CS 46b /b6 Algoriﬂsm Design and Analnsis . Spring 2019, Waterloo.
Lecture 14: Markov chain Monte Carlo method
We first see Thae Monte Carlo method and  two Mfzresﬁhg O\\Scr\t%ms.

Then we will Sen the Mavkou chain Monte  Carle wmethod  and the raduction Trom cwhf‘m% T Sampl}nj_

Mon‘te. Carlo  mathod

1L T o method 4o estimate  yaluec 't\nrouﬂ];\ g’qmg\“mg and Umulation
Tor e_mm?tz, o estimate  the value o{ T, one <an deaw a civrcle s% rodins one  and. then (QPquL:U%

Afoaw  Yandom Po‘mh \Crnm the @%w}\(e ond.  Count tha ‘Gr‘o\cf?\\ﬂf\ 0‘& 'Pa\vr\(‘g {hat -QQL\ ingdee the  Aircle.

. T
The ?robo\\gili%n That o Tandom Fo‘mt‘ ¢ In the circle ¢ . QR )
. R .omY (o0)
L, W we chosse m vondom Po?nts, then the Q\LPq,Lth‘\ numbec of- Pn\r&s in the Qrcde s 74 3

\

H.Qw(g,‘l{— thete are \W Pn‘mts Loll ngike  the cicele  In ouc sL\(PQ(\mu&, then W s

(4, Q)
[AXW|
Wotucal +o uSa = as  an estimate o+ the value O+ e

How Ssodl s thie lmmﬁmi
Intm&tvdal TE T8 move  Occuwrate T\L we toke. more SQM?QL ondl Tt Us -Q,OLSJ tv meke Tt precise mﬁ?hg

Tthae b%www Standac d Q}\unoﬁf bound.

Thescam et X, X be WdeaPm\dm&, ?d\u\t\‘cmua distriibuted indicotor vandom Voriables | with }»x:E[Xl\]

C 2n Lg N ~ <
™ w BQDQ;KQ 5 th Pr&\ - ‘}(‘ /"‘\>€/J‘> <5

DQ&MT’CIM A r“o\ndovw‘\suk o&j}oﬁﬂnm 8?\/@.8 an (i,%§~ap?(oxlmaﬂon 'emr the Vvalue \ 3 the oﬁpw{" X

O\C the a\gorTHr\M Smﬁsﬁag Pr ( \3(~\}k < %\/) 2 1-5%

(s, the absus  theovem 3?va§ on  uppec bound  on the number of g amples for  oan (EJQFG?PWY?WM“FOY\-

An i portant Point To et iy tlet the o\\gorit\wm s effictent T s [argz.

Dafinition A L olunomial rmmmsm 6 ppYoimation scheme.  CFPRAS) J%ur o Prolz\km is a

\(O\‘/\dbw\\\%Q(J\ a\foth‘nm wcur which 3?\/% on ‘mpufv X ond o Paro\md‘u\ 0o<e <l , tho ovlgorft%w\
bvjﬂ?u&S on Qi,\/‘¥7'aPp(Oy‘wmo\‘Huv\ H V) Tn time  that ¢ Po\amm\a\ in /s omd  the SISL

of the Tnput x.
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Rewmark * Tt s <asy £ oblonn an (Q,éﬁwa\)\)(o)dmo\f‘\ow ba Lmnj an (g, Vq)*aPme}quon O(ﬂn“lg) timas.
C)\uk?ng this s left s an exercise. Co, to obtain on (§,6) - O\FP{OY‘\W\G\J\‘TT}m/ wrs jug& work Wwith the

above definition  ond Ao  not wnrng about &

DNF  counti n%

This 35 on Qxam?(e whars g%m‘\gktfwmm&x opplication of the Monte Caclo methed Wort work . but 4 clevecer

application  w ouwld  work .

