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Lectuce 1§

Com?lin&

Qomym\g s an Tm‘{m(f&nt nu\mosu n bow\ck‘(ng the m?xTnS +ime o{ Markou Chaling.

We will See the bacic method  and  Sowme QXQW\\)(QS,

Cou‘gl}hg

Thic G5 4he  mosk C,DMMDM\J weed method  in boumd\lng the m‘lx]ng Eime 9{— Markov chains .

Tn L12, we mentioned that £ twe Mackou chains feach the Same ctate . then one  cannot
the two distrbutions  afferwerds because  Markou chalns dov\/t ramsze( t he %?s{'o\rkﬁ.
Cou?\?ng 15 o method o make  this arsumut —{*ormal

Befora S\Lc&"mj the CothnS methoh . Lot ws \C\(SJ( relall tho ou{‘m?%zor\ O\[ m?x‘«ng Time .

Vavigtion Aistance  ondl m‘wxhg time,
The total variation dictonce 1< to wmeotue  how  close ¢ Twe \)(o%m\olkc%% Alst ¢ butions .
Dz&‘m‘&]bn The total voriokion distance bokwien tuwo P(O\OKLJ“[J“& Al Tributions E and ?% i's
defined  as Ugw{\\ :%E&\PC\O»%L)@\ whire  C s the  State Spaca .
The 40\\cw§r\3 1S an Q%mudevﬁv Chotottertyation of the total wvariation distance.
— .S 2 S _ B
Lemma  For any  ASS | et PA) = L0 PO . Then (\Pf%l( = e K?(M %LM\“
7{00}r U:g Pictuce from MU a0, Fomee=
I
3.-1o! ! : fomm—— —m—-- D,
- 1 1 '
%210 ——:———:—————E—— - — D
'
110 -----: | I '
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1
— N h ” = N > N W yo 2
The oceo  where P s above g s e%ml to  the area where p o Ts betow ] -
T}\Q, Sum B{' ‘H\e,gg Ytwo aqLas S Q%M\ ‘%o S(S@S \Fbﬂ »%(\()\_

olisting wish

2

N

Lot A be the et of thoe values Corcaspending o the area  whee g i« aboux 2.

Then lp(f\ﬁf%(ﬁﬁ\ = Ll

M?\(MS Tme 18 the time when the Proba\alkﬁla

o—& the niBlal  distribution .

Yeg ar dlasg
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Arstribution

= poo-queol = 1§30

7o close  to  tha %To\“ﬁomr%

oistribution.



Definttion (Mix?ng time ) | ot T b the G%M\\onw% Mstibution -
Lot X e the probobility  distributlon ofter t stepe ctarting at  State .
> >
Dabine &) =Up —wll ond AW = MoX 8y

AkSo dl‘ﬁr\a kr,(Q§_3 = min Y\t’ O,(Qts < i% and KT<§J> = w)\(oé)é LT*C.QB.

A Mackou chein s Fa?\\dha w\?x\ng T\C e g Po(tav\ovw\q\ in (VY and the numbec 0{ Ctatec.

Now Comes the }m]xﬂ’tmx% okL{-‘mH:Ina 0% (‘,OLA?UV\S.

2rinition Coupling 0 o arkov Chain with  State  Space isoa ackoy Chain
D Y A pling ™ h Me t p < Marck A
Zt: thl\\/t> on  the gtate gpace Sx g Quch Fhat :

© Pr U= ) 2k‘<x»\é3§ = Pe (M= [ Me=x) | and

@ Pe (\(H\:g\ 2&“£><,\33) = PWQHJ@C\:VA/ \H%tn\,

Tn worde . Cou\?ur\(g s a Joint  (ondom pfoces of twe HMarkey chains Such that eoch  Markoy chan  behaves

QX&CHZ as  the ér\\g‘mal Mackov chain, @uan thowgh the  movec o{ the twe chaint could bo c)la?qndq'\%.
The Pw)u‘ of  the Couph g method & tr  allow ws e duf\\g n  a :)a‘\ nt Candom Pfc @l 4o
@ br\na the +two Ccoples  *o the Same stoate %u\n ckha L and

@ to Keep them in The Qame <State \ma \r\auing the two chelas  make Udentical  moves  once

t}\ma ofe 'n the Some ¢tote |

Cince  both  chaine  bahave the Soawe a5 thae or?gmﬁxl Mackoy Chedn . W& can Chan O gue. thot the
Aisteibutions a’{* Xe  oand \{t acxe  the  Some fx{b{f H\agﬂ mugz,kv

An pper bound of the Time of W\ug‘mkg s on Upper bound on The me\‘nS time

_Lemma (Cm«\?\mg lemma) Lot 2¢= (U X)) be a CDQF[?KS for o Markoy chain M on state Space A

Suppose that  there exists o time U uch that
Pe CXexYe | %= x ’\{"ZL@>S§‘ Lor every xyeS.
Then ) < T
Proof  Consider  the Cowpling  wheer Yo s chosen dciording To The ctativnary  distdbution  and

)(D Take< on ()('b}'tfqna Volue .

