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lectuce 10: Probabilistic methods
We will use  Some ?m‘ogg‘\\s%‘\g methods  to chow the axistentec orf “mﬁ(esﬂng Combinatoryal olgjzds_

dema we will Cee tlo *F‘\rﬁt mement method  cmd e  cecond wement  mathod .

Next time we will cee tle  Lovdce local lowmma .

RamSw\ ewqpks

Can &QD\/\ ol then m&ag 9& o m?\ﬂl gm\w\r\ a% n o Vertiees \OVA Twd el s Lsmg Cad ond Hv&>
2

Qo that thare age no \af&sz mond chromat C COW\P\KLTL Qub &er?\xs >

This s one 9% the  mect ‘g(f\wxmi P(o‘o\@mj Tn odltaete vwatlewoce ;o Yo owg e—{ +lo Q(x(\,é

Pfo‘a\wg tlat Tl \)Vo\oa‘mt(}ah\c methood. 1 dl\/G.LDPEA_

G N
Theovem T{* (1} bl <V, Alew T P%s‘\\gu o Ll tle edges af K. <o that fthere afo

Vo mswo Chromalic Ky

N oo COY\S\WLQF a g\/&)geﬁ Q/‘& \< \/Uﬁmﬁ g

QD)
The K)Voba\o?kﬁ\,a et Tt T vwens chrowmale TR DY .
A2}
Thecee aco K\«\} Lubsety gf sx\gz Ko
" -5+
Lo b\g fhe wnith  bound \s'% C \43 - ) <1, there s ot least ome U‘)Lm\é wi{h no
Wono cheo matic l<\< QLQ. tle bad  guinte  dovt  covar th go\m\\\g sFau_> [3

Note thot the thomvem Y Lobisfied ?r{ K?QUOKJ\\ Cehedee QgD .
o, tlere NN co\u(‘wx wWAth o vmnd Ahroway o k;\uquv\)'

Tw &lwﬁ/ a Condem C/ab\r”\/& Wil wevk withy \f\“&‘r\ PYDVMMU’C{Y

g\u?ﬁ@m&\\/x/ tloce owe ne  Oheteimindstic  method  Known 4o WonShwct  Swuch o w\w\g _

Tn fact. 1t ol caadyy viny At o gt K=0Wn) A< o detommwstic  censtructin |

Note +lat tleo \)rnﬁ shows “thet Tn a  random graPL\, He maxXimum clt%w g\%z and  the  maxi mum
indepondet ot EI&Q i< OUu&Y‘)A ac we Can think of d edper as edges ondk blua adpes s mh_migu,

This ¢ o \LSQ{’M\ ’{lo\cf t KZQP n owanad

el s
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Last T2 we wted m(xgi@l &mlvks o o\as‘\gn a ast q{jn(T%m {T( network codInS.
Wae now ghew that

o uE«H%c‘m\T {&hd&v:\%ld\ Construction fo

MQX‘;@! gra?l\s.
Recall ot Halls thascom ng b\xpar‘ﬁh‘o. mo&dn‘ﬂ% Sfxai tlot g\\\/o\n a \oTPMT\\“— SM\DL\ Q:(UJ\N;E\),

o Swheet SCU  Com be ?Q(\[Q(’HA matched o N f and mh% T{ B T¢S . we have ‘N(T>\>/\Tl p
whee NI Te tle vetghber otoof T

With  MHall's Hesvenm Th mind w\c\%“u\ g(q?ks e da:{?y\xuk as ﬁ[(aw&.

Lot &= (LR, E) be o b?Pmﬁm ST“F]’" Wa Soy that & is an (n,m,d)*MQSWu\ graph ,f
O ten, © Rem,

@ sz\/uu(\ \zft vertte  (vertTeoe Tn L) has ok V\L\\&k\owi . ond %(\C\H\a
@ N> ISl o

ovary Sl wigh lsls

Thetrom

TFoc oy \m&¢ zv\m&k A and n ond M2 3n/4. tlee gxBts an (m,m,d\)'ma\f\la\ Kraf%.
E(oo&

b & be o tondow b??avﬁm gm?k with n verbees on  the uft and. m verlices o the figt

Toach \sr%t vertex  Connecte ™ a (w\dmla chosen <t o-f A verbas om tle r?gkt.