USmMg Wwe consider o CNF Qcow}mdwm notmal focm ) %mmm Which s a QDY\ALAV\C‘N\D!\ { AND) o{ the claxses
whete 2ach clawe € a disjurction  (6RD of vaciables, e.q. (XXX N CGVXEY X VX v Xy )
Hee we concidec o DN Qﬁ&jwdi\/k normal  form ) Tormula  which s a d\TSS\W\dTOn Cop) b% the ClauSes

whare 2ach claute & o conjunction  (AND) of vadables, 29 (x, (\QL/\\/\S) Vulr\x@w?‘/\xéwﬁ_

We ore  jnfecested  n (,ow\ﬁng the  humbec o{‘ QaﬁS{j‘W\g a\gc?gnmu&s o{ o DNF 'Fwwm(u\.
%\é “+he DaMa(Sa“g laws., o DNF ‘Forw\%(o\ S ju\% the v\kgaﬁw ojL a (NF ’Formu(m with the <Same Mumbaer

o{— clouces  and vaciables , and <o com&‘mg DNT Qelutivns  ic  as hard ag cmm?ng COF  golutions . which

s ¥p- Qom'\)\fmz .

Thus . we  are  ntemsted  in Ohfo\\m\m& TPrAS o the DNT mmw‘ng \;(og\m,

A Qﬁa‘lgl«\t—gmwm& Q??{oaLL\ ¢ ‘o P\\ck W\QY\\% Yandom st‘\gnmu\%s and.  Count the jcrqdﬁun u{ SM‘\S\%MS
ass‘lgnmenﬂ Among +hewm -

Applying  the Monte Corlo theseem. We geb an (£4)- opprodmation £ the number of Conple &(%}.

Tn astimting T, g s /4 and v the numbec of Samplac Cequied s Small

Tor the DNF CN,\{\(\S \b(ohum, Mo Could o zx{mmﬁ?a\% small | and thus  +the numbec u{- So\m\>lu r“e%mmo(

ic QXEm\znﬁa\ 3N (Q‘& If #Sokm%\bfxfhil in \)o\\&mmla\ Aumbar @'{— SBLPS, +he oanswec < 22c0 WL\F)’

To 314( on  ffident  estimation, the idea ¢ to  Consbvuct  a Sempla  Space  that includes all tha

gmt7s\cj]n5 qgg‘\gr\mzy\ﬂ/ but ot the Same time the Soan\z gpacg 18 not foo largz.

T%{st, nota that %‘md\?ng o &mﬁgfnﬂ’mg D\QSTKY\M@M a‘{* a DNT {ormu(m [N ao«g%

TJust P:CK a  clause and Smﬁs\[ﬂ N ( ¢ince we Dﬂ(ué nxed  to SD\f\\Sgla ont.  Clowse to So\{\qs{‘ﬂ the ]Cbrmuk[a)
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Lt F= Qv uav, .

lat €C;  be ke set of AsSignmants  thot gq%?z{% ¢;.

Note  that 3 Cr hae L5 vaciables , then 1 2¢ 1= ~ " At thaee i< only one  cholce fov tha

vaables Tan 0 byt o\rbﬁyw\g Volwes  foec the mM\Im‘Y\J variobles .

Stnee  eoach sfﬁ“\g{fﬂ:wg QSS\wgthr\f must be  Contoined  In SCS ’FD(‘ Some  j ., oand <o \E{ geyl e ,Q\(qtﬂg

the numbecr that WL Wwart o C;nYV\E)ujt‘L appro\amn‘tuﬂ‘

et U= 4 Gayl t€iem . aele) . So. lol= £ 1cql.

\

™M
Thie 1s an  over- estimake o\L \72, QC‘\\ , Sine. ona agngnwn% couldh S«xﬁsfg Moce.  Than one ¢ lauses.

™
To ouveld the D\/l(»coumlbmﬂ > WL dkf‘mL o set S itk SISL l;g‘gQ\\ as '}Coltuws.‘

=1 Gad | Veigm , aeScr bk ad Q5 e i b.

Note thot . qiven oo membec 3n U, we i chetk whethee it \mlongg o S &Hﬁc‘m\ﬂn.

