CS 466/ 6b6 Algoﬁtkm Design and Analnsis . Spring 2019, Waterlvo.

Lecture 1\ : Local lemma
Local lemmo 15 a useful dvol  in probabilistic methoos  With  Variows applications.

We Wil cee Htwoe basgic zxam?[es) ond  then a vecent lcY'{D\KEL\(DQXL\ N qu;hg the mathodh  Consdructive .

Lovasz local lemma

ket BLELLLE, b o set of “had” events .

A %\jPIca( Sual Tn Pro\sabmgﬁc method ic 1to Show that there s an oufcome With no bad evats occured.
For oxomple , 1n generating Rams% 3@?&4 the bad events are that gome Subsebs  afe  monschromatic .
Our qoal 1¢ to show that Pr ( "ﬂ ) So , an outeome with ho bad events.

There ore  Some  Situations  when thic g 2acy T chow ¢

~ when  the evants E,EL,‘,EH ars thmt(a Tn&mpzndanti

n —
= When Z\ PFQE[\ <1, te. when the wmon bound O\PF[M;.

W 4
Local (emma can be ¢2en as a clewr Combinabm aﬁ these . We can think of it o5 « locol wniom  bound .
We Sm& that an evant & 1 rvm'fua“\d Tholep endant of the eveits EBLTE,, . E, Tf fov m\a Subset L¢Un].

we  have P QE \ EI» = Pr [E} L e e (B) dcesr\/k QL’\DY\\S}L ho hotter  what haPFahxmk In E,J _,‘,En»

el

Sl ot

Definition A oke\)zmama gcaph Lor o Set of events & E is a jratak G=W,8)  with \}::1)-‘,?15

QY\& ‘GN \gt in %kv. Q\/Q,V\'t ET Kg W\wtmm(% ]\n d\LFQV\O{QV\t o-f JthL 2\/@\#3 "(l T;j ) (l\;j> é;' Eg N

Theoven  ( Lovasz  (ocal \zmww\§ et B, o, B, be o set ojg guents . Quppose e &o\\w\hgs hold
O Pre (B s P for  l¢ien

@ The  moximum d&guk n the m?mm% graPlﬂ is at most ol

@ de?ﬂl.

The \ocal lemma Can  be ‘«nhrpwa%zd{ oS T{ the wnlon bound QPFltes Lom[(z} then thece X3sts a jaod outc ome .
The %okkowh\S s the or7&7ne\\ ?rua{ E% Lovdss, which % non-consbructive: It Dhlua proves the existence gf a Sm{

OO&CO\M}L - L,J‘ﬁb\m,‘f an Q’?F(‘,TRV\T O‘lfodﬂam o 'F?r\cj\ SULCL\ O Cjoao{ OM{'LM[.

We Wil prasent  the Yecowt  alootithmic Drost  lofer ., so the oripinel Droof X optimal -
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Q(Doi (.OP?T()Y\R\} We prove b\g tnduwction  tlat P( K \Q»S E»\) >0

on the iigyv eﬁ <.
To prove the , tle T oan Intermadiata Shb\) %W\V\& dat ?((EK \ Tes F: ) él?
~ - S D —‘~ = T - <
Tha pmaf Struckture te ko this \r(\\(e\g‘m_p\ ’EA >0 > Pe KEK\ \Qs_m:\‘c‘) S2p
= () ﬁ; = P E <
Pr(\\e&:me‘}>D 2 \CKEK\ Tgs NS '\) =P
=
2 P\ ! €;>11F = P (0
LS \gl=n-

First, we prove ;

0SS “S the

PYeulous s't;zPs ih  the cheun are proven.
The  base case  when ok

[sl=1 1¢ mea‘ Pr(iﬂi(~17r(r:ﬂ:k“\?>o
For  the Tndective Stap,  without  logs of 3wmn+% . We asSume S’fo 2

A
Than . Pr ( [E;b =

D=

P (& 1O %) I/ conditimal  probability
C1-plE[8E))

=)

L (1—7?)>O.

W

"
=t fj’“ i'==

/o inducton hJPoH\LSTg

Next . we prove

Pe CE | Qg \;) <2p a%sumy\g the Pravious  Staps

To do Hhis - we diVde  the 2uepts Jato  two tfﬂ:u
<

in the chain  are proven.

based  ®vA (TS D&EPQV\&\EJ\C(& on B -

=4 e | U,UGES

Tf 1st=1G1, then

and S L eS| L) & ED.

