CS “4kb/6b6 Algoﬁkkm Desisn and Analnsis ., gPr'm% 2019, Waterlvo .

lLecture 12: Random walke
Random welks s an Tme‘tan‘t Tukn\\%u& in random SO\mPID\S, andk alco in J\Ls\wgn?ng ’Ec\gf alfnr\xﬂms.

We  stact with the  bagie %utsﬂm\s and  then See the —{luv\d\o\mzwml theorem of  Mackoy chains ([ without P(oc—fs).
Then, we et “two zxwucqﬁmg of the {m\damam’cm theovem , one  about pa&amnh ond  ongther  obout das?gh‘mg

a  fast algur‘ﬁ%m for perfet mﬂm% in regulm’ bipartite XMPL"

Overview

Given o groph > & random walk Stucts from o vectex, at eoch tme step the walk  rmoveg b a wrﬁmﬁa
Yomdom neighbor of  the turrent vertex . ond Yepeat

Come of The basic mothematical questins  Ode

U) What is the limiting oistibution of the random walk 2 Cstationary Aretriowtion )

) How lm\& does 1t teke bzfmz the  walk amﬂnmku the [Wm?b‘né orstibution % (mix?hg time )

() gtmﬁv\g from a vatex <. what s the Rxpected numbec of steps b ﬁrsf each t3 (hrtﬁy\(@ Hime)

(4)  How Lm\& oloes 1t ke b veoch .Q\r@(\a vectex at least one & Ccover e )

Thew are twe  waln &W&Mukos T quastione (1) and (2) Gne 1S \mbamsﬁ; and wses the idea  of

k\cow\b\g " o Tandom Prowsses . another ¢ gPo_del ond uses the Ja‘[gzv\ua[wu o{ ‘o D&ljo\ur\ma matvix
We will ﬁmdg the LO\AQ\M% O\fzsmmanf in amku&‘m% m'm‘w\% time.  and hnpzﬁd(\} we Wil have Seme extra
Lime  left e discuge the  Speckral approach.
Queclime (3) and. () ofe best  answered b\ﬂ \/\nw\m& the ngL\ ag on  electrical notwork L oondl e Wil
gﬂfx% this  'n the nat  lecture.

Tod\m& we ‘jug& tate o ‘gb\v\damghtc\l vesult  abouwt ) and  seq  some Tvﬁormﬁvg apphcitions .

Mackov Chain

We Onalye the genecal problem of Candsm walk ow o dliredaed graF%

Ve
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We can  also fmmm{o\‘re the Prnb(lm 6s o malbrix wa\zm
o 1 2 2
0 °© Y4 o 3/
{ Y T R V. S VS
5 0 o | o e P\\j = trandition P\'BL 'frw state 1t State
2 o VA Va4
let Xg ba the state ot time t
Let  peld b the probability of Lamg at  state 1 at time t.
TFor example “go:(i,o, o) i the walk stacts  at gtate O at time 0
= 1
or \)2‘»(%%?7) VF ofhe walk  gtarts ot a random state ot time O.
n-|
Ekg the deficction 1k ’Eu((ms that ?%M(p = ,EB P&Q‘\)'?‘\,j Hj and WR Can  Whitee 1t
> = > 5m
s ﬁ*l: PJc 12 and  more 3“\“9\\(2] Piam = FtP _ Where  the vectws are  vow vectors.
This  vondom P rocass ic  called o Markou chain  becawe 1t \CwSm about  the past . le.
Po (Xe= o \ K= @y Apsaga L Xp=a Xo= % ) = P K=o | X, :Qtﬂ) =
Stotes
We Wil astume  all Mackou cholat are  Fimta in this  Course.
A Mockoy chain s irceducible \\'\C tha Undzcha\mg dvrected SraP]'\ is Sﬁonﬁg connected | e
o direcked Pqtk ’€row\ ot 3 ond %(w \3 +o {-w QVQ{A Po\\\r o'% Verhtces LS&\/.
In other worde | ’Q*w QVQ”& 3 \j ; ther  aste 9\ Such that Pr ¢ th: Q:j \ Xt:§?> > 0.
N N R t 7}
The M a—§ a ¢tatae \ S d&%‘\nerk oS Q\(S\\):: SC&X T \PL( >0
A state s aperiodic ?{ dlsydy = 1.
A Mockov choun IS opariodic o all  stetes ave Q?zr?aoﬁc 5 otherwise Tt T peciodic,
Ter axample 5 fondowm walks on  a b??mt?w. 3(@1\ IS apedodle  as Alsd) =2 Jgre .
We  wse ‘wm@a\mw ank  ogecodicity o Qet the  follswing Propecty .
Thesvem  For ony Lt . drredudible - ond apericdic Markoy chain |, theve Rxiste | <o €

N ‘ > >
Markoy chain s a ?robzx\mki&g A st ibubien T swcdh that T =TP,

> Q

R

i

\)w‘wod‘m‘

that



> \ ),
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Lﬁmﬁﬁva\ﬂ, j\unn any —%,\RL, Trredacible . and apLrisdic Markoy chain aﬁﬁw we  Yun \m\(& EhcujL)

then  we il Cs\mvlztd\a %\r&&f abowt  the lr\‘\ﬁmg and \Qm«w\r&{l ‘o the soame  disteibution .