We claim tht G s o moagical  graph With igh probability
Lot Qel with  s:=lsl €0/ and TSR with te= (7l = sl Noto thot 1g=\T\|
Lot X1 ba the indicatw variable flat ol edges from € oo T, ad X= 2
Then  EBLXg- ) =

Lgor
" \si=frs s
= P Xgq=1) = (£/m)
[N
Thee T - BUEA s T ED) = 30 (DMNDER) e w0
\s\:\TlS% NSNS
< =

s Q%f(%f(%}w Crecall (1) = %jk>
=, [ eaem

2 a- < )
égzv\/ i 33—2 (%} lx (\ASH\S m;?’T:>

Ssn/a I %;é REYX“‘ ]S <.O‘$ SEV‘/L and M2 Zw/4>

Ssh/a (’\gﬁ = A{ (foc 220 SC\%B

Stnae tle ,uPactu)\ Value V¢ lese than ona

ond X Ts an ‘\Mi&u valwe  cendom  vaviable , tlete
245t gome  pulomes Tn the gamFu Space tlat ¥X=o

This tmplies  that Aor all subset 2 with sl € =

¢ 5 we have fH(S7l> lsl , as otherwise q[
thece exists T

TN RSN
with 1T\ = (5|

(po&s‘&ln & Superset o{ NG) ) with all edges From
(e

< Qe to T
Xaer =1 Hor lel=IT) 5% N eanteadicking X=o6.

—
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Tn f‘mﬂt/ T"f A s oo (arSL !umu\fk constant ER\(/S A=20, most 8“"}7]'\5 in the Scmrlk SPaca ave W\A&Tul gra};}\g.

MR&‘\QD\\ gm\)ks ors (‘/\BS-Q,LLA related  to ,QXPM\(}\Q( SCAFM , whvekh  have Moy Q\)?\\w(ﬁ.‘h‘m& in

Theoveticnl Computer  Science

gupnr concentvatoc

Delinition Lot G= (V) ba o oiceced gxo\?\\ and et T and O ba tan Subetz ”f \/

with  n verfices,  2och colled  tle ‘m?mf omd achF\ﬁ Sete rzsPuﬁVaLa We say tlat G i

O Supercmautvatoe T—{ \CW 2veny K and »E\Jua SeT and T<O with 1sl=]Tl=k , thaoe exist

kK vertex dx‘s“}a‘.nt Pmks n G f(ow\ ¢ T

We are tnteected i C/wshrw,t?rx(g o S’uPzrcmu/\#mhy( with o few edges oS Pu&sTMQ

A LME\”—tQ b?PD\rﬁtﬁg KMF\\ ‘%’w T © O 3¢ a SLAFQFCDMU/V\‘HOLTW‘ but Tt (fl%ud(u N Qd&&&.

TL was (,m‘rc’mru( tlot o Super Loncentratee  \With  Oln) addges dloes ot @dst but Tt turned oul

that  one can wse magical graPlu 0 omstuct  twch o S%FMCMQW}YAW-

The comstruetion 18 fecursive

Wae assume  the eWisStine e-f o g\AFummwﬁw C with 2n/4 puls,

2n/4 owtpwts , and o 3n/4) 2dges The bose Cose W whem n o Ts o Comstut v which o

Complete bipoctite  groph  would do

We use two  (n, 34, O(Q)rm&}@l S“Flﬁf G, ond G

Now ., a Supefemtntrator  wWith  n o inputs  and  n owlputs  can ba ConStrncted b\a ?vn*n\& ¢,q,,6q, h\gm\y.

(P;(t\«f}; {wm 4l Swwvely L\a Hovr\i\-t\r\‘m\;\/\ﬂ&%argw\s

Note tlet tleve 6 o ?nr{uk vx/\o\’r:L\\\é botween tleo ‘\v\P\,&S ond Tl

O\n’ffvﬁ& .
3 n\?.,\k owtpuks

O

Tlesk |, wa chow tlet 1t 18 o S\A\)ucwuv\voxw

et 1”~D:§\,7,._.IV\E omd Tl W\Atcww& Commacty \/Mi‘mxa in L W vertex B Q.

let € €T oand T£0 with 1SVziTlzk We wont b ghow thet  thove ove & verfex ok:s‘lmnt