Toc  the given T and & ond for oany AeS , w2 have
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Pe (dge ) 2 Pl =YD o (Ypep))

Al

L= Pl (= Y) U CXpE )

Y}

| - Pr C 7((:\%3 - PFQYTK;A\ /| wnion bound

]

Pr (Xpet) = Pr Orx X7)

2 Pr Q\ﬁefﬂ - < / bz\ aSSmmpﬁom

= wlp)-<.

gimilm\n,wt Can  Orque P\’LXTQA> > TCS-A) ¢ which (m?\cu Lhat  Pr (\(Térlﬂ < (A <.

Th Lollows that  max \?Jitm‘vux)\sa - This Amplies that IR IR o
NN

S‘l‘aﬂonargr Adistribution

Now we con Q\(Plo\‘m \Jma any 'E?r\‘&o_ , irreductble apeciodic

Harkoy chain ol Converge +to the Same distribution

The QouF\Fr\S e Routy - bofore ﬂ\ega met H\za {un 3%“9—'?2“0{1»«*\“% . Ond oqurqr ﬂ\m& met Jﬂ\ﬁ,a Q\wmss rmak 2
+he Sowme  moves . It s Qm% to  See that bothw

choins beheve a¢ the orTg\r\m\ ne

ReCall that for Ay Fintbe,  ioveducdle and  apeciodic  Mackoy chain . thecs 2xists T such that

P{,t‘\ >0 Lor all \/S ond “Fuf all txT. et S = W“\Yf X PT,:{% .

Then, With F(obo\biﬁﬂ(\ at [(rast L\w the twe Mackou Chaias will W\SN‘SQ_ q{rtnr T %J\‘Q”\DS~
k
go, odtec t= kT SfaFg, 4he Twe Markow chains do not mecge with ?VO\N\B\‘\C%% S -9

This tende tv zero when € tende to ;,\{‘”\}&U\\ , ond <o ony Wnitial  Aistaibaution ol

Converge
+o the shtationar 4 dictbution .

Shuffling catds

Consider  the foltoing - method  foc shuffling n Cacds .

Tn 2ach S{;LV - we pick o Tondom Card  and Fut Tt on the Top of the deck

How qood ¢ +his Q\m&{hn& ?rocmg?.

This s o Mackoy chaln  whese  State  Space s the b of  all  paemutations of the n cacde.

IJC is holt du\f{‘?cv\ﬁ ‘60 (‘)\etk tL\D»t s CL\QTr\ i< \\N‘K_DLULL\\I)(L O\Y\J\ O\FQ(:GDL\\C, ond Qt%u TKQ

Sfo&ﬂona(% distribution 1S the Mh‘—gc(‘m disteibution
To boundk  tha m?x‘u\& time . WL Consither  the \Qcktow\mi Qom?hv\& :

— Choese  a ?ogktm X un?\%rmta at- (ondom \Qrom I to n . ond Then movs thae }tk Cardh  to

L15 Page 3



the top in the Liest chain . Denste the cacd value \o& C .
~  Move the cacd with value € to the top in the secondk  chain
This 5 o valid CDMP\\H\XI gonce the Fm\onh:h*\a that o card ¢ moved to JmP e \/V\‘
Wikth this Wm$\\h&, once a <ard C 16 woved to tle JWP , than Tt will b ia the Some Pos?ﬁw in both chalng.
So, the two Mackoy chalac Wil be coupled f evary Cack  has baan moved fo Top ot least once .
This 3¢ Just the  coupon collector ?MMM,

Qo, oftec Nl + mQr\G{\ Steps . the P(b‘om\o\\uha that the tuo chalne haven't Cowpled. 18 at  mest €.

