CS “bb /bbb Algor?tkm Design and Amlns‘\s . Spring 201, Waterlso.
Lecture §: Network Coo\inj
Network, COdMg s o novel  method A transmit  data In a Computer  network.

Ro\nd\nm\saﬁm\ makes Yt owork v a -FM\Z distributed  manner.

Ne{'u\mrk ‘lr\‘.FbY‘W\PCFWn 'F(Dw

Tor s?mgk?cﬁﬁﬁ_ we  assume  The SY‘O\FL\ ‘s o divrectech O\cjdk SrmPL\.

Hm&t?usjﬁwi 0 FHiven o divected acyclie Sro\?\/\ G=(W,E). & sour@ wvectey $€V. and a  sel of Yewlver
verticas gt\,.,,td e\ |, the rv\mlﬁca%ﬂns F(Slouw\ s Aor the source o Send data b oall  the

(CaIvers g]mm[%aw_ous(\&) oand  the o\,]gao\/L Wooto mmhﬁgm The vatae Lg*wuuk) o{» o S S6pM .

Tree Pagk‘mgf In traditional Computec  netwsek Sa’tﬁhg . Rach  ntermediobe. node  Can be used to ctor  and
{mwwd\ Aata . A<sume  that cach suk&q con  tromswmit owe umt a’{‘ data per S‘bLF\

To tnerease  the  transwission  Tate . we need 4o find edge~ disjoint traes Qmmzdﬁhj tle souree o all  Cecawvers.

Two &D(gQ~Ql\TSSD‘\P\t tvees  n o This ZMMPIL

/ \\/ onl one.  aedge-disionl  Tyze can be {'u\u\a\J
B\\J ZD o/ \\Jo \a S ]
NS
\
O(/ ‘ PD\"CM —e;w ¢ 4o  qoch €.

o

L, .

W FAVIAN fkaugL +thece ace  fwo e&g@ok?&jﬂhf
\%

—

N s

/

o e
\(1/

Tt e a cw?u&aﬁmal havd ?m\ouw\ +o  compute  the  moximum humber of  Suwch legq;d?sjb\mf trees .

Also. thece are SmPM with HgL\ \\cwv\u{%v?ﬂs 7 fom  the Source to each feceiver | bul  thare  owe \“”3
Few szokgg_d:s‘jo‘mt Heog wa\uﬁnj the souve o all rewlvers.

That is . while & 18 @asy {or the Source ™ Send data %mmu& to  cach ndividual receivec | 1t bausmes

d\i—E%\cw\f J%b‘{ +the ot do Send data %u\ckkj +o  all  recelvecs g]mu[tanwmﬁa\

Md_wo_rkfc%: The dea D—g netwerk Qoaimg ¢ that  Infevmation  flw s different  from  standacd waohtg Llow.

Wae  couwldh  do encoding  n IntermedYate nodeg Qo +that the Ywelvers Can dawde  tle mesgages
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Network Cod?n?: The Tdea DJ( network C_UJJV\S

In intermedlate

Te that  Infsymation  Llew T oAifferent ﬂsw\ Standacd Cwmdﬁ% Llow.

thot the decode

Wa  couldh  do  encodi ‘!\S nodes Qo Tetevwvees  Can tle w\usaies
anok  tha i%rougkyuﬁ( IS Tnereaced < <
o ° b
(o8
L,/ \\é L/ oY we de anud\\r\g
Qan Send two mvke n{' O\)Ol/ O\ibKD e e WSS mode
T nfor maty Ve i sxewple '?5 o -\
\ ‘K\N athon v & \\/ a [eXe) 13
by doing oncoding and detodi o o R N
Y { entoding an "f \/o/ \\50 \/Q/ \J\’ “his veeavec coan  add
¢ Ty o asb aeb™g & -- - oblb and b to XLT O -
\ t, €,
More SQMMM’ network u&“\ng allows
O ovithmeRe wam‘ms over o \wgtr \Ciuok Cinstead o Just  bit-wise 0\:2(!\*\‘5\«53_

®

the data Sent om an Qigt S

any {w\cﬁw of- s predecessovs

Cwnet Just %oR) .

