Design and Analns:; . gpﬁng 2020

CS 466/666  Algorithm
Lecture 2 Tail ine%unuties
\We  wall gtwk% basic Teul \he%m[{tizs Mc\mkmg Mackoy . Chzhagmu and Chednoff ‘\M%Mmt?u‘
and we Wil 2ee Two Rnﬂregﬂn& examples next time

Thewe are ?m?w%mﬁc “oole  n av\o\ﬁzs‘lv\é fawdm?g(d\ a\\gon\fhmg

.

ion
Tonl w\a%mm:a of  Concertration :n@%ma(}ﬁgg Qe uppec bounds  on  the ?robrxb\ut%

(VSN +o

On a h(gh level >
¢ fac From its 2xpacted value , and these  alloy

Wit \'\\&L\ \?Y oboksy \\M ( almost dg*arm‘m?st\\q.

that the value mc o Yandem  Va(abla

Show that Yw\d\omlsaé\ a\&m(\t\r\ms behove Uke whot we axpect
Thete are jfmmwmm\ tools  in oy\rﬂbz\!r\g tho{m‘\ged\ a\jpﬁ%%m; “hat  we Wil e tLrowSLxOm‘c the  Course

We Wil Cee tlae bosic  and  most ()LSQ&‘M one ¢ ‘Hdmé~ Tha S\\m?(eg(’ one 15 the \)\ka\/YS \‘r\aqsuahjré_

Moy kov's ?v\ewlﬂ'\a L X be o V\onw\ﬁap{t\\\/u Mscrate  gondom  variable .
b

Pr (¥2a) < @D@/o\ Wﬁw ony >0,
= aPr(\(Zo\), -

“Then
Dot B = T Peln=t) 2 3 WP (x=V) 2 2 a Pelv=1)
Quicksort: Th i knwn thot the evpeded cuntime of Yendomized quicksort s 2nfhn
Then  Mackous ‘w\a%um\&% telle u¢ that Ywitime ¢ at least 2enfnn  With ?(obab‘\\{%g < AQ' {o( ez,
- L and Markous ‘W\Q%mdﬁrg

tla QKQ&LJWJ\ A n’& herds ¢ >

Coin _%1&2‘2\7\%? X% we —QU{) 0 %o\\( cons
2% heads ¢ ot oSt }g

Tolle ws that *le ?soba\a\kﬁ\a that Fheve Ave

'S vt mgi{w\\ when  we hawe no ’\r\'%o(vmﬁon \oaxsov\d\ the QKPQ&Q(}\ Volue

_Romack : M arkou’s negquolity
(or when weh ’m&ormoﬁﬂvn 18 diffiedlt  to BHN\V\/Q\&‘ the candom voriable s QDM?M&W}‘ to QMAVA%O‘

In the above Q\cam[)\z&, we can  prove much  <harpef (rsulte \As?ni Cheenvff bounds that we will See %oon.

@ Is Markou's \W\e‘%wﬂiﬁa ‘tﬁg’nt 2 Coan You 3FV1 an JZKva\PlL?.

@ Does it hold —EDV SU\Q(QL Candowm  Variables (m}‘t :)usjt hm~f\2j!>ﬁo\vsg 7‘
Prlx € E/2)) 3

Questions -

@ COJ\ \\{ \’JQ Ymd»l{i@i ‘E’V LAPPRF \Dnumg\ PW (YSR) (Qg

we need to Lse wmore RA“fuvmm‘({cm obout the

Mowments ond vafiance  [o g bhotter bounds

Yondom Voaflable , and o Qommvn% uSed %umﬁttta s the Vvafiance o% the  Candom Vadiable ,

which  nweasuces  the T\A\Dtc_m\ At fecence o% o (oandom  vorinble to e meggtqd\ Jolue -
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Tha  k-th mement cr/§ o (ondsm vadiable X XS d\tg—?\'\&i o E[XK} o 2R Rewnd,  moment 1€ Y_EXZJ

Tha variane ejy X s defined  oc Vac ¥ = E[(XVEB@\L]: EEYil\(EEX)% E[\ﬂl] = E[f]* E[K—EL,

The  standacd  dovivation of X is  clefned as q[ﬂ:dvm[ﬂ.