Now. the 1dea s Qp?(ox‘\moﬁk \ gl bka azgf\\monﬂng | s\ / [ul L:% Monte. Corlo Limulation .
“The \;a'm& is  that 18| /\U\ > Vi ns  2och ags?gnmzv& Con so\ﬁsf-ﬂ ot most m  clauses -
So, R\C we wse U oas the gD\MP\L SPO\ e 5, than bua the Monte Coarlo theotem = one  can Sef an

( Q. g )MQYP(D‘K\\V‘I\D\.‘;DY\ D’% \Sl /\U\ \/\S\\Y\j at mo St ®) Q Y‘\Qﬁu/év /‘LL) SD\W\?[LS -

Qince  we Can Compute Ll &{EYCTQV\%kj‘ we  Can  thut get an LE,%)~aWroyimQHon D§ 1S] as well.

So, Tt remans o qenerate o umform  Sample From UL
™
Thic easa- TJust pick T with ?rc\oo‘m‘h‘ﬁa KSCT\/E\\SCQ\ and  then ?ick o un?{wm member
PN ba gdt‘mg 2oach vatable hot in clanse T \"Qh&hwﬂ& and, Inma?qmdanttg with Pruba\m‘\ﬁg 1/1
b tTrue  and ?roba};\ﬂtiﬂa 9 +to be Folse .

\S¢q)
Then,  Pr ((la) ts ckosm\) = Pe L7 35 c‘aemn}- Prla g Ckb&zn\ = 1o\ ' \S\“CT\ - I\Ul‘

Puﬁﬁng +ogxﬁ\na( we  have o TPRAS r@af the ©NT Qmmﬁng Pru‘oum_

of

o

Network Yeld a‘o\l‘\t\a

Thic T an ‘mhmsh‘v\g o\\apliu‘(h sff tle DPNTF C,ow\%ﬂwdv tesuwll.

The P(CHQM i< g\iW\PlQ : 8‘,\,@“ oo undivected graFV whew 2ach SLdSL will {a\\ with P(o\;ab‘.ﬁg P

Compule the F(uba\all“\*\a dhat % s liscomnected .
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TL\\g \\i?‘mvklu ‘J(Dbkaw\ TUring OW% ‘\Q \OL #P* (‘/DW\YLLhL, QV\{}\ HA\AS Wwaoe COw Ov\\ud \A“Fl %\/ 2N FPR(\S
The <o lwtiom s% this P(o\o\ew\ v\\\fz(xa Combine  Ceveval Tdeat wwe hove learnt.

Lt Fan (e be tha P(oba\;ili*a that  the graph 1< digsconnected  when the falure \a(o\oak?(?‘r\a of on 2dga s p.
Note thet o SMFL\ is Aisconnected T% all Q,okgg,g o'{ Qome  Cut —goﬂ@{.

Lot C be the le sf o mivimum  Cut n G,(

Fuest we consider  an aama Case -

c -4

Ca&{ | D Z n 4
\

This Im?\;as that ?mm@z n

TL\QrL’Eom) T—& we (un the Monte Caclo ¢imunlatimm , then we can SQJT On (iﬁ\/aﬁ)rox?mqﬂw\ of

RINCZ B}
‘FMLLP> mst\g at oSt C)(”—i#)) %o\w\p\as <inte M:FA\L(F) 2 v\%,

The remmn‘m% case 1t the Tr\%uu{‘mg case .
M_V\/i The vdas 1S S\w?\i and, J&\zﬁmb The Proo% hog  Twe main Qteps .

@ We krow that on  Lnolicected grmFl\ has ot wmost O(r\m) cuts with at mest «C ngey.