Pﬁ’v\ms botween < and (. ( On tha PTG(\ArL , Cel, ond T<& LLB

1% Say *{—CP when  think of thom a< gubsets bﬁ §\,1,.».)v\1) than we an se  the u{xej
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in e mahmw& fo towect thosw poavs  tn Sal.

o, we otsume that SAT=90 - Ta partiadar  Is|=(Tlsk € n[a

By th peopurty of the wagical froph. for ony swbset Sely (sec above pretae ) with Isl€n/a,
we howve NGOz (s)

B\é HDM/& thoeovem , this 7myﬂx‘u Hoat << L, ks a P;L\(\CP-LL‘ N\%ﬁkﬁxé o Some Subgat g* R

B\a +lo. Qama O\(&uw\wﬁ, TELl hos o P;;({‘Qd MC&L\/\N\S ™ Qe Subset T—X ™ R

Civee C o %mFuwumvaw, tlere ace \QMIKT*\ Varlox chs‘]ow“v PA"H\,S YA TVITR 84\ onh T% in C.

vab\vn?»\é with Hae twoe ‘mc&c\/\\‘rjq) Tlece gwm WSl=(7\  vertex ok?s‘jm& ?mks between S and T

PYCW\:\CD«\\/a ) Se . 1t ¢ o %m];uccv\umﬁmwu

—F?f\o»\\\%) et B(hY be thae  number of @\Kzs ™ thiz erfrﬂ\-

Then Tl = Y-don A V\R 4+ TGn/ad o go\\/v\/\(lg tle YeZourrene 8\/15 Te) = Oln) |
1 g
o magam\ SMVM ‘MWH\'\“\& INOPARY %w?z( Conomicator

Q\AYHLW%NN&W& are  effdent COmMmun Gt et ovks ng:tom& Y\,UM(NKS) R

Expmdzr &m?ks Car also be wssd td Construct opTimal swb‘ni netwprks U\&fm,kolm‘{s,iumm’_d:]

Hi icth Hi heomatic Numbec Grophs

mem\ Qo\gr‘m& v e c‘o\)ad'\vi s to ute the mintmum  number of colovs fo color all verBus <o lat
,Qumvas ponc o{ DLOQ(RLEV\-‘E Verhaes  recewve  diffecent  colors.

In general wo would Like to use as fow colovs as possible L and would (ke fo understand that
what &quks rz%w:rg /ariz chromatc numbec.

One stroightfowacd  comdition for a graph to have lacpe Chromabc  number s to have a larpe  cligea
but thete  exict Qraphs  with n® Aviangles (ctz%,x of 3¢ 3D ond et with {ﬁ{f)z Chromatic.  number .

TKL\CO[LWW\& thawem To  gven msve %\Mvﬁg;n&

Thesvem T all K, 0, there st SWP}“ b—f chromatie  number > k and  with no azJo(zs 57( [m«&ﬂ,\ </,
E‘Oog Considac o (oandsm qu})k whote 20k Ld\ga is chosen  with onbab;ma ])
Leg XQT) be the chromatic numbee of G and & (&) be ta 2‘%& GJY A A mum  Tn o(ﬂQ)eud\mt el in &

Note tlat \'\/9&(&) Call) | os the \gﬂ)\?\v\ e Pmtﬁ?m\u ™o X (&) Tnd\g?av\jﬁwt cefs .
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Thus % (2 h/o(((T>, To (ower Bound %) , we wAN upper bound m(&) s Th Qbove .
(D ~pled IENCRVARNE™

Pexd=t) < QV%} C-pd <« wT T 2 (ne? )

PR hm/\ﬂ ;e probabilihy e at most V2 (ust o Lose bound )

X we know that thete are o indopendest otz of @3 Q(ﬁww/\éﬁ With gook Fvoha\ﬁk‘ﬁo@-

Naoxt o we  bound the number 51@ Cﬂdu 0,6 m&tx\ ot most L. Call thic number X

Wod N
Than Tly) = ég () (T P C (M) qubeats . o anch gubset, L pee mutativns,  Qach oyele s‘& length U courted 2 times)

\ ~

< % n ' n v\;
S — P (el Q«ﬁi—j )
V= (S

3 20

Io\m\ta, we would  WWer fo cheete P Lo that EIxl< Y Say L Ond Conclude that there are no  Sush edes -

Howwer | v do So, we nagd p < _\R

But  then  the bound on bQL@{) wonld  boteme OCn and ,ooonde we Could not Soqa OV\&H\\\\& abrnt X Ler) |