gur?ris‘milé, the Tote crf Hromsmissim  Could be SYSME’C%T\% FmPrwzrk \\{ networlk codh\g N uced .
Th Tact. & con odwmas achieve thae OPHMM rate "{lw W\m(ﬁcasﬁnj.
T\V\Q“‘—QM C YV\O\\(V\\V\'J;O(W\WJT\‘OV\ ~\C(nw min-cuwt thevvem )
I +the source hac k Ql}\gﬂ/(}\\\sjo\\nt Pmﬁ\s ‘o eady Yeceiver , then +the Soucce  Con  Sond K unite
o& data to all CaCeIVe(s §imulTM\Qou5[ua, with the wse n{‘ network C,oo(ir\j.
Re2wmarks ® This g CLQN\Z) D\ek\mm\. T™Tis S  an c\mo\gh\& vasult  that opans  Lp o mMew teseacch  Ofea .
@ There are Qxaw\\)\a& “gw which  +tha raflo s% the fote achieved ‘D\a netuwor k C,Dd}ni& To  the

rate achioved  withouk u\s‘\ng netuork Qod‘w\g IS Wnbounded

Linear Network Cod‘mag

Ah \\m?o\"’fomf Q\gcr\\t\nm‘\c QEVJLS{\‘W\ DS 1o /&:‘md\ an D\J‘{%ma\ Lneo d\'mg and dl(_od‘w\g %Q\'\me Q‘E‘—%{L\\Qnﬂn -

TL\Q et M&{‘JDT regult g that

_linear  netwek Cudﬁmg

In lineor notwerk Cod\\ng,

Y\\jl\kékzx3

ncadin
O\\Y\-&agﬁm&g/ \\;Lxl+}32vl+ B;Yg &
(&4 Y
A recaiver Can decode ‘\% what 7t Yeives arxa \Kna,m\\a \\T\(}\QFEr\&-lr\,\t-
W=y 1 baXe t bax
% PR LSO R Oy S By Yy
W= O\wx\*a)“\*o\si > 2 + + r)‘ 2
3 \/(/W\&:Q\X‘+CLX>&CE\(} by oot byuy = m= A
. m, = Co Xt Oy X, 4 QL X,
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[ um\g% o oachieve the c\ﬁm‘ma\ vate o Mm[ﬁm&ﬁrf.

the data Sent on an &d&t Ve Q\wm\'ﬂs oo linear  Combinahm o% its ?rwuls,éws,



T By 4 baXy Tt baX
SRR AT S WS-V
=

I S RN > > =
\ T AN Ay s + + = =
3 \ (/MB:Q\)(‘ *CLX)&CBX ™y \')1 Xy Blﬂl "\)3 A3 m AD{.
o
1,

3
My =Xt Oy X & Xy

>

Y Can ba Lm‘xckm,\g Aetermined, 7{ AN s{— Full Cank,

_MM@&: gu\}@%uhﬂﬁJ detecministic Fo\\:\m»ﬂml tima &\Sn(it\/\m& ore  obtained o ?‘mé\ an
DPHMD\L ('_o&'m& Schema v mu{ﬂm&ﬁnj e tha coeffidete of  the  Linear  Combiaationc -

X
Rowevar ,  these Q\goriﬂ\mg will bhe Vecy Atfficult  to be wsed i X:mch‘ca, as It \”s«%m\ras o Contval rm{hw&t\

o Lok ot the whele ngL\ and CMMC\”HZ) choose o coeffrdents  ana el 2vecyone  how b encode.

Mm-. \We gm% ] \ro\»\d\m‘nbad ?o\\amw\im\ fime qlﬁor\ﬁkm +o qc‘mz}\ an oFﬁmml coé."m(j scheme ch w\u[ﬁusﬂr\j_
The P\’bnf algo provides  an alternate Prbof “fw the Max—hfmmw‘h‘mf{{m min-cut  theovem and  the linear CDJEV\J thm.

Most Impwta\n%, “the o\\&ar?ﬂ\m i very simpleand hﬁo\\tﬂ o\aomi\/o\{rszé\ L Q \<€\3 featue o be Prad{ca(-

Qat&‘mg : En o s‘»m?\z redution, we can  assume that the Qource hat QxaLHg k U\j)z; . @adn (edlover  hag
Q»cngg k }num‘m% edgzsz where  k Ts the Qd\ge~cwv\uﬁv1‘t\a '{;«M tle Source T the recaivers.

The Source would ke +o send K Nassayu Xi,oo, Xgo o all yecetwars,

M Pick o large ensugh (prime) freld T
The  Qource  Sends Ky ¥, on VES C)\dgc\\r\& Qd\gzg, X3 on s -th owgm‘ng zd&a.
Tollow  a ﬁpo\ag?m\ wd\uin& V=S, Vs, Vo o the olicected O\u&c\\\t T“FL'
Tov  vactex v, call the chm‘mg MeSSages ML Mo g
For each outgoing 2dte e of Vi . cend o vondom linear combinetion of mg, ., mg

(2> () (@)
le.  Sand ]'J\M,+-.-*xaqm£ om 2, Wwhare ¢ach by is on '\V\dz?g»\du\f Yondom <lement in

Global encoding vectsr and lucl encoing Coeffyciasts Thete are  Important  definitions  for the analysis.