Pe CEEL O E )= PeCED <

S D\V\g}\ k.J(L7TE. dona .
o, we ossume  1S1>1¢,)
ek Fo= Q% . s

- xeS, B and T 2 1E\'

0, o that To =T, 0k,

Then |, Pr Cey L &) = P C By (\?SB - P Uk 0T | \:suﬁ br (Vgﬂ Pr ( Ep 0 o lFe)
Pe (% Pr (%, L Fe) P (%)

T)'\Q, V\Mw\aro&of

P(QTM l;§1\
i Pe (Re 0 Fe | Fe))

< P‘( (Ek \Fg,‘v = Pr (Ekv €
Pe (O, B 1.0

P . ka ‘V\dLPQy\JJV\u&‘
The  chenonainabor

1)

s ’P\’ (‘?g\ | ‘F‘Siw

1

=1- br (Tueg\g‘ ljenEj}
> - X Pe UE; \Seg ;) /- wrion bound
ER R /- indutkion hypothasis - as 15, ] < 15l
> \ﬁld\P /) wax  depree QSSumFﬁO"\ @)
5 L
PN

/ D\SSumF‘Hn\ @
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P\wg them back . we  hava Pe (EK\FSH < b /(L],) = 7»P This QU\N\FULt@s the Tnduction S‘f‘ﬂ,};, o

Applications

We <how  Twe classieal '@KD\W\F\LS o% O\\?Y[.\C&{\M o{ local lemma -

(O _k-saT

Given o boolean  formula  With exmﬂ% kK variebles Tn each claue. we would Uke to find aq  truth
ngmmﬁ to  the varables  cuch that Qw([j clawe s SaBisfred . wWhere ¢ach clawse Ts a rMsjw\&fch of k variable,
<y (XU U Y ARV UT ) LRV %e ) A CXoVXau X ) ond %= T, %,=F, =T, %e=T i¢ o sat“%:x assignment

Thig PMWM 1S NP-Complete in ﬁev\um\) but we can prova that Hf each varlable oppears ia net teo many clauses

Lhon  thece S always  a gfﬁn‘sfj‘mﬁ &ssijnmmf_

Theorem If no vaddablet  ina k-SAT  Lormala appear in more  than T = 1k/éﬁ< ¢ lomses

they the formula has a Smﬁﬁ%‘mg ms?fnwnt.
?rco& Considker a  Yandom q&s\,gnmanf where  each Vadable 15 get B fruwe  with Pro\uabiﬁﬁa s ?nd\epuokzhtfj.
Let Ei be the bad event that +he 1-th clawe 1¢ not Satired Bz the Yandom a(s?Smen%.

Since 2och elawte 15 o o{?gjm\dﬁm of  k variables , this event %awenx with Prnbabitd—\a p= Pr(E‘D:éTL

Note that the event By 3¢ rvxm“m[(g M\d\ugev‘otent with  othec euants that do net Shace wvariables with E;
k a
S ke moximum o\rzjru d n the d\Q?QY\d\J’ZV\Ca jra\aL ¢ at most LT < l<(7—/¢+{<3 = 7_kl_
k~2 -k
Since Qo(P < 4 N2 D=1, dhew i€ an  outcome with no bad events , hence o Sqﬁ?fb‘mg &Ss?gnmu‘c‘m

@ Eo\gv.— 0\‘\:\%0‘"\* Pa the

Given o S(QPL\ with K \m\rs §(s‘,th,&itﬁ,.,/(gk,tk\g‘ We wowld (ke 4 find = path P; cawuﬁnj
Siand t,  Sueh that the paths L P Pa o Pd are edge disjoint

This problem 7o alse NP-complete . but  We con tse local lamma o Show that  there 1s always & Solutio o+

*tha \)is\\:\Q_ Povths do net Share too \(VID\'\% Qdiu with  2ach  other.

Thesrem For each  1sisk. et () be a  cellection of L pothe  Comne " s and T
gx«wo&z 2ot \?aﬂm in @ does net  Shace Qoszu with  more that  C Patl«g In @j f\w I:&i\ ook 8]((-/1, <1,
Then there 35 o woy o choste Pié@\ 2o thot  the poths Q P Pe % are ngq» d\\sjo\ni‘ .

P‘(ocﬁ Constdder o vandom Qx?zf\\vwenf “‘ha 't fw L <hgek _ e choose o Candom mek ?]é@[ c,onmm‘ne Sy and JC],
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Than there 5 o oy t  choote PTEV] 20 thot  the paths A Pl Prh are QOLSQ»dRS‘Jo\nT-
P‘(bcﬁ Considher o vrondom Qx?u‘\mev& ot {W L<hick U e choose o Coandtm ?mﬂ\ ?]é@[ umm\f ST anch ”tj_

et Tn

A be the bad event Thot P] ond Pj are  not Qé\fl (XIS\JO\U\.T.