Random wolke on  the bESFQCQgghg

Recall thal  om  hedimensiona \(\tgpa(cu\\ot S o graph With 27 Vectlees . Wwhece eacdh  vectax Coreesponds
o an n-bit Stﬁng . and twe vertices hove on Qo‘\ig o the twe  bit S*\‘r‘mgx i ffer 1n ong bt

gtwh“ﬁ Lrom  on w\olfrm% vertex . wa de o vandom  walk \D\a cl\ungh\g o Candom Pcs\lﬁor\ andl
get Tis value to eme with  prob Vo, and 2ece  with Pro\: /o

It s not diffreult to check  that +his chaln  ic Veredudble ond apaciodic , ond alse the

Sjﬁodﬁumx(a distributlon S the Lmﬁ&orm disteibution .

To  bound the w\‘\x\y\g time, we constdec o Simple CDMPUV\& o both  chatas  chosse  the Same Fos‘ﬁt‘ynh
awol glt the Come Voalua . IJL\ 1< C(QG\’ ‘EL\&‘C W S Q \/0\\\\(}\ QD\APD(\&.
With this Qm,\?\\‘ng, onte +the 1-th coocdinate  has been choten L 1k will alwrxt&s be the Some n two chains.

Once Q\/ua coordinate has buen chesen at (east once , The two choaing Qou\)\zd\

Aga?n, this $ +the C_DLA.PDY\ collector prob(gm . and ye) < nsm(“/cﬂ.

R andom gFonn]n‘g teers
Tor Simplicity . let G be a m—rqgutar undicected  Qraph .

<
szh\g G be  the dicected Sfa?\«\ Cuch that 2och Q(ng_ Wy \n G§ B Y‘(F\aud th two arce Wy ondk V.

e

An arboresence  costed ok € 8 o 2ubsel of- 1Ul-4 nge_s W here e\/a{\a Veetaw  VUET hag AN
exactl ol Y A ected N t € -/”\\\ L
ac ‘3 ong OUW 30\1\& Q(}\Sz , ond therae 13 SN W Te Fo& Com m\ﬂ vecteaw o Y. /qr\\ ?Q

Noke *hat there 18 o \o‘xgub‘oh botiwsgen the get of Swa\?n& trres  ond the et O{‘ orborescences

Cooted at .
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The \Co\bw‘mg Markov

chain 15 defined  on  the Set  of  arborescances.
@ Ctact on  an  arborescenca  (ooted  at . Qtoct o wvertex v
@ Let +he Curcent vertex be  w - Choose o (ondowm mﬂg‘(\hcr Vool W
Set Yegy = Xg + wv = vw » whete yw 6 tha \Ah‘v%uL om‘go?nj edge of v ia Ye.

Note that vertex v bewmee the toot . and. the Curreat Vectex s ah,m&g the vook of the ocborescence,

Cet Xgar = Xx with \)re\rxxb}kﬁ\d \/1 , le \aua Yondom Lalk

Tt s het dffrcult to check  that 4HWig chaln  i¢ Vereduable ande O\Pufook?c) ond  alss the

Stodﬁm\a(% distribution 1S the

Uw\?&orm drstetbution

To bound -the m?x‘mg time, \we Considec  the LouF\‘w\g that  the two

chaing oﬂ\mxgﬁs molke  the  Same  move.
RN Pwﬁm&c\r/ the current vertex  of  the twe  Chaing Wil o\\woﬁs be the Some.

Onte two  chalng Ceoch o  verfex %,

then the Oufgo\‘r\j edge of X will o\\wo\%s be the

Same .
TL\Q(L{ML once J@var\a vactex TS wicited ond  vetuned =4 © » Then the two

othorescancas agfee
QomP\zﬂ\a ondh Wil ba the

Some .

The ngggbzd\ Time o wistt Qvary vectex  at \aost once  t¢ the Cowee tima.

ELa Mo kov's \me%wﬂ?ﬁa B Py ( XQ& \‘\/J( \ )(a,\(03 < ’};L in 4T

Covecr g*l?g.
torget obout the oclicections Qlues WL oan almest

\AV\\\‘FU(VV‘ Y andom nganj tres.

Tndepondent cets of fived Sixe (oﬁ‘\om\\)

Thic QYmM\a\Q IS move \W&uagf‘m& ot the distane between the Twe chains may Inease ©F AL Ceose .

Considec a Markoy chain Uhote Stokas are all independant  Sets % S\%& exactly E m o« SWFL“‘

(D Chowe o vecter v o Xy W\I{o«mtg ot Condom and & vertex el mh‘.{wm\a at vandom.
@ e Y an

Xy-vew g \\f\d\z?andm&, then X&*\‘%t ~vaw; Otharwise Yt“ = Y¢ .

leb n be +ho Numbe ¢ o{ verticss ond O be tle ma mum dagug o{ O\v\% veetaox .