The Couadionce o% tuo Yomdowm vayiables Y, Y ¢ ok;@{’med\ al C.WW,\(\): T:[(\(Jébq\x\('?,@{j)]‘
We 3&\8 XL ace QM%_MA R Covl¥,Y)>0 ngo\“t\w\% tovrelatod T-F Cov Y,Y) <0,

The ?D[L@w‘ur\& ace two S"\W\%[g ’Eﬂcts Whoce chr{s ace \Q{T oS Axaercises .
— Vort¥xY) = Vac(D+ Vac YD + Leow (X))

= Th Xoand Y ace ndependest . then  Var T3Y] = Vo FAEAVIVIRGY

We wwldd like to Aistinguich Tstibufions  £hal  Ore  Concentrated avound  11¢ axpected value and thoce

2
that are wot . One possible  test e to Cmpme ?L\(“L] and S22 how ‘E‘p\( s from Blx)

ng%gms 7%@6%[1’% Promo{u such & bound

th_b%s\\wk ‘\r\o.%tmlltg Tor any oo Pr( \yf\;(ﬂ\z@\s < vwﬁﬂ/&ﬁ
)(Do& Pe ( Ly -E0) \2&) = Pr ((X'Ebﬂ) 2 0\2> < T:K\(:E&ﬂ J/ql = V“(iX]/‘Kl/ where

z
the I(\a%mkzta —g}o\\ws —Gmm Markoy's Ir\e%w&z% g (i%Eiﬂ> ¢ mwmgoﬁr‘wVL. o

Ctin lidoin Lot X be J(\\_L numbec n% heads 1n w1 r\d\uﬁtzr\dﬂ—w% Fc\\\ ¢ Con "f LI?& .
A&A\n we ’Cr% 4o bound Pe vz %“/43 . obut thic Time we e Culo\jsmv’& \\V\e%mk% .
Tor Thic, wa need s vax?\AJYQ Var EX}

" |3 etk coin Rlip s head
Bu nde ondence Vor(x]l = z Vae b(‘\vl L owhere X = %‘ N
\A P Y ) othat wise

Qo Vag(x) = \S C p%f& < Legk\lf: A@ (1 qenecal. of head Wit prob 5. then \/wﬁ\@:?(@) )
Henee . \0\6 QL\D_\'JKSL\:LVJ P( (XZ%Y\/Q/\ S Vr( \\(*E()(—J\Z %j S \/m’i\(j/(%i = ir\

_Romacks CKQ\)\ASL\Q\![S "\r\Q%w»Kt\a is most  uwsedul whew Wi ovﬂu& hove the <etond  Ynoment or when the

Second  moment i< RASY to ompute and s G—V\WSW'\ - 2R coond moment  vnethod , dato Sﬂxwm‘m&, eke.

|
R 1 )
Sum °‘E indal‘)en&en‘t variables lower a0l | b wppec i
I
San E Y

\
&

The %ue(a\ %uzsﬁon i< to bound, P (x> (HQED@) Lu\\?\;u ) ank P (X< U—ﬂ.\‘éb@) ( lower la3]) .
We tmadec  thle gituation when X g He sum sf vv\rma TV\N,P@“NM*: Candom vatiables , \ywhich  is meww\g

Seen  in the Q(\q\\ﬂg\& o,g \”m\dum?sgo\ aliur\\tl\ms.
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S9eeh ' The O\\/\qlLﬁg\S Or& \"amium\ged\ m&mtms.

