CS 4bb/6b6 Algor?tl\m 'Desisn and Ana(ns‘s , gPr"m% 2019, Waterloo .
Lecture 13 : Random walks on undirected jl‘a\'l)hs
We  fiest onalyze rondowm walke on a line . and we (T o desien a[guﬂt%m fov 2SAT and 3S8T.

Then, we introduce  the Concepts  in electvical netwerks  and wie it o\nalmt hitting times and  cover time

o-& Candom  Walks on  undifected 3(QPL\S .

2-SA

Griven o {wmmm with  Two  wvanablet W each clawnte |, thare ¢ o deterministic  bnear  +Hme

a(J)orHl\m
to determime 1§ khere s q Sq’f]sﬂ}hg ags?gnmenf or  not
\We consider an o\l&w\%\/\m for L-SAT  based on vandom  walks (known as  \WalkSAT )
_ Random walk DSAT
@ Ctact with an Lwhi*wma Ms]gmmewt
@ \Qa?mﬁ wp  to Yoo Times ,  terminate v{ all clawtes are sﬁ:s{tu\
@ Choose o arb\*ww\(/) clance that ¢ not sq{?sf;aa(
(® chesse o Yandom vaclable n the claute  and  Swikdh it valne
® Return a Saf\sf\a'\ng ang&v\weV\t ?{» ot {oum 5 otherwate veburn 7 ngﬂeam"_
C[@uha the m&mm e cofteld when Tt f2tuing a gaf:gfamg qssiﬁwmf :
We thas fours on the coase that thue i a gqfisﬂjw\g asip nment but tla L\lgwitum didnt  Find 1t
How to “"“\‘Q\SQ the Q\(Kow‘.thm ag ma!as‘wg candom walkss  What random vaciabls do we considerd
A natural choice Ys to comsider The numbaer of clantes Satisfied ba the  Curreat ass?xnmznb, but Tt ig

not 2asy to amalyye as it can vary CJYY\STOUL(O\HS feom Step to gTeP

Tostead , wo consicder how “elose” s the Carcrant mss?jwmgnt o a g‘m‘?sfb‘mé (}\SS\\Xhmavﬁ (stm‘.hg ot ;Lmrs)‘

ot & be a gaﬁgfn\mg zxcs;gnmewt.

et A be the acignment Tn the ieth ctep of the alporitlm.

Lot ¥ be the wumber of vanmblet  that have the Came valwe ™ A} and S,
L irn, then A=S and we win.

Wae Wil kmf toock of  Xi when & cabisfying assipnment s not found et

Tt T{“ ¥;=0 , then PV(X‘M\ZL 1){;:03 =L,
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S\A?PQJQ L Xs S -t . In an \m\gq‘c‘.&f‘.ao\ claws , ginae S 3¢ o Saﬁgﬂms As&?gmewt , theve  must be
o vaaiable  In the clawse that  hag dﬁﬁum\‘ volnes  In A\\ and S
Since we F:Lk & Yoandem varlable n that clawte , with \)w\v %L}, e pick guch a varable and “eorrect ” Tts value.
The Pe (e =Ter 16=1) 25 and PrXa=3a1x=) <%
(a‘ﬁb(QI ¢ \J(\~\}Jc\ \~\J Z 5 QAw i\ ml'\r\ \“J =TS

)

To model & as a Yondem lwlk Promm we  (onsider G pesgimisfic  version of the stochastic ?rocags.

Pr( rgy = \ ;=0 ) =\

P(‘Q\((&L::jt\k \('\:\JBX \/l

P((%}ﬂii,\\ Y\\;j}j \/l )
th’ka, ‘H\e_ ZKPQLQA Time ’fﬂ \( to reach n TS V\Dt f&s%u than X o feach -
W will e Ow upper bound on  the J{X[xzctzd\ timae WCW Y to reach n.

This Caw be “r\z\m&\m\ @}[ og oo vondon walk on a e .