Sine 7 s small. thos cubs with more than & C 2dges afe very  unlikely o ol .
with peobability PN < ¥
Therefore . wo con St & 4o be Small  (but big erough) and focus onha on  the cuts with <mC edges.
Tn fact . We can Qentrate all of thete Small cute in Potnnomm( Time ugihg the Coandom Cortraction O\l&ur‘\tkm.
@ The kua observation 1s that Chetking Wwhether  Qome Small cuts WL il Can be veducd tv o

SQM(MCSQHDA b{* the DNT Quunﬁné Proum) Whete.  2ach variable s et to tyue with FPOE P

Now  wa &a nto Some  defelle  for  oach %f(LF'

o
Erumecating Small cute @ Wa lrave Tt as an @exerdse that Tt can bo olone  in O(w™ T D) where
S C antyact tsm .

Tun\mgﬁm\ denotes  thae f\MhV\Tr\g Time of Karguls Yondew Contraction OLISO(\l'tL\M-

. —(tkd
Xgmrmg \Mgt cukg et Pci n -gar Some k>

Then, Pr( some cut with 2 xC c,&gu ‘Gai\s} < S‘de Y\l[% P%c d{i < SBZL’( hvk%o(ﬁ = O(n‘m)_

- 2K
By Setting o= L4 In(eoW) . then O(n %Y = nitg < < - FRIL(p)
Kinn
Tharafore . lgnoring oll  lagfee cuts , we still have a (=) - opprovimetion m[ ?AILCP)
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Turthermore o tince o= OLD, the oabove @humecotion Can bea dore  in Poléwow\lkl time .

Rockuction 4o  DNE (Jounﬁnd The cdwctivn g QLWG\HL(& Sb{o&\?\qf’gn(w&f[)\.

Create @&  va(lable ‘Ebf Qoch &dSL -2

Tor cadh emall cut |, creste o clawnse Q%Q\/\\(Ql N NXeg Y Tf the Cut has & 2dges.

Set Yo 4o be true T‘E zd\gt, o \CAI\S.

Then the ‘ebrmm\m s Nue T’%‘ ond s(\LZS Tf o The ld\&)u n Sowme cut }QD\IK

Tkzrqﬁm, Thic 16 Just  the DT C,OuvanS F(ablam when cach  vatiable T true wWith p(a%abttr\Lg p

\We may aSk the detalls in the homework.

s \As‘mS o, EPRAS J{o( DM?~COM*?A5 Lwith prob ?) Can Obtan a FPRAS “for netuwoef k (zk?a‘a?\;&ts_

Mﬁﬁli T¢ thece o TPRAS ‘FD( Qemyuﬁnﬁ the \)ro\mb{ﬁha that g andd T s ligconnected

in the fzsm(ﬁr\j gro‘F\« where  each ongl; Lol with Pfoboﬁofkﬁ‘g ?5

Approximate Sam?l'\t\g %A_O\mm_ﬂ)mug_

We have seen 2xamples of  how to wse Soxm)rlfng to  olo G\?Frox\\rv\a“w_ CDIM\‘HV\S.

We  will show hat oppOXimate cuw\ﬁng can bo (educed to  Opproimate gamFlTn&

The vaeduction U8 aﬁvﬁu Su\qm\, bat we will use the 2xamplz sr& Umnﬁr\g independernt  cafs o% a ngL\

to Wuskvate +he “&‘ukv\\\%\m

Dofinttion ket w be the vandom outpt of a Sam?(\u\g algo(?tlmw for o LHate SamFLQ Space N

The So\m?hr\& a\go(ithm %@zm“ms on  C-unitoem gamPu of S, TIV for any elgment 2z In S,
|
’%: ;:eﬂ \ Pr (w=2) \#\—ﬂ\\ € ¢ . that o . the ttal vaciation olistonte between the owtput

Alstyibution  and  the unifovm  distyibutlon 18 at most <.

