd&q s easier )

Okoy. but  how o Gad cuch a tree TR

Thece 15 an O me) ime olgocithm  to {ind ¢ mgt-&;s“\nm Spanning trees .

Bub this s too low %o( oul  pucpote.

The dea  hece . 0% coulse o v¢ to  dwo %w\ﬂ\ qurs‘\{rcﬂivn.

U%’mg \<a<s&z<’s Qtoph g?ws\‘{—\‘cqtiw\ Cesult, we con QPQFQ\\{'%& the %(QP\\ 2o that s win-cut  value
s DUoSrQ while Pcasamni he  volue o& eoch  cut QFF{D\[IMC&Uﬂ.

Now. we can  Compute T,Tl,,.,Toucim ™ the qurSTEm(J and one of  thece treec wall crose @
Mivimum ot ot most two Times.

Co, dmin& d\\gr\mm\x: ?ngmwﬁm& on each of these O((ogn) trees would work, with +otal wm?lgm\ﬂé O (m) !

This s Just o sketch of  the main ldeas. with mony details vn‘xssmgv

Dimension  reduction

Given n Po‘m\'; n the T uwclidean SPQL&LJ we Con a(\qzxns TQPMQM\Y the vaectors n - A men<ions .
Thn guuz(ml; We  Connet oo better 1§ no distectisn s allowed Kz_&‘ the  Ctondacol \mg\s),

Surpr‘ls‘lr\ghﬁ, ﬂ( we  allow Just o little distortion . then the numbezc of dimenslons Coun be gijh‘\\cmmnﬂ\a Yo dhucad .

Theorem ( Johneon- Lindenctranse  Lemma ) Given any ce o) omd any Set of points X:%X,,%i,mﬂ(ﬂ],

lo
thare exists oo map A x> [Rk for k= o(‘%) Such that
- e A - Auply < ove

I ¥ ’Xj\l:

Algo(it\'\m: The congtruction s Vary %\\M’PIL- Tt jusf P(ojufs the PoM’fS in a Yandom K-dimengoenal gukspam

103 Page 4



Let o be  the dimension of +the Dﬁg{nm\ FD‘MTS’

let M be o Kxd matix

. Such that cach er\va of M s drawun from the normal  N{o) oAlstr bution

\ -X/o
( Gaussion Yondom variable with wean O and vacianCe 1, with o(ang?f% foo= I 2 )

Define A = %VE Mx . This s JzH—mIenH\J QbmFu{*o\Hm

Since A s o linear ”{romsfarmaﬁor\ ng.ﬁ\uwmnvi #\Uﬂé\) , the theoram cCon be reduced To the jao((ow‘mg

Lemma

{
TE A I8 Constructed by the aboue a\gw?tkm with k= @(?L"S@‘Ew/

then  Pr (e < LAGONL <

&g 7 =z |=-6  Jfox ony unit vector XeI{rA omd, any celors)

Tirst L we e how the lemmo ?NPL?ILg the theoam.

Lag
We Szt %"Jﬁx and khus k= B( %23'

For any paic Txy, the

—

quua(m\ \Qngﬂ\ o—{: Xi- )()' < maintained +o Withia | TS

with Probq\p?ﬁ)ﬂa = 1‘Jh—21.
ELZS the wnlon }:Uur\du the

Z

Atstoncas m{ all pairs  ore mointained  to wWithin 131%  \Lith W“\m\mzu& 2 %

Hencaforth. we Focus on ?(ovinx the lemmor.

oo Ydaa -  Consider +the eumv&m& wunit  vector el:Q\,c,,..‘os

Then Me, s \JMS’Y the —Q«‘rﬁ olumn  of ™

with Rr\oku.?zzr\cuv\% ond  hzntieal  Gawssian  values.

We are Snterested Th tha \m\gtk of  this columm, which ¢ the Sum of Qghonfes c{ these  Tawssians.

LS 2 L 2

Note that E[? M ) E T‘\:[H:,‘] = k as the varlance of 2ach M\\;3 i< on2, and %o tho RKKDQ_L‘TIL&\
SV -

\U\SJH/\ o{“ Ae 1<

‘ one os  ELNAEY = 42 Elimel] = 1.

B\d SQHTng k 4o bo \arjv_ fzwoug%l wae L\LFQLT that the LJLV\&%L\ e

]ATEHLZ] Concentrated ofounck 1< E)Q(;zd'qﬁor\

\
Tyom ouc Wtuition of Chernolf bound . T{ we 2t k= OC Q§¢?> . tYhen thae ercor Proba\ol‘lch& TS

- 9}1
ot weost Ye P L

n: -
roo The octual Pruoﬂ— ic  Similac b the above Tdza . There oare two Iscues 4o handle .
® \We  cannot  assume X=2, , oandk we need To deoal wuith O\V\\A % .