\ ‘e v VA Vs

N /_/1\\{‘ /\O/\
b ® V‘ &~ C ® &‘// °
0 Vo 1 A > oy 3 nay e n

ot L\‘J be tle QxPQchd\ Nnumber e/g S{‘z?g o veacdh n wWhen waﬁmg ‘E(ow\ \S

Then V\& = Ll U/\J_ﬁo + L)L\,\&HMB - e +\L\r\“+\ 1 I L\:\/k,\&ﬂ = \,\jg\»l«\:\ 2
To CDMPMM_ 1'\\‘), We just need. to solue the ‘%okkow?v\& Qlédewx eﬂt neer Qaswﬁ‘\w\&\
h. o

%y\ﬂ@ :M*\‘\“\‘ﬁl
ho~h, = 1 ( becawse  he= \,\\4«\3

E\é \\V\d\v‘(,ﬁ\‘m/ we  See  that V‘.:\ - L\St\ = 1;\4‘.\

n-l -t
N (n-D
We'd ke to determine he = L‘nk\"n" T?o (%\V\"?hs = E (1‘*‘3 = 7‘K§{Hi—h) tno= r\l

° 8

N . > ’ N . N N
Qo ) \& We Yun the &\&o\r\ﬂnw\ J\:e( 2n S*@FS) \0\6 Mackov < \\'\Qggmkxﬁg ) ‘t\.\i ?ﬁs(ocv\m\\&\a Of hot —]Cmok m&
o Sobt sh‘u\g msﬁgnmmt (T there existe one I's ot wmost /s

—(00

THQ(‘Q%D('L, \o\a (um\‘mé *Em/ )OOV\i giw?s , tle ‘fo&k\nn. P(ehab\\ﬁh& ioot mest D)

Q\Qar\j‘ tL\L m\&nv\\t‘r\m Can Bl@ impkq‘w[h‘tai in ]Eo\avmwﬁo\\ JY\\W\GJA

2-SAT

The Some aPPr%CL\ can bao QPP\,\\id\ {v\/ %’SHT 5 Xf\/m(g o \cMTzr xvlvmenﬁa[ HBme &\&mt\m fw 1t
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T\/\Q, WA OU’H‘QT‘U\CJL Ts the PIGLRHH*\& 5—9 \\\IVLB\/.\V\& uT S bw\\a [/5.
US\V\& T\ fame notoitonw

L\h:o
oo 2N R U U SRR
Uy - ihge = 2lhja ) 63

ho- b, =\

n42

‘é . gb\W\W\T\r\& \I\.KD as \DQTDT{L/ \\:\ = l - 7,J+l - %Lﬂ"j)

. RESY
\%\a Wduction,  hyhig = 3

oY
Tw Pmt’\gwkm) he = 1‘,\ -2n =%, which T pere  than  the  brufe-fore at&c\f\thm of- ’t(\shﬁ all 2" asg]jnmewri.

To lmixove W there  ace twe observotiows !
{0 We can %nd\ a  better 1nihal ass‘\gnmﬁ - T pacticulac \% we pek o random initral ass)jnmaﬂ‘, then
the xpected  numbeac of  matches with § i "
(ths abre 9 et zv\wg%) %”/1 1S wnst mnch  smaller Than L\Ovv
@ Sine tle vomdom wall atv‘.ﬁtg owoek O T{ thee Mgmlt\/\m ung \wgu, then 71 76 more Lkda that
T e well belsw V\/p

Tn 4 cose . we shold  vestact J{rm a Condom imBal aSsIgmu\% Metend oJY Kug wmw& ?E.

These tdeas lead 4o +leo Wco\gtzgt Q\gnrit‘nm for L-SAT  known Some Hime age

%wen‘mg’g 3SAT  algorithm
@ R@Fmﬁ wp to N fimes Jtum‘mat‘mg TJV all clawses  orce @od\gﬁ‘uk
)  Start with o candom  fial assignment
& Repent wp to 3n steps ,tmxm‘% r& all the clames ave gatisfed
- Cwitch the  value QJV a coandmm variable in an  umsatisfled clant

@ Return o SD\‘%‘@MT% a%ig»umwf T{» oS fgwwo()’ othecwige  returm xxum&qfisf\mblsz .

QLAHD e we start with aw LunSQﬁTS‘{TeJ\ ) ags?gnmemt with ”J miswmatches kW g
—XV\ %3 E%L'PS / Iy \(‘O_DLC}\QS n ]‘gi &L\,QHM acae "3 SkQFS o dowv\’/ O\V\Ok 1:\ S*LFS “MF v , \/\/1/\,:6‘/\
. . 2] ) 2)
L‘“FF@V\S with P( obab: Kﬁa ( \j j (%) (J,;\)
This s a lower bound on the va\)q\olh% o{ Ymoul/\'w\g noin 3k Sﬁz?s .