A Sﬁm‘yl?ng a\gor‘mm s &M%_M%M@MML@ (ePaus) for o problem

e >0 O+ Ser\q(otii an Q/um\v{-orm gayhPlQ 0% BYICY)

37\/@“ on  ingtance X ond o \)o\((kmtft(

and Tuns in time  Yhat s Po\\dhuwﬁm\\ in Qn(“%) oand - the $i3e o\L the instena %,

independont Sefs, e can constvuct 4 TPRAS

Our Sa&\ 1S to thow that | S‘xvzn o TPAUS for gaw\FlIng

Lor (‘,c\mﬁng the number of If\d\o_Pandan‘f sets
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Lot 2,0, 2, be the 2dpes o{— G . et B, be the %?rsf 1 Qd\&u ond Q‘;CQUJEj\

ekl O.0ED  ba the et of indepondent  gets in G

Then, 1@ = 1906w R R S (D L lacao .
| Gmnd) V0G| | o (G

g?an GO has no Qd\&ai . qu\'% qubtet s oan \mougzv\dumb et . oand <o \ﬂ(@{03\>1ﬁ,

\

Lot = V0@l /1ng )l o 1€iem, Then  1A(GH) = 2" T vy

n M
To o\??(o{xmo&c \&QQﬂ, woe Wil QEM?L,\XL m?P(bx\mmﬁen kol \Cur 1, ond D»&Fwﬁ 2 M /C\/\ as dha

C»\’F?(ou_\xmoct\\tw\ ‘bo \‘Q_C(q)\

N
o
o~

'z

To bound the 2rror . WL heed  to bouad  the  Catio R = The {ottowiﬂi lemme 1o left os exerdse.

~n

va\w\o\ gMF?DSL T, s o C E/lm, é/m\' OxFP(DX\\mz‘,\“TOV\ +o Cs ’Qor all VEiem -

Then Pe ( (R~ €¢) » V-4 which \mP\:zs o Q?,g)“QFFFOX\\mDA’\\DV\ ool al.

B

To ebtain o Cg/lwmé’/wﬂ“O\’Pprox\moxﬁon {“br . we eStimate It \ma a Monte Caclo a\&§r\thm thol  wees
the TPAUS for Sampling  independest  gots.

The Ydea s ‘o Qa\?p(w‘\ma%mhg\ io\mekz independedt  sets in @;;\ and Compute the fmgtlon of these
cels that  are also Rnda?zhzkam% in CT(‘

Lok ey=Cu,0d) . The ov\\% independent  efts  in G That ace net \r\ok»zx;and\ar\’t in G; ore thowe +hat

Cowkoin  both w and U-

Thae \\mvnvf&vx*\‘ point Ts thatt i 2 _\5

To <ee H«C\s,\'vm? eoch "\r\d&\ﬂuwuﬂ" Naw T Gn &LQ;,D~&Q(T;3 ‘o the ‘\r\dk\ﬂr\d\bﬁ el T-v e C?\\.
Note That 2oach indepondent gelt in DGy s appad \3\3 al  most one Tndependent st in (G -G,

This \\m?\tes That Ve =) ﬁ(&pﬂ’ﬂ((ﬁ\\ L omd thus  i= 1OCGDOL ~_dsew > A{
X EEN B R V(SR O (R B WU C T

T\'\Qrtﬁrn,‘\{ we have o \/\_v\\\%D(V\’\ Sm\nF\u Lo FhAJL\:ev\d\gm whks  ia @ﬁ_\, then we Con 3& o goDJ\

&?\y(oximmﬁaﬂ ,(x‘; AU N ms\ng on\\a o 'EQ\A SamP\Ls ‘0\8 (,A\mg the Monte Coarle  theorem.

The diffecone 18 thet  we Ohl\a have a FPAUS %m( SQW\F“AS ‘yr\dz?er\o\ev\“\’ sete _ but  not SwPr}&}n&[A‘
\Ang& o good Qnmgk Samplec il qve  us o gsefk anough  Approvimation v ©; .

There  ace two @crore +o  bouad.
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= Clne We Oce on\% \AS\IV\& oo VPAUS, the Q\q:u%suk Jalue oy nolt be Q%wﬂ w .
Rut u%‘n% on (g/(ﬂv\\7 \/‘n\\‘gD(W\ So\mPQFJ we coan  Show thot \ E[VN;]‘ rﬁ\ < g‘/GJW\-
- Ea Jro\‘&\mg b,\\a Come Sam\v\u . We  Ccan OV\\-LA SQ* on m??{ox‘\mm%?oﬁ to ?(;1 .