The low of lacge hunber ogsects thot  the sum of n Tndepondent ‘\chvxﬁmu\a Advetibured  voariables  Ts a??vof\mm\n N

>

whe o - IS the mean of o Condom voriable

The cCentral Limit theorem o< tThat %)L% Neo,) - the deviation from np oce typeally of the ordoc Jro
ng

whete & 1S the etomdacd  decivation of a4 random  vaciable.

Chatnof{ bounde give ue quontitative ectimates of the  probabilitvas  that X i< fac feom B for any
UM&Q zv\uv\&b\) valug DJY n.

Consider o SNV\?\& gatﬁv\& where there afe n won fhps , 2ach s head  with ?mbmb\« Ma ?

The 2xpected  number of heads s np .

— ny v wel
lo bownd the UL?\)U‘ tal L, In P{‘\Y\QP\Q we Suust need  to ﬂDm‘PuﬁrQ Pe X > \<\) = EK Q ‘\3 P (l*P \) . ond
chow that W w@ very Small when K TS much tmger than np Lgmd kK = (Ha\w?) ,obub 4his sum Tg

not eosy ™ work with  and  this method 18 hot 2asy o ba %Jme(m\?suk.

Tostead, we extend +he approoch ng \hs‘m& Mackou's T\r\q%\mlﬁ'g\ The Markous }v\z%mk\‘h& Vs ‘,ﬁm top weak . byt

Ceeall v the Prwf r( Ckabnskw]& Tne,%\mm% we caf g&\(u\gﬂ\w R I-El we know  the Second moment s—( X .

To utend this  ona can  WSe +the fo\ut\n vaovnent o oy k-th mowent o Qet (w‘ma LVU\EU

Pel Lx-EW> a) = Pel (etld) > o) s EL(x-vma) § /o

The  idea in P(O\/‘m& the Uuur\sﬁ bournde s o congider :

Pe(X2o) = Pelaza™) = ELL¥] /™

fW Qv\\a 't>0.

X
Thece are  at leask 4wo esone that we congider PR

't: A t‘\ 3 3
- Lt MY = Ele™] = ¥Y%0TX 1 33 T 2lx') ',E\C we have My (t), Yo Compuie Bl ], we

)
Can Jwst Compute My (0) |, where ngkol te the k-th durnvative n—f My (1) sveluated ot t=o

o, Mylt) contome all the  moments ir\%brmmﬁw\, and  is lled +the wmoment g“"\u“ﬁ"é {Zumﬁgn

1t %Nu a ST{OV\& bound  whan OW\&‘Y‘ZX Mat ko' s w%mut%, o the dhenowminatoe i< zy?mwﬁmué Lm&q.

T +t T 2 “ \ >
T X=X 4%, and K% ate ndepeadest, then TLET 1= BLE™ 1 s €[] Tl

Co |, this {»’m\cﬁon S Q&Q% o Qum\?u‘w_ when X e the Sum a{— 'w:\okz?eno\qwt Condom var ables .

Checnoff Bounds Lor Bounded Variables

QO\:\&L\LE SFU\HHS, Cl\ﬂneﬁ—taFa bounds are the bounds obtained \’Ja Pe Xz o) < Eiltxl/gto‘_

ket ws consider o wseful  case whan X s the sum of "\»\dmwnokav& heteropnous  Comn flips.
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Hduogm\ams coin £lips

et X, ., ¥ be ndependent  foandom verlables with  XyT1l o with ?w\om\a?m\g P and ;=0 otherwiee.
et Y= 2 et = Blx3 = E\EU:I = 2P e <he expected  value
X, X5 Jt)( X3
Then ?[ l ¥EQ1 Qt : l "\ Eiz 3 bE\ ‘\Y\(}dLPQY\d\QWUL
n
n t1 £ 0 no pie) > P;(Qt~\> TSR
:E(P;z + (-p) e ) = *\)Lz»))fgﬁ s eim g
N
Wa pwl 7n Some chcﬁQ‘g PQ(‘D\Mltﬂ.(S o %L’t Lome \;\sqﬁu\ bounds \Am\g ey et