Sinee pmt\ n @7 share wfu with ot mesk C Pms n @5 ond. Theve ove L poths in Q); B
Wl  have P = Pe (E],j) < C/L.

Sincn ET,} 1 wu%umkkxa ?n&L?ahkqnt with all  events E(’,i’ When \1/5%{\&1 ond y%{],\ﬁ,
we have the  maximum d\zj\"zk A ™ the d\zEu\&znuS 3m\?\ﬂ T oot wesk 2k

As @d«P < Rkc/L < | \3% b o\mm?b‘sv\, the (ocal (emma ?mP\TzS thot  thece 8 an  butcoma

ONL the wxpafiment  with Ny bad events. henw oan zdgbotrs]o”mt path Colution . .

Thare ace mony ]nfuufmg and.  mn—trivial o\PFlicm‘%ws D% locol \2wmma .

See. €& b0 fm o QMP(T;‘”\E CeSult In \)mctd” rm&mg.

E{ficent Algonithme for Local Lewma

How to fnd an outcome (q&. o mﬁs{\ﬁ,\\g ms\‘gnmﬂﬁt> Wwhose Lxislence < Quaranteed ‘oa £l local lomma $
Tn {Q&J inee the P(aba‘o\k'\ta towldl  ba \/Q,(a swall , we dont J&xPut that o fondom outweme Will  do |

and 7T <eems = ba a \/Mé O\T—H\‘wlt Q,ISN\‘Y)/\WU\C tesk Uke \\{N&W\& o nudle T oa AQ\GS&LK”'

There s a lwg hssm\a about \me‘mg aﬁﬁ\gwt o\lgorxthms fw local lemmo, , With a yvecnt b{mkﬂ\uﬁh

To lustrate the Tdass e just founs on The ¥-SAT probem

Q_V\%M\_P,(ﬂfp, Tt Ts noncenstyuctive | &mn& no Yhea how 1o {Md\ Such an  butcemt .

M There 18 & fromewnk  developed b\a Back .

Let me Just Sy to give & very basf tdaa Nera See MU 6.8 Hr detwls.

o e \Qw\mwwk b wok, o Stronfer condition Ve ostuwmed @ 2oach  va(iabe appears ool wost
1= fkk clauges ‘{‘ﬁ/ some 0 x< 1 (nstead bf T= 1k/4\< \) .

The q\&ur}thm has Two  phaces

© Tind o condom “?Mﬁalu ass?gww\zﬁ (each clawse with ot least K/ vacdables  vomain vw\otss“-gwm{)-

oK
U@n& tle local l@mma Trcelf with the %mw{u OSSumptiom (T=2 ). it can be proved that the

Pmﬁ@\ Lolulon Can be gxtended fv A \CML golubirm .  This S%e? s @»sa T—f = S Swmgll ﬂthL\-
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@ f\{ﬁzr the  nitial pmﬁm mslgnmm' . PYove tlat tThe dszpmdmoa gm(ﬂ\ s beoken mby Swall preces.
whare  2aech piec has of  wost (’)(Lo& M) 2venls . S gach clawse has K vandiades, we caw
do axhoustive Seacch in £ach piza  in polynomial tme o fad o Saﬁsﬁﬂwg assiprment  Whace
mastence Vs guacantssd by tle local (emma in phose ©.

The A calt Yact s b chw tlat gach p?z:l s s’f gisa OUo&m) y b\a o cmcfu (Lu(,,r\ﬁv\(g ar&um:c.

Recent  brookthrouph \:\a Rebin Moser.

The Mjor‘x“ﬂw\ 1S Suryr?s‘mghg %ikaz. Tt woc Known v the ex?QrTS but vy one knew  how Ao qu(ragl it

Al gaftt\m\«

Tiect %K an wdzr‘u\g D{ the clomses  C, Gy, Cpy

Qolve- SAT /. the monn pregram
Find o Yondom ass\‘fwwﬁ of the voartables.
Fer 1 €7 sm
T s onet ot oA

ti\( CC{B

T CC) 7/ Subroutine
CubeBtute the variables in C Wwith,  new roandem  valwes
Wil there s o clawse D thot Shares varlebles with C  and D is net satisfied