Since Y5 Is \)TS .. ZA:)‘_B ) E{%:] is \OT% ond  thus the Monte Cocle thgorem  would otk to

2
Shvw  that ;i close o BV \Oﬂ Jtmk\n& Ov\\\a 0 C Mil }(\'\QAg\\j SD\MF\ILS.

[
Qb‘r\/\lo\\r\\\r\& FThese . Wwae Con Show that €7 ¢ o &osr}\ Qmmg‘n o\?v{ny‘\mm‘ﬁbv\ ELEER AN

Thm Given a0 TPaps foe gaw?hr\g Tndepondent ets. bne Can Comsteuct  a TPRAS e Low\t‘mj TwoKQ?mnd»evn‘ Sets.

The  vTeduction works fov h\av\ud \\§e\§7(md\ud\o\zu F(obb&rv\S,a_g_ Qoum‘b‘ns numbe c o% 3”«?\'\ (‘_o\or\mgj.

Mackoy chain  Monte Carlo  methed

I-g ‘hare s o opproximate SOW\A’?\Q,{J then we can  do Oppr oximate Qour\‘t\\v\&_
RBut the hark ?arf s to  Construct an approximate Sam?ur.
Here 1S where M™Markoy choln  Comes nto the Pk’wrm.

The basic Ydea s 4o Construct o Fintde | iereducible , apeciodic Mackou chain  whote Sot of States g

the Saw\a\z Space (Q»K» 2ach node  Corcesponods  *o an independent Set ) and  whose Stoﬁ?m\ma Aistribution
1s the Cequired disteibution  Cegq uniform distribution).
We know that Tt will Converge to the Smmwwa dictribukion . So aftec o (omg 2rouph  time | the
Aistelbukion WL ba  cloe to the r\e%u\rlr}\ distribulion  ond  we gef an  apploximnte Sa\mylu
For this  approach 4o be efficdest . we need to S that  the Converpence Yot e fost  ond  ach <tep

Can ‘bz Rm?\zmb&ld\ J?_{;{-TLTQV\f\\& .

Thie 3¢ mgumua the hard Pp,m% _and we il Come back e Ehis next time.

For mw  we Smsf consid2c  how to construct a  Morkou chain  With the re%uﬁrio& Sf’mﬁm\wa istribution .

Ticst ., we stete a mu\[m\ \ehmo

Lomma Given o Linte |, ereducible | apeciodic Markou chain  With transition matrix P

i

Hy

N
(0T, ) sabishes 2=l awd T;PF,jiTj‘?jﬁ for all i3],

=

N
Fhan T s the S*oﬁ\\or\mé disteibulion o{— P.

) n S
= ET‘S P‘dA = TT)‘ ;7; Pyi = T\j, and So T 1S the Lm\x%ut S{*NHMML& Akt bukion o
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The condition T\?;/l :“jpjl‘ Yo called ime yvevecoble -

Tfy tha mmurua‘m& SMPk of the Markou chain 3¢ an  unditected g(apk,ﬂ\u\ we kKnow +hat the
%Vo\ﬁbnoma p(cboﬂot\ﬁta 0£ o,  Vectex s ?((Jyovﬂm\o\\ 1o 1ts d\mgru,.

T\'\Q(u%u(t, owe wWant fhe &M\\qcorm disteibution s be the %—%a\ﬁono% distribution . we :)udc need to  rmake Sure

That The g(o‘?‘v\ s \”egu\o\r. ?\fy ot ﬁzgu&u, wo jms\L adldh  Some SLHL~(OOP& to moake & fﬂ&ulaﬂ

L 0mma Tor o Lintte  Stote Space N ond nz?gl«\burkoo& et ruwctue 'ZNUQ 1, Xe ﬂ% L lat N= V;“’N \(\]b()&
eSu
ondk M2 N . Contidac  the '?o \\Ow\u\% Markov chain  whace
\/M T{— Xé\\a ond LSH\J(X)

Px/% = o Koy aed Y& NoO

\ - \wm\/M it *=y

I{ the ochadn 35 Arreducible and @?Q(\\od‘lc, then the %fm‘tov\ma Astribution & the un‘\ffom\,\ distabudion.