@ The Stan dordk CL\E(V\quHggf{d‘ynS bound., 3 Lol Cawnst be &Yruf\xa O\P\DKCKA, becouse the

fandowm variables are  unbounded kMH\oug}\ with a Smedl Jfo;\(>;

The Fiest  Tssue  Can  be Taken carn  of bng the wnice  properties of  Gaussion Tondom Variablec.

Congider on arhi&rma entwd \aj of  the wvaecter M% fcr an arb:tmrz wntt  vector Y-
A
T}\Er\ Kﬂ)“ﬁ % Ms;

. 3T % where MjT Tg on NG, vandown variable-

A
N s \s o Qumn b% G{mmis\\o\n Voriable . oand it s a well-known ‘thcf +hat 35 'S on N(b/'_[i:‘yyl)
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Condom variable . S %X 1€ a wunit vaector. ¥ s \J\Ast an NCo,n) Yandom variable.

gg,@(xcb\ O&- +he Kk Cobrdinates O'E My ts jusf ‘W\(yuvxnc;\b\t G ausstan .

Bﬁ the Some o\rgumznf as  In  the F(DO‘% idea >  +the zyPaL%ui Umsﬂx c{ ﬁHX iC thae.

The <econd Tssue \”Q:kt[\rLS Come work , to  derive o Qhunoﬁ bound \Cor Growsion  Yondom variables.

B\a elzwxarﬁm(\a colewlus, we can Compute  the  moment 3thmﬁ‘mg Jiu\ncﬁov\ D‘r the sSum zrf SQuares of

‘\r\d\e\exv‘mnf G aussions (Ve E[l‘kx 1= “ﬁ for < + Lor X~ Nt ) and wse it to

2 —k "
prove  that Pe(IAxl, 2 v¥2 ) < = /8_ The detaile owe left oc o Chorder) exercise.

g‘wﬁkmhﬁ,uL can  bound  the lower tail ond %a’t o wiler  veswlt.

So., ]0\& Seﬁ‘mg k= D(% 9"\(%3\ S, we howe P ( \\\(\\(\\i ’\\ > QB <4 . Pfov\mg the  lemma- o

Remarks *  The S0ome result s true euen when M s o yvandom £1  matrix EAJ\‘\[DPTMJ.

The pfoo{ s more  defficult  but  the alforr’c\,\m 1S much 2asiec o implement.

Ac,f‘u\o\\hj, \\& we  WSe o Candom 1 watcix , this ¢ similae to  what wr W\ see In glata QtCQm\nMj_

Agglrcaﬁmsi Ona  Tmmediote  aneh imForTw\T o pp ¥ eation S e do a?pro\dm»&L near ha?&;“ﬂ)r cearch .

2
ﬁ neoar Scon takes GU\) time_ but O‘n\x(x) O(n(og)\v time Rjyftr Aimension  reductivn.

Note ELhat Tt wocks for Tuclidean distances Dhl\g (Lg, not —Far SG\\A L\— diskonces ).

Anothec &W\Tu&\m\ NS OLP?\(ox\mo&sz, matix mu[ﬁ?k\\caﬁnr\‘

Given dus  hwn metclicas A and R e dbo dlimeanglow  reduction< on  the (ows o”g A ond Tha Columns

aiy R +to DQLognﬁ Aimengdons. SO that the p(ozkmﬁr Can ba  donz in OU\ILugh§ Time,

while. each en‘hz XS o\\gpvcx?m(ﬁzha the wme  as  the  inner \prad\ur(s OYra awroxw\oﬁyg()\

with V\?XL\ ?rnb .

Proluft tdeas: There  ofe o\\r@d\é\ mmany ‘\r\’ffxmm& project ftoplee  thot we ean Start

(V) concent (ation inequalitios Lor (Mdomﬁg@d Q\&o{{f%ms (@D %MV}‘ %P&(ST\[QCG\TFDY\ and G\P?\?Uﬁiof\i
(Z) minimam  cuts (4)  meetnic qmbem‘mg (S “mnd\om%ad\ numecical  Vineas a\g@brmr
. \(wgar . R ovn chovn So\m\ﬂmg nocut L jCLm ond  neTwork dag?gn ?rnkkzm& o 18%%.
Renczur  ond Ka(gar, AP\)(OX\\MAE\‘V\& et mintmum  Culs  ih O™y time L 1996,

kmgu Minimum Cuks Th neold inkar  HNme ., 2.000.

© Locture notes  TAn elVscrete 3@Me‘rﬂ31 d\qur (< bvd Matouselk. - (HIBH% fz@wxw\lmdxutb
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