Thevrem we  howe ¢

In tle Kefefogenous  Coin TC\-\WMS setting

Cor $vo, P (%2 (+Op) < ( \:\ YA

7

Q) & Rzbm . P (x2R) €37

— &/
@ Lo o< P(QXZ(HQ/,\) < 9 1

t
Pk @ P (X2 tuhp) < EL z”l/g“‘mﬂ < QMY g

%\a ,Q\Jz/muﬁxng el emdunsg

Wa —{"\V\d\ ok Elot e fam g m?m‘m?&uk when T2 LD, and

Q)
thic lvm\ﬂx‘u thot Pr(X (Hé)/«) Q2 })-%/ (HQ)H r , onvlv\& ®
D Whn 0541, oho

B

$ vy
lds that 2 /(w%ﬂm < e /s

RS
This con ba vendfied

<
\’J\a ﬂ—mkiv\g \0& o—{ both $Ydes  and \Lt‘\\\r\é {CS\t g“(%é)b\(\%éj*—s‘

ond  Show  thatl WC,(QSO in tle nterval Lot L anel thawe A£(8) <o

th this  interval

Qin e ’f(t)):o ,oand thie implies tle clom - (See MU  Thewwem &b %or Nh{\\s»>

@ Let R= G- When RZG}A, we have §2 3.
\ s _
Honce ,  Pr( Xa(l«ké)lu\) < < Qg/(H &)ﬂ)/ﬁ < (Q/(HS)) o < 2/ ) < 2 R. a

Qimlar bounds  hold for the lower tail - very S lar pwoJI Uz\a Qﬂﬁhé £<0 ). (Sea MU Thm ‘1~S>

_Theorem T tle Mta(o&@v\um& com {\priv\& S&ﬁ\g , we have fw 0<§ <

© Pel X¢ ugw\ < ( Qvg/(véﬁ\‘g 3}/\
@ Prlx <o < o HH

M 7z

20 fw 0<§<

C,D\’u\\o\vy(\ Tn the hateco &zncus Coin {hw‘m& S;atfm& S PFL\

=
7
IN

w-pl oz

MW_‘—M

The Same bounds hold  when 2ach X, i< o randow Variable Jvo\kmg volurs in

KD)\] with  moan P This s becawe the -ftmdim'\ th IS Convex , and thws it alwmﬁs lies below

1he St\(r{\glnt e JU‘VV\‘VV\& tle -Qm)\\?u‘\n‘c& (o, omd (1,24 This lwe hag the Qwiﬂw \&:O(XJr@ ‘f\'x
%= 0% and B=l. Tharefoce | L ]<Eio<>< +gl P(u+g)+(\?)Fﬁ +P;(£Lt~0A ond then
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the Some Colculatidne as

obove {o (low .

_Romacks

— The Sowe method  holds -Fo( other (ondow voriables 2y Poisson vandom  varioblzs . Goawsclan  rondom vartables, ete

EAVERTS nf‘mw an  easiec woy o Conmpute tlo  momentt ba QWPMK% Ao rmoment gg“uﬂ‘w\& -fw\d{m&.

- C\r\e(r\oﬁ bounds also hold —gor neSati\/zL& correlokak  yoriables be camia "\;E«Qtuﬂqu EEKJD(]E[QJJ

ond then te gome Proof wovks _ and thic obserustion s \m(ud uu&{u[ in  Some QPPITC&*IOHS-

Tor exmmpu 1t i< ¥nown thet two eotgu oppLa’ noa Yondom gpam}ng tree Qe nzgaﬁuda correlated |

ond  thug kazmnﬁ bounds QFF\“A to am\ma Canolom gPahhM& trees  even thw&\n the vatiables are d@?@nd@n‘\'»