=

Given  Hwo robabitihy distibutioms ?ztv\,}?i,‘.,?m and Cf=(?\,cb,»,,cih3 ~ the _total varistion distanc

ot 7; oand ? 1 o(/qcihuk as O{T\/CP,CQ = _7% 2 \?t“ﬁ;\.

W= Saj that ‘S’c Cbhvergu Yo CC Nl& \k"“w (J‘T\) C ;f; % > = O,

One wore d\e{%n‘\‘m\b\'\ : the \(\TH‘W\? time ‘grm T o } XS duz&%“zd\ s H“‘ 2 in E\ t21 \ Kt:gj L Yo= STE~

T\'\Z_ QXPQLted \I\Ytﬁr\g Jt‘\ML ‘13 O\Q\Q‘.r\ad Qg )'\‘ S o= E[H

The jcoklow?as thesrews 1S known  ag the fumd\amaﬁm\ theorem of Mavkoy Chaing.
Theorem Tor any %nl“@ Ciereducble | omd &\?Qr\odﬁc Hackou choin ,  thae {louo\,ﬁmg; hold .
‘v
® Theve  2yistc a S%o\ﬁnvw\ré sty butism .

> > >
@ The  distvibuBion Py will Converge b T ac £3w no  matter  what s the Initlal  distibution Po-

@ There s O uni QUL Sfaﬁwara Mstvibubon .

@ o= bm (P9 = Jy:

£

We  wont Prove  this theovem &wmﬁ, as  we Wil come back te T oaftec we ntrodue the QMF/CHS mathod.

RW@“:B g?eal(‘w\é)d tla probabilistic Apyeoach goes  as fbt\mg‘. Two  Yondom  walks Ofe ?M&\ﬁ%,\gm\gkmuz a{tar
%\\Ln “meal” ot the Some vertex at Some Hme QMP‘ (Thic ctotement can be  made preCice \O“A
+le \\Ooup\‘mi " Q(wam) Blﬁ “the, P(w\wi theoram v\g‘mg ‘\((e_o\mdbﬂﬁrg ond m?zr‘\oddcﬁwSA the  two
Candom WwalkS Wil meet with  Some.  positive \)m‘otxb‘\t]{a aftec T Sleps  mo matter whacs tug wers -
This  would imply  that the dwe vandowm wallke WAl meet  with probakility one e\/mmktg, ond it
follows 4t Aoy wold Converpe ot camo stafivary distibution L ond bhus the  uniquenss,

A
1T T ey o See that W7 nyy Lo oac “the average fetuen BWme s hia.

Paglﬂ)\r\k
Suppose.  we hove &  directad jquk O\QSLfTUr\S the \’a\mﬁwskivs between o Set of Lebpages .
le. there 15 an  arc {\rm page v to Tage 3 Rf—? theece s o lnk ‘Eyrrm page T o poge j

We wont an o[gor‘\wm o “Ym\ku howy Tm\;arTm& a ?age i .
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vam}ﬁ\/eha, Q Pc\gt be?ng Iinkad 5\6 W\an\a other Po‘fag i< L’V\\Db(‘tnn‘t, ond Q Po\gvv linked b\a an
\JmPorTanJﬁ page 1S Im\)m#a“t.

L v
This  motivates +he ’{n W)u‘\r\j Tteratve rm{\ingmav{i zﬂ&orltl«m .

Po\gq( ank A\&)or\\t\nm

- jn?ﬁoﬂn ., 2ach Fmgt hae Po\gzrm\\’\ Volue _1;
- Tn each shq;) eoch page divides  te pageronk Value Q%Mun to it ouTSD‘mj hnk.
and  gend  thase Q%Uxo\,k shaces  to the pages that Pb‘ths to .

Each page m?o\oﬁL s new ?&glVAr\k Volue 45 be the Sum o{ the shares +hat Tt recelves .

“/rs

RI4E . o
tha a%u\\\‘ by lumn Page roank values.