Choote  Such a D with the Smallest  fadex . Tix (D),

Amk%g:s * Note that once we called  FixCC)  oand (otummed fo the Lop in tha main pregram Cy wil
Temedn  Ratisfied  after  each  Frx (C) ¢ finished  in the loop v IR \a& the YZlursive
f““”\g vatwee  of  Fix CC&) )
So,whan the man loop 15 Hinished . al the Clawses W be Satisfied

Bt Tt Seems that the ‘Prog(ouv\ Capn vun v an Tr\\C{y\‘\tL koa? ond. nevey ‘f{yﬁs%zd,

And. 't Seems Very Aifhentt awo\(%z thic Mgerit%m with  2udh o cm?\ic@huk JQF“M““{} Sructuce

Tdea: MoseC Came up with &  remarkable ?\recf, He <howed that f the m\gorfﬂ\m ooes net  terminalbe
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n o feasonable  amount of  Aima . then we ccan Cowbrass Condom bits ms‘mj '{‘mer bits |

winch e iw\?bss‘\\;\m | (R%ee MU Q%AP%L\P SO

_Randowm bt - &Awum tha o\\gormm rune vt gmrc but ndt succeseful A hsw many Yondom bits  sed !
Thn the ‘omg‘mh‘mS Cowe used N random biks %y the 1naiBal ass?ghmaﬁ.
Then, for coch Fx(Q), wo wed & vandew bits {lw the clause C.

SD) tha Aotal number s‘(’ Candowm bite wged it n+ tk.

Enud“m%w Now, we Show thow o Compvass these tondsw bits \\{ t XS largz Znaugk.

The Ydaa s to  trace the 2kecubion of the o\lgaﬁt%m,

T le) R
g - ® Tx(C,)
AN 2N
) /"/ \D’ 2‘“93 /él\a <
NEACN yas
~ N A ' o N\
/"\ ‘ \ ol D(,’ L/L\g
FD((C_;,)(’ L o . Q\ ‘\\ ¢
I T e . / . ?\ AN
e , S AN\ A ond. & Bn
o« . 0 0o O . .
o ccg/ & : _—
4"" 0’
Fx(Ly) ?[\((533
{ Leus siome n mix e Tetursisms  n Fix(Cg) Collegimm e in E1x L)

Tha encoding 2cheme 5 as follows
@Usa O&La&ﬁv\ bits +o Yeprasent 3m‘mS ’%\'m the tTosk  To o clowse . Whare the lag,‘m bits 1%
wsah to o Yepresent  whidh clame v ge ds
@ Uge ®+(o§lok bits  to  Yepracent qoing fvom  the Curcent clause to  omother clawse Tn the  Yewrsion trea
\,\J‘Mé kogld\ biks T1¢ evm,\gb\ +o %?Qd{\g which clauce 4o ge o 2
Boconse 2ach clawse ghares variobles with at most d other clawses . Qo wa just nred o Camember
which  nelghbrr of  the curtent clouse that wi %o to.
@ e 1 b copraeset qeing wp L 1o the back acrow in the recursion tese.
when WL See 1 ak the veot . the algwiﬂw Yerminates .

@ \When the o\\go\r\\f\ﬁw\ Teminates & Wi (fmewbec the w bits In the Vacvables.

CDW\E(ESQW Tt shwuld  bo clear '{:«m the thad(n& WL Cawn  Caewover thae axecution of thae mLﬁDrH‘L\m‘
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Hew Mama bite  have  we  wced 3

Q‘v\s the PWA\R(N& q(gmmem‘t That CT e movined Smﬁgﬁm& onca

tv O+B.

As the moln oot on\a calle  m clautes

TG 78 called D) L e wsed gt mest m( (ngim-% 2) bits

Thece are T eteps n the algerithm . So at  most € lhpad 42D bits foe ®+®.

?‘vno\w&/ n \D\\TS ’%’( @

the totel numbsce oj& bite  wed 1n  the ansd?r\j achema S oF mest muo%_,‘mfl\% tLLS&*d ) +n.

Therefore

g%Pan we Can  Prova +that the or}g‘u\q\ bits  con boe Tewverzd from the Lhcedinj Cehame .

Unee  Tondow bits  Cannot be  Comprasesd |, We must  have

W\Lkvglm*lﬁ + t Lkmg;d‘fl} +'n =2 n +ik = \mUo&,vw+l> 2 t(k"\cﬁld» ).

QD/ ”\‘% d\<7_bl/ thon + = b(mkog,wQ L which \\m?\ims that the o\\gm‘\ﬂw tovminates %W}CU\Q.