To howe a gowk estimate D,{» Ttowe wse gﬁ?r\\mg/s %v(rvm(o\: WQ%Y < V"‘\u < 1W(%>M

Ug‘m& . K%] ): (%55\_ 5 _Jemep Kifi &ei\? KLHS

) bp‘.(‘p\. - Qjmussjmal) 8
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Using @j:ﬂl Jfﬂ;@y_ &A &H\

GPL Y M%s g e
A CARE @) o g% (o constont
Therehre , starting with  an assgnment with ] mismatches  with i, the pmbmma ff feoching 1
et OB E@@ET g

go, JCL(L Pﬁb\o'%\n\\kﬁ»\a 0% tho A\&uf?ﬂ/\w o —g‘m& o Qaﬁs\cﬁ‘w\& Agé;ghw@v& a3 %JWFS i<

> éo %(%Y -?(K»\ Candom ass"xghwmt has \j mismabches  wath S)
LS @A "
AU
> & w2 (DY
_ %\&A{}v\ K\*l;’ n L\"a e Binontal H\u«zw\\)
C 2"
= = F)

- . Q3"
In 3 S%a(;g , the Sweeess ?W\skblﬁha ? s at Kaasﬁ ﬁ(’c@) X
— N R - In /1 4¢\"
Wms, the 1\;3:@@& number o% omes bl e sucecess TS ot moct T(E) .

Qe each 4ime Tokee  3n S*Paf@ , tle mcfzchuk \(L«mh;ng Bwme ¢ O(hl.g (%)m>

Thic 3¢ mot wmuch slower than the Carvant astest olpayvithm _ wWith vondsmized Tuaning Bme QL[.%ogh
§ 3 §

Unadicected S{a?\'\s

In an undivected 3rRFL4 the  yonsition Pm]aalz\\ﬁg P = ‘/d\(w SISV
The Marckou chain ¢ eredecible \\{ tha 3“1@1« V¢  Connected.
Also Tt ocon be checked that  the Mackou chain i D‘pu‘\o:k‘lc \\{ and w\a T{ the 3raPl» 1S hm\f\s\yParﬁ’m,
<
as on odd Qﬂdt can be used 1o show that Q\Duﬂ >0 Hfor a (arga emmg% 1t for any PRVI-AVA
US‘mg the  Qame F‘{oar(r o in the EBuleron  dicected 3‘(&FL\§ ot s Qasxa t cdheck that Wy = d\(U)/zm i< a

STO&TE‘NAY D’ﬁs*f\v\auﬁm, 3o wao ]I\RVL tl\‘L OHO\/\/\\V\ ‘(Zim“f Om 'fkm uv\daw\en"tm( —tL\Eb‘{Rm ° Mo\rkov Ql’\ﬂ‘mi.
J §

Thescem Tor avxg Connectod Y\DV\#E?PQ(%‘\*L wndirected BrQFL\ B a  vondom walke Wil Qonvzrgg to tha

distribution Ty, = d\W)/)m ‘(lga(d(g;s of the Initlal  distibution , where m= |ECE,
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Next, we ate intecested  in Sfu&ﬂ‘mg the Wtouow‘mg C%uuomﬁﬂzs .

0 Hitting time  huy
@ Commute time Cuy = 1'\“)\,* huaw

J

@ Cover tima : +the et ime when all vertices are vidited ot least once.

@ Mw‘mz time

how fast  the tendom  wolk Comvecges t o the  unigw Uw\{ﬁng distvibuton

Ihti(/&ﬂ’{‘:hgl\ﬂ, thece oce Close  Conmectiond  beotwean  The %mhﬁﬁ?zs @*@ and.  the Cumefts in electieal neotwevks

o, we will dntreduce  Some  basics  of  electrical  netwovks in the \Qo\\m?ng L and we wnll av\n(ﬁk @ (Aginé; Qol,,?l:né;

Electrical  networks

An elertriical  network 1c an  undirected cSmFL\ L whers  each @dpe < s a vesistor with resystance 0,

The electrical €lhwe  Th  thete  networks  are 3oum(v\ad\ \OL,A fwo  vules ”

\(‘\rd\\wﬁi law the Sum of T'\cow\\ng Curvants T Q%wo\\ to the Sum sﬁ— omfgo'mg Curcants .

_MLL@L © o thece exists a \/oltmgz vector ¢=\/9(K Such that 45“*4%: wew Tuy . whaove \C\,\V 1<

the 2lactiood flow owerosts the mgb uv o, which s ?og]h‘vg in the {wwmok dicecton

Gnd V\Q%ojc\\ve In the backward odjrection .