The now Tdas ¢ fo et P Lﬂrgar arnd  do Soma OtermmisBe modﬁfkuﬁmg [atec .

et p:r\i—‘ where € < \/K
&N

< 3 A = 3
Then  ELXY = ES - o(n as << V/Q .

n ?aﬁ\(m\o\r L Prlx 2 h/}) < A{ b‘g Mar koug Mﬂ%mkﬁ‘a_

%Q) ikl \?osiﬁ\/k P(oba\o\\ﬁ‘\a , the &(O\P\,\ kot lags  thon “/1 “shork ( \&V\K\'\I\ < < L/23 uédaj

ovd lE) < 2 Y\\‘iQ,V\‘(\.

Now , the Tdea s to delete one yvertex ™ ach Shovt CAGC(Q o obtam CT*

Sinte wa need to dolete ot most njr Vertiees | G(%( hos at leasl wfa veBas .

Turtlermove , 11 las no shevt %n&u and  ywo MMPMM,WT et s af e EV\\JLQV\V\

Thevefove, (gD 2 NEOL > np o aE
d\(_(:(*) %V\\-LLQ)\Y\ bQan

T T lager than owy k ﬁw 3\4{\\&@’»“8 laige n- g

Thic  “daletion method”  ( wive gio,vxn/{mu\a W daterminietic mdﬁﬁca‘n\w> Bs oo wseful TLLM%M ™ F(o\pa‘aik‘\gﬁ, methods,

Scocond  Moment  Method

The Bt woment  method  T¢ to  commpwie the zxpedad value of 0 Tondom vantioble , awnd tonclude that
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thece ¢ on outome  With valie o

least B ov  af west BRIV

T o Y\U‘rx—‘nm&aﬁw_ fandsm  vadable X, wae can uge thke Markov NQW{T% o peoue that PCLX?() <t

ond thus Conclide that K=o with k‘\&k Pm‘oc\‘piﬁha vf Eb{l <1 {VY o TM‘L\gml X

O{tzn we alse want to F\’OVL that

Pelx=21) 1 \A(&L

Tt 3¢ net @v\ouSk to ]wit Chow That —EEX}

os 3t conld be the case that X s very largt fw o Small \Qmm‘w o«( the owtputs,
while X=o0 f\)( o Kar&a {YDLLh\M ef theo a\/ﬁtpwfs;

is \Q\‘&Q_ .

To exclude this Cate, WL nied Some  kind e‘f Concamtya Bon mmwwk?ﬁes La.&. Variance e’( X gmH),

ond the Second mowment method Prov‘\ML one wzx\a to  establizh  thie.

Theovem

1{ X % on infegral - valwed  fondom  Vaciable | than Pe =0) < Macly]
(L)

Proof Ry Chobyshan's mequality. Prix=0) ¢ Pr{1xX-El] 2Bl ) £ Va /R o

QO‘“’“D\V% 1{ Voac XY = 0(&@1‘(]%) ov \—:E\[] = (1+ o(l)} &F{T.Xj} , then X >0 almest  alwons.

hiesho VioY ) and.om

ot G“'? be o &10?\,\ with  n o veRas  Wlere  eocdh suk\gc, oppeats  with waa‘u‘\kzha P

A P(o\)e(f\a has o Hhreohold bohoavior

ﬁ( tlore ¢ o {va\ f such  that -
- wlew m n)

n o0 B

O _ then 0lmost gmdé G Cn, %Lvd) does hot have this PrDPlrhg
“QU\\

T whaen bt W) S, tlen  almest vaek\a (;(CV\)RU\)) hot  This pw\‘mrha.
hSeo —§Ln3

& Pmpu%\% hews o QKQHP theesheld  bohauior

\‘{ tleoie ¢ o f\mmh\m —f cwch that WCW o\ma >0,
- QKU\) (\%3{@5\) olmest vadu& does net  hoave the pm}mrhg.