DQLB&M\S L -g‘mTS\r\ ~the ?roo\L . We \Aust needh 4o ¢how how T Yewve s the voandowm bitx ﬁn\m the Zhwd*x\g

- N 0w H O W ) ) «) )
bet the original  Yandom bt That  the O\LSnr\t\'\M wsed  ha Vpva L Va s VL0 L L G L e L Y LT e

() G . -
v, ,..j\rﬁ are tha K vandom bits v i-th step.

N N R . Wy
Whete VyVs.ou. Gre the Tondowm bits In o the imtiel O\S&\ghmw\f ond Y,

The d\umi‘mj Q\gn('\{Mm Wil wmaitain v variables , the Curreant O\SS;fnmlv\f; Tn‘wt?alua V), VeV

The mlgoﬁt%m does not Know the Values of  thesz wanables n the L;jzg]nn‘\rg) but Tt will Try to find sut \05 fo(lnw;n(f

the oxecwtion that the and‘mg O\IXA(T(’L\W\ has  Stoved .

f?xu clause 7) 5‘0\5 clowse hag  variables Xh, e X then 1t weans Tthat the

X
1 k2

.

T% the Miar‘\ﬂw\

in the coament ass}\?hmeﬂ‘ must  utolate  the clause 1.

CorraSpondine  bits Uy, ui,..L W}
P j W Y '3

The  Crucial point s that thece s WLU Ohe Pass\\atkﬁp& of  ViLvioeouVi 1o Vielate  the clowse.

So. \on knnw‘\y\j that tha mtgmwm fixed clawse T . we lzarn K bits of the cucrent ass\,gwmzn“r_
o W W

wil replac  the  bis Vi Vi Vi by Y LT, ond So  wa  update

Then, we ¥now that the ngcrfﬂnm

“he curfent o&STgnwxwxf (+that wa aro ‘C(d‘u\d; + -gx‘nol cu,f\.

Wa CL?“& this procadura knwh& Whot clawte  that the a\goﬁ{lw TS %YU‘MS + %‘x Uog\j {:oltm‘md: Ll exewiom i\(uﬁ

Q) § Q) -
L,V)‘),“_,YK in tho noxt %fL_F,

an(h‘u\g Ko obite c-@ tha curcent D\&SISAMEML, ‘(Q?LO»CH\S thae k bite ‘“3

\Wa Sb:? when  thae C\lgm'\ﬂ\m ihPsJ onk oo wie tha {l‘mml no bite stwed t vYewver the rzw\amnj varnables .

Q. we con rToover  all the  Yondew loits b\a V‘W‘S the entading that we have stoved.
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To Sw\qmqr\\sm, the bj Po\\n't‘ e thot  gach ghLF we  used K oyandom bits , while \we Con szKz track of bLLS l/mnf

U‘ALB N(DSIJ\ bits O uhich hﬂgk‘ow to %K) . So. when L“j’z‘* <k L owe have o Comtraditctim .

Wscussion * Moter’s  vesult Sparked a4 lof of Sv\\;:autwmt ok
T ¢ \/ML3 inhuu,‘n\r\g Lhat Y{o\m\v\\Tsﬁc methods  Can be Turned v fRcieat qlgcﬂtkw\i,
Qo now lbeal local s hot m\\?r o \>wu{m\ pro‘mb\hgh‘c method , but also o0 \)wu%ﬂ\ Mgor?tkmc tool.

1& We hove HBme, we Con See  Onsthec quw\?kz o 4R Mredien - w\m‘@v\s Vru\oo\\viuﬂw‘c ynethod  Comstruchve .

szgfq ente $

TL\Q oV g\mv\[ Frao& L He S\W\/\P\SL, O\W\\' cofion oonde Ezck/s ‘mewwm\( Qre —Fm\m Ql\a?%er b e% MV .
Tl’\l Q\&b(ﬁ\nml C PYW{ \15 —Q(M ’d\z_ ‘\‘a\k n*F "tLL ?zﬂiu b A Os\n&%(ut&:\/xu Py m’ri» 0 ”{’ (/D\/afSl ( b(a [ [ Imma Y bg HDSH.(.
Thete  oro &zmml?sﬂ'\wg o% “tle (beal pwma  tlat  cue VLSLJW\ whon  2vents hawe  different onbahiﬁﬁfg

and d?ﬁu ot duz\)ﬂwduu\d@s_ Read the Lol “TL\L Pm%&;msﬁc W\rfkook” \og Alsv ande QPemrzr fb\( meYe
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