Tor exo\th, :-% one Lt 0% cuwent ig Tniuftd\ ints  node & ond  Tamovaed ’\Q(‘DW\ node € then

3 2 -
’?s\l:—f @L\J\"—g WCV%'%

—_ 1 @*
b=t ©@———T 3 1—®

Rx{;,& .= %

—

@ \:YS @ =

be=0 Yesistor

The effective fesistance  betwean S and T

7S defned o the \/cﬁzfo oli ffaren ce between S andt T

when  one unit of  electvical  fhw s infetted Tato S and  Vemoved from €

The l{"ﬁelﬁ\/i. vesistonce  Can bL understood 08 the vesistance

of the whole 3({;?\« as  a b?g r2¢istor.

We wse Ry, *to denste +the offechve fesistana  betwean W and V.

Theoram Tor any UV €& G/ the Commute  Time

Qu\/: Lm Ru\/ . whare a\/u\:} Lo\f& has  Yesistance one .

2roo£ EO%&“‘A SF(M’J»«S s thae vaﬁ‘ gozs L“Q SL\D\N\nj thot  the +wo l%mow\t\“tus Saﬁs{—\g the Lame Set o{ Z%um+ich§.

Tor veV . let NG derote the et o~€ Ym‘xg“mrs ojﬁ v dn C‘( _ and A= NG be the rkzg(uL of V.
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et = oy =9, be the Volttage  differonce betwean X and V. when dOO  Qmperes  are injected

info  each wel , and 2w amperes are  Cemeved  from V.

Toc this eledvical £low. Lka Kicchofl's  law . dx) = \E\m) PT»m Crecall  Fom="Few {:w any w,x}
- LEW)( b -b,) 7 by O la

= \,\)ZEU(,K) (Cpx\;*qbwu\ S 'gur 2ach Xe \V-v .

On the other hand . the L\?H‘w\& Bmes  also %oﬁﬁ&{% the Soame  Set 0\( eosumﬁoyxs.
To tee this . note that  hy, = \+&M® huo /&0 L Which s eguivalent o dngmwwmy

'%or 2ach e V-v.

Thic QSSTQM of  lingac 2uatione has o um“\qgma Solution when  the gm\a)\ s comnected C the Yeassn 1§ that

the Stﬁsﬂm s & Lavlqgian ()JY & Covmected gra?% with  one  fow  eliminated , wore exP\m\ﬁ\nm in \ecfmm)l

and o Oyy =y,  For all xeV with  do = hw=o0.

\gn the  Same O\Vymzv\‘c o hyw Y tha \/D(TQSL Mffevence  between % ork w, when O Omperes Al

‘m}edrcd\ hto Qadh xe\J L, and  2m Omperes  ofe  Temoved ’\Qfom w.

TH we vewrse  this Llw (\a\a d\m«g‘uj Spn on cath degm) B %xw s the woltase difference.  between

W ond X Croke the oroer c)\angd\3 when 2w armperes afe Tnjaﬁz&\ into w  oand &) o p e es Ol g

Ceomovad {(Dm QRQL\ )(6—\/.

A&\d\ing these  Twe —ﬁnw; ( the {lw  where Gimpafes e [n}utm into AYSR node  andk  removad from v and

the -Gkuw whefa ampeces Qe ‘w\]uw&\ inte W and Yamoved \’lrbm ij mvde ) ngdl«u Qdfg, b% JLCJ\SL

oOnd  the vo\{agas vactew \mé\ vactex | we olstain o {Z(nw wWith  2m

ompeces (n:)actsu}\ inte @ and

Dvn Qwmparet removed ‘gfbw\ \V, (eheck  that klrcl«koH‘f’& law and  Ohms law ace o4l Swﬁsf‘:&i)

whete  %he ‘wxcmm‘mg Cimpares afe  qual o Lhe mﬁgb‘mg Clrcents ot e\uzrgS pode  Xe\/-w-y .

2m ipml <1>mv*(p\“,\

= )\u\\l*‘ \f\\/u\
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The us\f&gL dif{fecence between  w and v in this new {(nw S Q%WA( +o d)mn‘ 4’ NI hoy + \/\\M = Qv
T_% Wt Scale  down evww\n& ( the voltapes and the flows D L’Z\ a Lodor of 2w . then this s a
one  umt o& electrical {:m\) {Vom w to v .

\ N C,\A
Pa% definifion . Ruy = voltope difference o{— w andk v an this gealed *g(bw = lv\:\ L, haee Cuy=2m R"W'D

Once we have ostabished the Connection to  electvical  networks , We can we  intwdions  from p‘\ﬁg]cg o derive  bounds.