RBasic Exomples

@ Comn Flips: Considec

n Tnd\/z?urhnt \Cm\w e —FUFS, so The Qx?u’cod F of heads s }/L

Pe (U # heads A}A\ Zop) = lev}dy/g _ lqﬂné/é,

-\
guj b\é Stztfn\& g: Si,;— 3 this ?(ohab\t?%\a ¢ at  ynost 194(,)

Wl(@'ﬁ@f@,, we conclude that

Pr( lﬁ\iham&s -4"\;\ 2 &_(g\n) élz‘w_

Co, with \n}&k ?wba\f,k{:}, tle  number sf heads s within O(ﬁ) 0{ tha QKP@L&J\ Yalwe

owd thig \YY‘\ Torwm i¢ st\ﬁc\n?ng 1 fewembhee, as W comes up ™ uﬁ{{mzﬁ \)\o\(zs‘

And 4lie ¢ the ‘(\\g\ﬁ bound  ag Hoere ¢ o Cowctant ?ToL;a.U\\"\ha tlat \ﬁ L\m:}\§~%\ 2 n
Recall that Moarkou's Iﬂa%uo&‘\f& ?mr(uheg P(& ¥ heads 2 %) < 35* . oand Chz%gheu‘g ?nQ%um\H%
N . > n < 4.
H’Y\?\\QS dox  Pr (¥ heads 2 T)

= n

-@)(3)3 -n/ab
C\\Lff\c&i\,g bound ‘)‘N\\)\IQS thak Pe L—% hawds = %3 T 0 > = L h

=

which 1s Q_ber\iL‘ﬂfﬁué small
'@' _?ra‘gg"btk“\ t\; [}mph 1 cation

Recall that the swcessg ?tolpc.'b‘.l{i'\a DA'\ o fundmm‘.%e_ﬁh a\gnf.‘-*;lw.m With  ore-Sided  2iter  Can ba

m&‘.'..é' Say  tle o\'lgml'(hm is a'twa\a.x correct  when 1 Sous No o and Ts corfect with proe B owlan
I S;m%s NS . o decroese the jcaﬁ'wa Probekility

il st
| J

{2.1[.\_&'_9(\' the  alporithm k
)

\ y . - . [ (3 -
ovr bkt it sewms No o, then ke ‘f-ml_urq_ Prn'mb‘-t.t-\a ic ot mest '\""'Pj whon 1% Says TEs
o \

K e for a No nstance - v constont P, Cepeatig |.03h Bmes  will  olecrrase the -{a‘.[m_
'Ip\’clb PN b\,} o o] ( l/nj .

J
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guPPosm the  randomied aﬁsnr1thm Te fwo-sided rior |, Sew W has b0h of qiving the cotred answer
but Tt couwld make wictmker  when TR Says Yes oc No. To dectease tho fwiluce probabl lity
Wi Cun tha o.\%w‘\tlmm -@w k Hwes and output tha moﬁor‘xka Answer Sma Hae nstonce
it a TES nstenw . The Majortty onswer i Heong when  the  vondonized alSnr‘.rL\m ot pute
No for moce than K/> +imes.  But the expected numbec  of answedng NO IS oQual to

Dk b‘é oul qssumPﬁon- gu‘ ‘ba C‘nq{no% Bownd , the \'nc\:}or?ta Bnswer 1S wraﬂ% Tg

b C o o4k (1/4) /2 Jl_ Efno

Pe (% wo > () Elsno) ) € 2
m\(O_’EOI"L) 'b\a (QPM‘V\Y\& K= DL'W& n) tomes, tha ‘fa‘x'mf!. ?"ohﬂ.'n‘;{”’\a e ol miest ol§ l/n) .
This 5s of  the some ordec as in the cawe  of one-sided effor,

Thie O(\og n) T2rm 'S omether %\m’\t;ta to Yemembed  and it wall also come wp in o{‘\ﬁa(u\i ?kqus.

_ELu.dln%L Croagter 2 and & o{ Hitzeamacher and  Upfal
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