Bach 2dge Ts ganding o Minsac combination of  the Sourwe wSAtes L Xt Gt GX L which Follows
\9\3 inductim o the  topobgical ordecing -

wWae eall (oo ) the g&c\m\ zv\ced‘mS veckor on  this gdge,  tha actuwal  \ingov  Combinatiom  that Tts gzndmg\

Tor ocadh Q&S;Q e, thae (rondow)  Coefficiedts \;%Q),‘eil),.,. are called the local qv\c,ooklnj crafficients.

The local enceding coefficdents are  the dedasiens thal we need v make  (which v dedde to wmoake mmw\g\

Once all thae local thbd‘\nj oozﬁ\‘:,‘\{hﬁ are fied ., oll the jlobo\\ encmmﬁ vectort are Aefermined .
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)

Once all the local thodinj oefficients are fived , ol the jtobm\ anodm\& vectors are Aefermined .

Dtcodm\a‘ﬁ%%i Tor a veceiver £ with

k ‘\huwm\& u)gac, Lt the g(ukm\ thmihg vector o{ Tt

i-th \W\C(S‘M\W\S Ld\csg be (Cysem, ney)  oand the 1t imm‘mi massepe e
Then , whethee € coan  datode  +he o-v‘\gir\al ‘mzsmgcg d\;zxmvxds on whether the k Tnc_m‘mj jkolaq\ Qr\cuddnzs

C[\AC\I, ;C\k
Vectors  are \Inzar\z ?ho‘m?ewdzn’f‘ oy g%(d\/odﬂnﬂna whether  the  kxk madvix C:(

Can, G s Cag IS
Cur, Gy 0 e
0€ %,L\l conk | oY &%A\\VQLLW+L\3 whether det (Y x 0 .
s At GeXe
ny CusQu, Qe % ) ™
= Gyl Sy X - } . > Mo\ e o s Ca % > X\ C“‘ ™,
v /mk-, G Kbt e : : . ,‘ = .
o+ M Clee, By 0 e Yk, X Wy

Av\oﬂ?sig > We  need +o omoxl\jge thae \\)ro\mkik‘\’:\a that detCA ¥ o \\~§ we choote  all (ocal Coaﬁ?dz“‘(s \rm\dm\j_

Think o% 2otk (ocal Q,V\LanP\S umﬁﬁ{du% as o vartable  (the decision vaniakle D)

Tadh ev&\rg of @ gLuba\ Q,v\wd‘mi vedhsv 1t a wulbivartote ?o\num\m\ ‘m\;o\u\nj the low| thozi‘mg coeffRcients .

Claim * For vertex vy i the %Po[ug]u\ b{d\u“w\g %{ eoch b\h‘*%o\\nj Ldg{ e ef (VAN cach Qn‘\‘(g C3 o‘{‘
g Slo‘ozx\ enco&mg vacksr ¢ o wulbvariote Po\jnm\‘o\\ O{‘ tle local thodTnS bvzﬁﬁdzv\ﬁ o{

{otal O\Lgru, at  molt

?fag& S Thie Follows ’glro\m a

-1,

Q‘meTL Tnduchon .

S:ﬂ\ ybs\ﬁm
The base cose 3¢ C\Lo\rka trur , with  vectoe (0,0,.,1,0,..,0) on Tthe i-th o\dgu‘mj nge c\L S .

In 2ach Slw,\;, we Sugf add okagraa sne +o the \?oknm\m\m{ .

> o
c \[\ 7.
\u /

. S
08 chown 1w the Fchmz, .

- -

RS

LJA\C\*"‘HC‘KQK/ \'L‘\C‘—\'~ s \91V~C\<
v

n
En the cloim, each gy\ﬁ% n o Yeiver matix C ¢ SwsT o multivaciate ?okxﬂn@m‘\ml D»Rf +the

{ocal Jl,hcothX
Cocthicients of total degrer ot most .

Thie ]w\?\u-& “+hol  defCC) 1 o mulbvariate Po\xahsm?ml s{ the local (‘,eL{»ﬁdlds o% ‘totol d\agral ot most kn .
T% detCOYx 0, than lma the Cckmo\rtpi‘\?\m\ lewma , the onba\wﬂ‘\’ﬂa tat det(N=o whea e ?\ﬁ n
Kn
IFL

voandem voluee is al most

R\a C,L\OOS\W\S HF\ZKN’ . hag Pyo\oo\h?ﬁﬁa ¢ at woct ? fg\( one  Yeloivec .