Co\”OUQ\J% For m\a a&cja w ek o Cuw €am.

Yoo The \/oﬁe\ga ok'vh‘uemt betwosn W and V  is  at mest one in o a sne-wnit Llow Hug Ohm’ \mﬂ_
o

Definvbion Lot cowr(W) be the <xpeded Guee Hime  If  the rondom wak Stacts at v

Lot cover (&) *= maxvguwr(u)% be the axpected cover time of the graph-

Theorem T4 G i a cemected  undirected OBMPL thon  tover (&) € 2mln-1),
Proo& Let T be a SPo\hvﬁy\i tvea c{ (q

Considec o walk that goes “dn(cu\gk T where cach Zd%a. in 1 15 draversed once.  in  <adh Airection .
Then +his ¢ e %hot visit o ot leask ’\r/%f}(/o
2h lg a  wa ot Visits  euar vertex A 2as once .

i NN

So, the cover time s  bownded b? The  expected length of this walk, QQ/&

]

which s at V\woﬁ{' ST (L\LA\J"‘ ]f\v\,u\ = \/?\T Cuu ¢ QY\“\)"LM >

Wue €T

wheve the lack Tv\a%ma(ﬁ’a {%k\awx -F(m“ 4o (Jnfo\\arna o

For +the UMFML qu?]ﬂ with  n veetices . the cover Bme 1% Oih(oxrﬂ (wln? Y, but the above 8‘(\/15 O(h%)

The {ot\ow‘mg 1 a much better  estimate  of the cover time.

Theoram  let R(G) = nax Ry  be The  rectstonce  diameter  ond (over(§) bo the expected  CLover Hme of (.
Then,  moRE) € cover () € LeTmRE) Qan + n.
Proot et RCEY = Ryy . Thew we know that 2mRuw = Cuy = huy + ho
Thevefore,  cover (§) 2 wox fkw,\r\vﬂ] 7 Cuy /2 = MRy, . henw the lower bound .
For the upper bound . nefe that the maximum hitfing Fime 15 ot most 2m R(E) . € agardhless of which vectex
Qoo h £k Yondom walk  Yuns Ffor 26 m RUG)  steps | bﬂ M o kous ‘\r\eakmk‘d’h, o veekax  Ts o net covered  with

Prsbability at  moct /e
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1—% the rondsv walk  vuns  for 2¢7°vw RUE) Lan QJUL\)S, then  this Pro\aahitcﬁa S ool mwest [/ny’_

E% wnidn  bound ,  Seme vertex  T¢ nok wisited  n 12 m R&K) Lon %%LPS ook most \/V\L‘

Whan  this ‘r\q?\ﬂr\s o we ust oue the pessimstic bound  that  cover(§) € h;‘

me\\cﬂvﬁhgl we have  Cover (&) < U*‘lh”ﬂ ‘1ng\<((ﬂ Lloan + \?LKF\;B < ?QEW\R(QOLH\ Fn-g

T:‘\r\o\\ha‘ Lrom  eectrical  netwavks |, we have tkli&ﬁ&%ﬁ';_@_dm@u . which Says that  The effectivee  Yvesistanca

heve! increases  whan we  dacreote  the vesistomer of  Some 1okgL ,oand  the effechw  vaststance  never  dacreases

whan  we Ingrease  the  (esistance of  Stma efijc

A?D\'~Ca{\br\s ol 'RA(L}M_“QL\YS ‘pr]r\cip\;@ K@(zfdsai gmwnsa that G has  k zzd\gq»okis]o?mf ?aﬂ\x —Grcm S to T .

2ach of length at most 0, then  Rg € /k.

C‘[rav W connectivit %

Tf  we wort to Test Whebhar ther s a path  from ¢ o £ In an undicected gra«?l\) We  Can s?mp(g Yun
o Tondom with 7—Y\; Q%LPS .
Sthae the  owe time 18 ot wesk r\%, W oquecreds  wWith P(obah‘\lﬁa at lgast L/7_ by Mackoy's [me%m&(f-{:]

This algarlﬂnw\ ch\a ned B we O(Logw\} Cpace - and gLl runS  in Pblnnom]a[ time .

RQ‘QQ{('\(LS = SAT owd  3ISAT  owe ‘g‘fum Ql’\q?fkr 7 B{ Mitzenmacher and UF‘FA[.

= TElectrical networks and Yandown Walks In wndicected &MFM Ara {fm QRL\FYW L n,{— Mﬁwm“,ﬁagkaum.
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