{bo Cinee V\\,‘J:'PJ;\ ’?a( all \\i\‘) , T# T\;:"\Tj HT—*}, thea IT(PT,SITYJP“,I.

Tor the Tr\d&?smdmf wl Pro‘o\zm) ohe Can O\VP\\A +his  lkmma Yo prove that the \Ccunw‘mg Mackov Chein

has the Lw\‘w-{wm distabution  os  Tts S‘L’D\"ﬁor\aré oisteibution .

® gfo\(* ’?(‘Dw\ on C\r‘o\xt(aﬁa ;r\d\.ﬂ.FZV\d\ZN—% Q(LJY XO &Qg the QW\P*& Skk\)

@ To Compube Xia

@ Choote v mn‘{urm\% at  Coandvm Tcr’cm C?

@ 1{» VeXy , then Xy = X

VTV

@ I’% V3 X] ond. X5tV s an Rnokz?rzmkzn% Set ., then XH\ = X; VA

Thic  chain s irreducible  because 2ach steke can  reach 2vary other  ¢hate \m& {lir% okmwi vee i

and  then a&\i‘mg vertices.
It i apeciodic becaute T4 hac a Self (oop  ong LDV\& as the KMFL\ has ot  leagt one Q&xik.

Tt %o\\ows "G(UW\ the obove lemma that Tthe gfodﬁor\m% Atstribution ¢ the wniform  disteibution.

The Hefro?o\‘\s O\lgb(\\ﬂ‘\m

This 3¢ gmuq\ construction  of o Mackou chain with ony gﬁaﬂonara dstiibution .
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LQW\YV\Q Undec  the Came Condition og

_9
in tha  previous lemma %o( w\a dist tbutina O = (o, oyt L KD,

() min £ Ryfg ] ey and Yeno)
?X,\Z\ = o I& )(:‘;ka and kA&I\JD()
\’@ P’(’”d . =y

Thenw ® T the %‘roﬁr\\nnana At ribution of this  Mackou chein .

Lok

o0 ASS\AM‘L d\x < b(\a . TIY\JQV\ PX = - and AP\:&/X = M o

4 ™ Thic s time veuersible .

5 "
Tor kqu\?\z, Suppose W wont o Markou Chaln \Cer Rr\d\q?u\ouﬁ Set S with %To\ﬁov\m\ﬂ ?rubah?tﬁg

PYopoctional o Xm whece X T¢ o Congtant  and L] ¢ the ST3e of the \‘nou(umkuﬁv et
By the above lamma, we Just nsed fo modify the Markov chain os follows *

- W oveXs U et X = Xi-v o with ?(obab\‘m& Min ‘(\) l/)x?J .

T W VY and Xpau IS an ndependent set L et Xju = Xzau wibh peobability min 5 N

. (Tl
Tkgn, RS QOA\& <o \Ju\\{\a’ That the Slk“c\ttbr\m’g Prblza\m\(\“h& NS ?(o?urﬂor\ql o >\ .

To S\AW\W\M\\EQ PSR (Q\o&?vda easy 4o Construct o Markou Chain with ouc Aesired %Tmﬁonmﬂ ATstrbution,

The hacd poct s u\mqlha ‘o ommhﬁia Tt m\\x‘mj time

We will S%md\% the +Q:)/\rﬂ%w_ 0{* \Qbu\)\?r\gu +o  ectablish 'FO\SJ( rvﬂx\vng time .

RQiQ({y\cgs MoCt of +the matetals in this lecture g ’%(uw U\q\;tar o of Mitzenmocher and U?\Cm{.

The notwork rd?ql:mﬁa example 16 fakea  from the lecture notes ef Erc \/ano‘\o\.
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