E\a tha  uniow Eounéx, Q\/x(\é\ (eceilver 1% ojy Full cank  ith Frolgmlaﬂt‘ha ot lesst \“Lﬁ

Tt femaint 4o Show +hat et e O

Weing oul  ogfumption that thete ate K adpe-disjeint paths
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TE femains 40 Show +that et X0 Weing ol oviSump tom that thete ave K szotgz—ohxjc‘mf poathg
QUlodm  Tf the sowra § has K edje-digieint paths to o fecedvec €, then det (V& 0 wheee C
s the  vecelver wolvix of  the gteh\ Qmod“\nj veches.
Voo Juet e Ehe b edge-didieint paths From s bt b “\wam\" (taditimal  Soluben  Withoul umg)
| oS 0
the K metapes frow s ot E [‘%/ [\u[o]
|3

o
So, there s one Cholce a—gf local vacod&ni Qoz&%‘c‘\emf& gt dﬂ((\xb) C"X\ \éi?]

e € 18)
%

0
The Yeriver motvix woll be  oon Tdanﬁhg o1 - UX

whichh ‘W‘FLKQ& that  det () s o von-ze(o \:okjmmm( 5

To SMW\W\O\(‘\RQ oo Ahere are k QASL/ &Tg\“n? nt pc\ﬂ\g betwsesn the Soucce and  e@ach  vecelvar. than  The
datorminant  of  cach feCaivar matvix s A _nmaezers Po\\&‘n omia | of  the local Qr\Cod?r\j Coeffsctante.
The deterrinant Po[\awm‘\q\g At e o{» Lsvy d\zgvz& , oand So g()f\\«)qrtl—?_?\??ll im?\iag that roandem

Sub sBtutiont WAL wovk T ensure that  all Yeceiver waalvices are of *ﬁu\l cank | <o that we oan deode.

.E-H-‘.C\Qn\' Enc.od‘mg

Considec tle problem of implamenting  tha ancoding operaiion &t A mode

S\LWWL gach vectsr s of A-dimensional.  Thave ofe n Mcw‘,ng veckwy  and n omga‘mg veckors .

Then 2och om&a‘\v\g vector can be QMPWTDJ\ in OCdn) time , ond  all O\ﬂ&o'mg Vectoys con be
Compuled n OC dn) fime

Coan wa do it faster 3 Observe thot mwmj n  be dene grickly Y indegre s Small,

Co, 't would he &oudk 7% tlece s a Transformation to veduce thae okQKrmL while P(umv‘md: umnm‘»v‘.ha.

{’\ g@i@@m comes +o  YeScue  ( Seo nok lecture J{o( ts cows&mdfnﬂ

oL Loom Inco\m?v\g va e

ﬂ \é\iié\v 2acdh verkex u{ Constant dx@g{u

\\ / n \‘mw\v\g vectors
\%
Q Sw\)u—

only OLn) Vvertices
/{ \ n Oﬂgﬂ‘% vectors Con centratey d
v \Y,

\\/ \\/ \\/ N smt&o‘mg v b <

A Quper concentrator is & dicected O\CLQC[TQ &rD\PL\ with n Tnpul nodes and o owtput  wodes | with  0(n)
tenal nodes 2ach with  conctont megg(ae and suﬁokggreg

An Tmooctont Drovecn 1< tha® anu W inmud< Can  Commedt to  anu  k buboute hu vertex didiemt Dathc. for any K.
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Thue , the Cmv\e&‘w‘\‘wd ‘ﬁ’o\m the Qwurw to o Creewer wowld net decreacs .

Theefore, we Can fiest &p\mé the tansformation  before dn‘«n& Notwock Coding -

Aftec tha trancformation, 2ach vortax in +he cesulting geaph  has Constort Indepree.

Oo. the en(,udm% in each vertex (all tha out&o‘m& Q&\g;ﬁ) Con b2 done T O(d) time

AW the vertaes In o ngucwuﬂmmLor tan he done in OCd.n) +me . As o veckax  with meqgru
nois Ceplaced bX} o S‘VL?Q(COr\u,r\ﬂﬂJYD\” wWith N um, and 3t hos w\a Oln) vertices.

Hence , tho wvectorc o{ the omT&o‘mg ld\gru s—% o vertex in the or?gh\q\ g”‘PL‘ Con ba
Computed in Oldn) time . fastor than the straghtforward  OCdn) time alger thrr.

Note that +hie e o&ﬁ‘«mq\ , Since Onta \N{}t‘ms down  n Duj?\d vaectors fQ%(A\reS 0 Cdn) time

szerzhces and  digcussions There are  sevefol Surveys obout network QML‘W\S.

One could take o look ot the ook Tnformation T}\zm’\g] and  network cMM;V b% \(G(”‘j"

There are more and hore  cesulls msing qtgwm‘lc technigues to O{QS?EA ot o»fgorit%mx.

Dotﬂy\omq] Td\enﬁfa fg,st‘mﬁ T also very wseful  n d\ngjnTng efficient ™ intecactive Pron+g// (e iMR})

More Qenecally,  rondomness s Very wseful  Tn “chukﬂ\g Y things ‘LW?U”\HW A fomsus example s the

celebrated Pep Lwo\mbmsﬁca“g Checkable Proo{s) +heorem.
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