We will Chow that  thi¢ Mockov chain

is YQ?‘HMS wﬁx?ng ‘\{ ko< Y\/(%A+3>

It‘ 1S holt d?ﬁ?cukf ‘60 (‘_kadﬁ ‘G\D\.’ﬁ g CL\OTn i< \\((‘lol\u“dl)(ﬂ. O\Y\O\

O\Ptu\.cok\‘c) ond  alss the
3’Cmﬁov\o\(a distribution 1S the mﬁ—{m(m disteibution .
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S>Toationar ANSTHdutT o n VS The unt o TS T oo buTion
§

The LWXA?“X will ‘(qul[\m, on m\o‘ﬂwmv% %:&Mﬁﬁ"\ M betwsen the Vertlees

X A
04(( X&f\ﬂ( ond  the n Yoo X

AV SR NG

_FD‘Y the ’91(‘3)( Chain C\r\oagql oo

r and.om \/é}@h and. o ondom w el
o, the fiest Mackoy

and op?ha The Ynoua.
chain  behaves

as “the Dh\g{no\\ one .

Fov tle Sewnd chain (’g \/e\ﬁc Tthen use the Same peic of verties W oand W and make the Some move.
Othecwise \\%

\)&YJC L make the mwove wolth MWY ond W
This alée  behoves +the Samg as +he br?g\na\ Maclkou c¢haln , ince  2ach Po\\\r o’{‘ Veetdces with ve\’r
ond  we\ll 1s chofen with Pro\ao\\m‘kf%b I/Kr\-

[_QT C)%:\)({~\’Jc\ Mmeasures the dﬂ*ﬁ@ﬂaht& betwain XJ( oA \{t

Clm(\a d\{ Con U«xm\&v_ \Qka at wmmsht ona
We Wl show  Thot e 1¢ morae \?k[ha to  decease  than

t
Tn ocdee for dﬂ\: A+l

nCreate
I’ﬁ must hq_ ‘H'\CL Case_

that v & % (\\(JL , onde that W i adbﬁcawt to
Some Vertex In X -4 but net adjacet To any Vet N Ne-Yg o, o vite Vel

TIn this cate,

. wove 1S made

Y
in Y buwt nst in X
Thus. w  muect be o vertex or

N V\QESMLDF st o vertex in the et

Tt Lolbwe that 1% ( Ay = oy 4\ \ d\t > (93 <

(XT_"YT) V] (Yt”(t\ -

K

N——

k- dy 2ds (axl)
w .

—

oo s J C\f\aoﬁ\‘n& w
Tn XgaYy ™ N(X,tun)
S’:M?IO\(\(:S . ’gb( Ay = d\JC -\ P Tt sutfdent K—%

O Vertex

V&YXt and TS natthel
noC

W
o Vveetex 7

in e o Yg - {u, M.
I oYy L= kvdy | ond  thue

P\F K di%\: Ay -\

o naighbor of
Note that

| dewv) 2 de

e (et de-s) (on)

I n
So, Blduulded = po L‘}\t-&\:d‘t*\>'(()\*ﬁf\> G (A=) Pr (o, = okpx> 4o Pe(din = de )
¢ oy + Q‘k_\g\;\ Kﬂ%ﬂ%(Lﬂ (Lyﬂ%
" U B v\~(%\<—k(\;/kf_1) (&%) >
< dy (“ %L‘L)
By

Yo duckion

BEld N < Aol - V\_’B/\‘M\t

L15 Page 6



\ Kin /

n- (32 (o) >t

\<

Pna Yo duckion E[‘Okkl < OKOQ\,

Sitnce Okuik and d\t & oa Y\bn»nl\ga}\\\lq_ \\r\fﬁ&g(’ we hovae

4 (n-Ge-3)(64) ) Jkn
PFL@t?\}fEidt35&<K\_M¥M>té KQ& )
n

Uince kS nfalat) , n-(BE3)(60) = no (D304 21 and thuws  Peldyg21)> 0.

-\
Tt DJM?S to \'“W% that Y (&) £ /—W\Liy which g Po\gnow\}m\ non awd ﬁm(i’l).
- (3ot

go/ the Mackoy chain ¢ (o\P?oma w\‘\xrr\g.

Refecences
Mosk of tha metectals  Ora {(‘D‘m c\r\a\P%Lr 1\ o# Mitzenmacher  on d UPTQM‘

The S?C\nh:r\j tree QKQW\?\L s from +the \ackura nekes o&» T \/?go(ko\_
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