- CT\ (n. L\*i}%kV\)B O«\W\o&'t Qvuru;a has  the P( 6?!&(&\3

Tox —Q\cO\M?KSL, Consider  tha Prepacty o me& o cligee of SR 4, e @E’

Lot X bo tle number of d-chigues G“’F Tlen EBIX) = @QPe

wiv

Wwhe n P:o(v{ ). then EDXY 20 and we can condude  that  Pr (x=0)>1 ‘o\a e %«s‘v momont  method.
On the othec kawd . when P:w(\/\‘§> thown E[X]%Do, ondh

Wi Can uste the Setowd  moment  method
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to conclude 4hat Pr(X2D) A>T ‘o\a %Mm\\«& tlat  Var DY) = o(@i}(}f) Qee M]tuhﬂmmuuﬁﬁ c%athr

Theovewn  The P(nPe(ha ef Ka\mr\& a Q\TW 9—{ ST&Q 4 has o thieshold ‘fuwwﬁ“m«\ ”ELV\\: V\;l/g.

Lets <ae o FW?W“(\ WATh e SMVF theeshold

Considar  +le K)(D\)erha that 24 Yondem K&fq?k hews  oltaweber  lese tlan o l({gwﬂ to tuo_ Ve ‘ﬁr( z,vua Pa‘vr

0% verthes thece Yoo Paﬂz\ u{ LZV\SW\ et mett  Two ()www,cﬁvg tlem -

Theorem The P”?”hﬁ Tlat GLR,F) has diawmeter twoe has o %l\‘c\r? tTheeshold o T p= \JlQ)“v\h

P(oo§ Wae S&\a o ?Qir @& verRees 7 and 3 s o bad paie . \")( there X no Mjn between T and :) ,
and no ot vatex in G e adjacent to both T oand -
Note that o g(o\Ph\ has diometec ol mest Two ‘\f and omté ‘,«f thete 75 no bad Fa"\f-

Tov Rery oir of veelices §oomd J with T< ., let Y‘Q be an  Tndiaatsr variable aJT UJ) be‘lné o. bad pavc

o X = ES XT\J be the number b‘f hod Pe\\(‘gv
Than EY){;J] = L\*Rﬁ (\”Pl)ha . 0% Qoch si the othker N2 verties (¢ not o\,d\:kmul,wt to beme\A\‘J.

-« 2

Co, BIx] = U;J U»P) U«FL)WL ~ ﬂ)—: (\4\;3n VIS

2
nvn > ~elan n-c
Qb p= \}Q}T . Then BLOD ~ 50 e = Lon

Theafora |, 5f c>2 then BIX] 20 and S0 dhawetes s two  Glmost Sucely

Now, cmsder tle case when ¢ <L | tlen EEX}%@,

We wee the Wowd wmoment method 0 ghow £hat X Z1 oalmett ?\“Qta.

Tl - \—:K&?ﬂx'\ﬂl = E( 23 Xy XkQB = 31 EEX;*J qu} ,

K< k<Q

We Q\ati‘t e Sum i fhvee Cases @ all ‘_‘\\,k/ﬁl Ove dT{‘fa«uv\F
@ thiee dnbwet verties  owb of T,?,,K,Q

@ two  disBnact  vecRwes owk e{ *\,‘J,k,ﬁl (g, ¥le Sema ?A‘,r)\

Tor (O . the fwo variables ara TV\&LQM\MJ . ond Thing ‘\E,Kd@ EEX‘\‘) XKQ] = E\,\«i EYJ;S] Eixkd

< 2RO 3, Bl = @)

—

Tor @ the two vanables ace the Same, Ond thus 13 coq EEY:‘J Xig) = \23 Ein}} )

2 -
NS X::) is on Thdlcabw variable X;S‘»X‘,S ,and thus this 1S j\wst \S\ "\::Y/Xg} 2 ETHXT.

Toe ) ) v GO and GLK) be e Two bad pewrs. T owy

otlor vertex w, &ther Tt T¢ net
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- - -y .o - v . q

Qd}acent o 3 oY it s not Dxd{)o\_ﬁfﬂ\t to beth ]AA)\ Kk . Thie l\ﬂPng\,& WA th Prob&b?[ﬁ\a
s 2 3 Y
C-p) & pli-p) = Lapp x \=2p".
5 L h-3 N Sy
W, EEXxSX\,K?%Q\uvﬁ - Q\»lp) o~ U~1F) ~ g "
3 2
Sine  thete afa ol mest %LY%B sweh t\r\?\ﬁ& L tle Sum ‘m@ Ve ot west % po
clnn 2 ~2clnn 3 G- 3
Now, fvewll thot §= \J n L. thic Vs ol mest L: n" L - \Wl n = oln )= OQQ;DQE >