A\

4
UV, ® Ve ® ©

NS

20y (@

TE g ot o\‘r{ﬁcuﬂt ‘o Ree thot the QQSW\L[\::Y‘\LAM Po\ge,fm,k valueg are z%wx\ 4o the Prbbabi(]ﬁzs

o% the g*o\ﬁnnx(a st buton 0{ the Yondom wWalk when  each Qr\“\‘(% P\,S n P XS Q‘%!Am[ “+o

! it

o\rz&wtti) . whare Och D is  the om&d\ng(uL of wvertex T in the SMFL\-

This ¢ because the Pagmrmk Values and  +le S#ab‘wwg P{obqbn{ﬁns gmﬁyf\a the some acéwxh‘s»\gl

and

_ - —
P(A&L(av\k (p = ?:}\Seg pugtrankti)/ d\ggomiw S which ?m?h‘zs that Paguank = pmjum\k - JF .
>
thue  pagecank 15 a gtedionary  distibution of P.

When  tha groph is Bndte . irreduable  and aFlr‘dec, +hic 1S W\Y%MQB Ao fined bé the fundamental thm.

TL\Wzﬁmz, we know that 3 the Qroph  Ts  Strongly  Connectad and o\?u‘\m:c, thon the “zgﬂmbr?umo
pogecank  valws  are m{%mx ‘f@&afouﬂ&& cyf the nitTTal distbution.

In P(c\cﬁu_, the diCacted gm?k may not mmfa that comolition , Ond the “Fa([uwm(f modifrad process
s weed 0 Fix o number ©20 . divicle 8 fmcﬁw of Tts Paguav\k valua to it m?glnbws/
divide. 15 froctn of ite pagecont o all nodes qvenly -

Thic ¢ Q%{A}VQ(PJ\T to the rondem walk that ith Prokmb?ﬁfa < SD to a roanolom hg(‘fl\bw , and
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with Pfobab?t‘ma l-¢ go ™ a random vertex . Than The Cuu/b‘né: grqP% e Sﬁmj% Connected  and
(APQ(TodIc , and hence o um‘%mz smﬁmwa A tributon axisTs.
Ha\f‘m(f o unique “zqgm{:br;m ’ pagerank value  ghows that the YML\MS mla a&?emts on  tle }ka

Structure , but not  on  the Tnibal Pa\gizfm\k Valnes .

Tt aleo Shows  the  Yelation  betuwsen The thglrka Value and the Hﬁ\g 4ime

Pecfect Motding in Reqular B’.\‘)a(f.m Groaphs
r 0 ) 1

The b\?mﬁtﬂ. mm*cb\‘mé Froblzm g to {%‘m o maximum num bec 0{ vectex d\Kg“JmnT M§Q inoa b?fo‘cﬁta graFL\_

%ZS Halls *losvam o \D‘\Pmlm manmn&, 1t is well-known that o \f@jmm( bRFarﬁm d;mrh Mwaas has a

Peq@uf matcmg Ge. o regulac b‘waﬁtz ngh with an verbes hag o mm*ob.?w(g 9—5 e n),

Thete s a vaent Cesult Shmmé how to fmd a Pufut mo\fch‘w\é in Such graFL\s in O(nloﬁ@ time .
Note that thic X Qublingar Pme when the &ran\ has  much mive than n(vgm &olgu (zg_ Q0D ouo\gu)

The aljorltlw and  the Oﬂm[as\\s Ol vara zlzdmwt.

The aditonal QPPrnmb\ s e mpmmla {ﬁ‘no{ en O\V\&m@n’ﬁq Pat% to Lh(ﬂ\’\?a tle Mﬁd‘cK«Y\J-

e PR s PR 0 DR

Cuxsent »mw,\‘m& aw&mmﬁ“& Paﬂ\ \mgar w\atwm\g

An ngm%ﬁr\g })Mh 1S o Faﬂ\ Vi=Vy— = Usygay , whare Vi, = Vg s on LQ_O\KL net Th  the urrant

YY\OL‘VCvag PRV ENEY

; NN % Lot\gz in the eurrent match“w\g ,oomA Vyoand Vagh are unmatched verties.

Thesram “The carrent mmmf\(f 'S moaximum Tf ond m\la Tf thete ¢ no au&mahﬁhé Pc\ﬂ\_
toof tdea  One olirectim T JLDLS%' IJY tlere s an Aujwm‘«‘ndy Paﬂ\) than we can uw 1t to
zwlmg& the moxtoh.‘né .
Another ditection Yo to  Show  that 7.( tle  current madmh‘.ng M s not maximum, tlen Thefe X

an ngmanﬁwd; Pqﬂn , ba C,ms?o(u}r&; the wunion trf a Mrjaf matchin )VL¥ and M . o

Lo, the mavimam b‘\Farﬂm Mo\tt%\méJ Frobtzm Can  be voduced to at mest n Qubroatiwes of ﬁno(:nog

On O\U»&W\@nh\ﬂg Pqﬁ% _ which can be odme v Olm) Time béj oo BFS ( breadth fest Search ).
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The now idea s to fﬁfqu BFS bé vandom welks. et me llustrate  the aliurlﬂm La P?ctwu.