S t RS
Theafpa, ELLD € (RLAY + o(@‘:mﬂ £ 800 = (s om)@bﬂj.
Nence , bxa tho Woﬂﬁva g{ the  Seeond moment  methed , wi Umcdude that Y= 1 ahwost %\M"e{a—

fnw
Thie implies that Tl gwy\n s ddamder ot leagt three when P\JC"T Lsr c<. -

n andem uctule
Thrasheld  phenomensns  Are Commm  Tn vandem grophe and s a %%‘ub of intense gﬁo{a.
A mpovtant Cosult To the wmeqena of 7 giant Wmaht”: Whin we Samle o Yanden greph with
2dge ?m\oa\;\o% ?:Lh‘ tle \q(gm Covaponants A of SN O(r7)  and ma are almsst wa% e8s .
Bub wlen p2 (v, tlen Thee is o Urique ghﬁ Compment of 37%1 Sln)  wWhile all pthec

Cmezw\L& ave m{ S\ge O(Loj%)

w

O{’L\Lr rondom Stewct wres also \’\O\,UL tk?& P]r\g_v\grv\p_nm 8’{ ?KQSJL 't*(OJ\STﬁN )/.
Tov roandom  3-SAT {ww\mto\ wheve Locdh clawse Ras  theee  condom  volobles (v tlew mgqﬁm;)_

It ¢ Cﬂ\»jaﬂdw(& and guuoﬂa believed thet whin the clamse-to-vadale votie 1< less then 42,

ond  whon Thic (abtio 1% greater tHlon G, then tha

’

than the f‘hm&o\ Ts  almosT S\MLC% Soﬁ\'sﬁo“u(a_
\C\wam ¢ almest Smw\é lAV\Sa“(‘?Qfﬁ\Moli.

\TL\z Some 18 Cs»\]LLJL\A(LA *ﬁ/ k~%AT) ond tLL C/?«ia.cfw& L\E \/ﬂYa \’U!lwﬂ\a settled \aé DMK, g[n and g(/m

o

‘\n “+la ‘PQ?GI’ * PA’DO-} L‘){” ‘%L{ SO\{‘S%W\”:U{"A LG\/\N\SLLJK\MJL f"w’ LO‘(SQ b3

Algoy\thmic Issues
J

The Second moment method Can be weed 4o ghow That CTw,A hoS o ch%/«z 9{ 373 L\o&m almst gmls.
while 3t g 2oy o fmd o d‘wrx o4 S?Sz (Oﬁlw Ca shple szka a\gorFthm would wock> 1t 1S net
Known how to %»\0‘\ ~ G(«IQS\MI— e-g %?Sc (N (og)vx n PO\aV\umiql Bme , ond Tn fmt there

T Some evidence  Suggesting it may  be Computationally  hacol
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g;mm%, tlete T8 ne  kaown Pa[av\mmt Rwe q\&uﬁt\(vm v determine whether oo Comdom  3-SAT
fwmq with Clanse-to-variable fatie & 0% satisfiable o not.  Tn foct , thesa Ore  Some

hardest  ™etmnces fw 2-SAT  tlal  we know how to $enocole &‘Hﬁdmﬂa,

Re _I\gcg nteg and ?;{,n‘kz(&

Magical graphs and  Supercancentrators are WC“W‘ tha Survey b Expander sira?\ns owd 4l a\apliuﬁm !
\W&x Hoovyy , Linial  and \J\J‘\S&mxm ;o whidh you Can alse Cead abowt deterministic  constructions
o& axpandac  g(ophs:
= The bwk 7 Probalilistic  wmethsds bké Al and Spenter ¢ @ &ruﬂt Y2soucw fw v arious a\FFllaﬁms
In combinatocics  omd  alge uumr\%. The Wigh girth high chrowalic  humber  example 15 from there.
= Onae \\M\)S\rfmvﬁ QKQM?[Q af( +lo f‘\rst memewt  method 3¢ the wsrk D'g Chanhon  who  ghoued t+la
axigtene  of Roed  2xior Ex\(ra,zfmg ode§ .

The dvamster  tuwo MQMF\@ ¢ token “Frw o row book  Foundationg of data Sdena

b
&
Hoi)uﬁ( and  Kannan .
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