S <

o N AN
Vil o s e (e
G, (‘%\q} ?/ﬁ/ .

G, v the o\ gl wndif ect e d Bipartits Svark wWith o matching M.
C@ o tle  divected &le;h whece  2ach m}\&a, ™ootle matdhd h(? M g Pu‘mﬁn& u])wamk o owhile Q\/ma
othec 20Qe Cnet ™ the mo&c%‘mg) s Fu‘mﬁv\& Avvwnward .
Gy s the directed graph obtomed from Cry \0\3 Cmi\mdﬁné och edge o the mmmé M inte
a %Tng[z QSCG\UA\%) node . Tha Source S has d\smtw) 2_(}\&%5 o )2,\/2(\3 unmatched vertex V

on ‘WF Coand Q\/ara unm atched Vertex W in  bottom has o\-m(uu) Mg@s to the <onk .

And. T has 0{‘”\ (t) QASQS o <.

Tt g not difficult 4 see that
@ C‘[ : has  on o\mgme nt V\(f PAHA
& @ Gy hot o directed Paﬂ\ ‘f(m gt .

& @ ng NSNS N Q\&QKL ‘f(m S v <.

Also . it s yot Afficalt 1o vmfa that Gy ¢ an Ewlerian olicected geoph (. the D\da\grw\
TS Qwr to tha DMTO‘&&fLQ fw !Lvmra var tex ) T}C CT\ S raS\Aqr \D\\Parﬁﬁ‘i Sm?k.
o, f we do o Yondem walk ™ Gy, tlen the 2xpacted  time Ay {wk onn amSmawﬁv\g Faﬂ\ <
Q%«mt o the szuTwL h‘\ﬁﬁwg time Heo in Oo.
Recall that Hes® /¢, whee W te tha probaliiny of being in S in the Shan drstibuioy

Wwhich 1< JLO&ZH v c/mrwm ™ Euwlerian Al rected gm?ks.

. - N . - . A W
Claim  In owm Bulerian  divected prevh G=U0E) L the stodionary  dishibution  1¢ T = m)
Tulentan
olt S LL out
Yoo —“‘\1 - S W\A Pb\:\/ > S OL LVJ | c - M_) - w - ‘Y\_\/
wanle© Wwinvel 1El A% [V\) \E) 18| ’
Sme > w, = S ™o - | this  1¢ the wunlgue stochioner Aistibuty
v " - ) % o a whon. o

Thecefore Heco = \E((W-D\ / 0\0%(33 .
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- wt .
In the T-th teco®ion  When thete are wta | adgas ™ the W\a.hh?vg, A7 3 (n)- A assuming

Cry % a d-vegular graph-

Note that |E(GD| € G1EE)| = 4dn

o, in the 1-th Tteratiom, Hes <%0 /diny) =40/ a1,

Thetefore , tle totnl mnnsnd Hme 8 :7;:\04“/@«7) = o(nto&rQ.

With appropriate  dota  Structares, tle total awfuxz% a{ the Agorrﬂnm T8 O(V’(DSV\>

Note that we dont meed o consteuct Gy in the aljorithm. T s onka wsed  in O\ha(\(ﬁlng +he Wﬁ‘m& time from
s to £ 0 &y L as the

Candom walks  have 4he Same behadse n Q\l and CTg-

Tn the algoM\ﬂm) we ju&f need o \(ae? track of the Cho\hgq, in G\l odtec u\ydod‘mj the (pw‘ﬂal) mo&ch{njx

O?m\ Pro‘a\zm: Can You 2xtend +h approach t ws\m\r;&wkm b\\wdHL &io«iﬂﬂs{

Boses Dﬁ rondom wolks can  ba ‘fb\m\lk n d\g(ﬁar 1 % ‘\Pfoba\m‘ﬁn ond C/@\N\P\A‘{\‘V\Su conde cLaPter I8 oly

- (D\Y\d\\\m\-\su_(k m\&\(\‘ﬂw\; "

A ’g\,\\\ \3‘(00‘% Dﬁ Tle “f\,md\c\w\u\“w\\ Tlostom D/{ Mackoy chains  Con ‘oo fﬁuvui Thn the short  bos\c

A %‘\r\\ﬂm Mackoy chaint and o\\gw‘\t%w\?(, c\w\]g{r\m\v \m?g Hq‘xggi\*(m
Tha wgmr \o\\mr*itc, w\mL‘mA m\&u\t\m RS }C”W‘ Tl paper h Paqﬁz& W\Od"d/\\ly\(g T O(m\u&ﬂ Pime
In mgm\m b\\\)m“\i‘f{ %m?\r\s X \oud Crog) . \’\c\\?mlov and  Khanna .

Pﬁ&z(ank ' {fw CL@JVJM 14 Oi " Netwevks | ceowds , ond mackels 7 \g\a Eaglav& and Klg\.y\\ug(£~
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