CS “tb /b6 Algoritl\m Design and Analﬂsis . Spring 2019, Waterlso .

Lectuce @ : Pol\amm‘ml idznﬁ‘kg 'fesﬁng

We have <een  that Q‘WE& algakm‘\c Theas  used n P\MLM% hove  Yariows o\PPlrcﬂ]ws,

Todoy wa will See other Smple alfebac Ndsas that are  wsful i dosging Fost and pacallel  algorithme

ondl  next Fime  we will O‘W{é tlece deas +to tle okai\‘gn 04% heﬁu@/k c/m,\‘m&.

Po\u\nom\o.l identity testing
A=) A\ J

We are &;Vm o wmulti ot ate \)o\\anmim\ Py, on¥n)  omd the e»ﬁuﬁu st determne Tf
PQ\K\,XL,‘.., YA )20 | le. te PD\Q“MM‘ IS g%mbahmﬂa Q%wx\ to the 3ere \Do\nnm:q\.

O& urse , 1§ the polynomial 1s  given 2eplicitly  Cag. P, %, Xy) = % %X +¢+x$’x,ﬁ xnx; ), then this preblem
i< Svm‘\&\\tfmmw\, bul the Potav\wm\ can olso be &?van Qm?mﬂ\a Lﬂ&» PU‘,XMXB\: Cx,- xZ)inw‘;)..uﬁxg)

o PG v, ) 2 dat Kxo‘ xa, N )} ond  tle problem bacomes  difficult.

5 2
X2 AL Xg¥aXy

Iw guxuo\\ . there ts no known  dletmemintstic Po\z)v\v\m;o\\ time kl\go(it%m fa( +his P(o\olzm .
On 4he other hond , thlere s a g?mFiL ‘(amxm‘\ge,d\ a\&w{{hwx jfor thre Pmbtzm , b\a gev\rwm\?g?v\g tl Tdea tlat
there ofe not mana foots  in o low d\ﬂ_g(u Potav\mm\.

Tn the {o(\ow?vxg) when we talk obowt ‘F“'\\\JEZ felds , \ﬂcm Can J‘wal‘ think D-f modular acithmetic over P(\\MQ‘

Lerma QSQL\warf142§PFU Lemw\o\> Let Qx,...%0¢ Fix. ¢a) be o mulbtivariate \)olnnom\vql o{~ total o\zgrm o

Tix Oma {Tmm et ScF . and Lt v. v be chosen mmFQndma and un\{wmtg wa\AEW\Lg \Crm <.

A
T\ﬂlh, PY{QCV”;../‘Hﬂz O] s 1< \\§ Q ig  not T&emﬁcm\[a Q%L/J\( o zero

CThe o\agru_ o% any Team s the Sum o{ thae ;u?unehfs . and the total dqng 1 the maximum degram)

(00 We prove \n\é nducton . The bage cCase (g‘(r\g\a Variote POL\JHW\TM\ n=1 Js well known.

To O\PV\B induction, we group the terms o}c Qo) boaged ow  the o\ag(u of x, to obtain

X, Qi K, )

1

i'Mx

Q¥ v =

o

where k  1s thae Loxrjut exponent \ﬂc X, and eoch Q; (X% Xn) 3 O

We  condition on  the event that Y=, X305, 0, ¥a=Ya.

d-k
N as the

Cinee Qs X ) %0 and 1t has n-1 vaciobles | \9\3 Tnduchom . Pr CQpx,, . v)=0) ¢
total d&&(aov ol Qr s aft moct d-k ( $ince X, 1S uf okngru k n the term Y,f QKQXL,.,X,Q)

Now ., ossumne QurCy,, . 0030, then 90x)= QUu,. v, v 18 a non-zeco degree ¥ Sinele  variate polunomial.
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in the toem  Yg O, Xn) ).

total dagren of Qe is at met d-k (S ¥; is of  degree &k
Now stuw\\mg Qk(‘fl,...,fh}* 0, then %CX13 = QUy,, v, -, ') 1S & non-2eco duz&rzm k S:"S[L variate ?o\amm‘\a(.
k

N

So. \D‘A 4he base case , Py %Lr\):oﬁ <

Com)o‘m‘\h% . we  have Pe (QUr, . ..vd=0)
Pe (QUer . vy =0 | Qulra,m)=0 ) Pr (Qglr,.. v)=0 > + Pe (@l v =0 | Qulr,.r)$0 ) Pr(Bklr,. )% o)

d-k K _ 4
Sl Y et T TS on

Determinant  fosting
QO

To(czv\ﬁm\\% Q%u.al to Reco , Wwe con piek o

To clack whether the deforminent cyf on nyn patrix 1S

\mga_ gnough prime freld  of sie OC pelad) - This will ensuie that  with high probebility that the

Aforminant 1< QR YN n this ‘F{z[d\ (Y{ m?g?nqug TtoTg V\bh&l(%), Thon , we an :]wst

? ond  compute  tle numerical value s—f the

Condowm Teld 2lements ™ tle vorables

Sub &8 bnte
coteiminant n PO\\BV\QW\\D\( 1ime . @\& Qc\/\warz»liwa\, T{ the delerminant 1S hongero then the
(cuccess ) Pv&oa\;\\\‘n% tlot  the numecical value s nongere s very M?gl«.
Bi\?urﬁfz mqtd\\m‘l\
Frohlaw\

Given @ \QIPQ(HJNL graPh é(i(U,\J;E3 with U={u.. _‘u,\]] oand \/=iv,)...‘\/hg . the \a?\)o\rﬁJra Mabcl\‘mg
C {'\r\d\. O moxiimu m Co\ro&‘mq\‘\*ﬂa Subset bqﬁ \/QrTQX*dC\Sjo"mJK M&QS.

A ?Qrf@f W\afd{u\j DX w\fﬁ‘clﬁ‘wg uf n {dgo_s

)(‘S }-f Wy \/\S [N

Theorer. (Edmonds)  Jet A be an  nxn mabix  with A\f ;) is a variable.
0  otherwise

\,\)L\Q(Q

7—§ and m\\\(\ \\§ 0\1&({%\*@ )1.1. d\d({\) 1S O Nbn-Zero Po(:&r\om\\q(.

Then G/ has ’\)arfact mocﬁc\r\?rxg
n
(oo RQCO\“ —Y}\OVJT d\Q,‘t CA\) = ?1§\whﬁw - i‘vghk@) . Ai,%‘(ﬁ Az,q(ﬂ . 10\-(\)(51“3 = VQ(?\ATDK:\NG\ g:jh LG‘) I‘ A‘“Q-G).
U oand V, and o each \fumﬂ‘cﬂw\w Correcpomds

Neotice that o ?Qrmmoﬁs\«\ (‘}\Q%‘mes a \o‘\‘)ea“t"\uh Letwaan
‘o o ?wfznﬁa\ PW{EC& Mm+cL\7nS betwsen U omd UV, e {U» Vo - V3 Vewy ~ -0 Uh\/m”]] ;
A PQYMM\“W‘HG"\ S  Contributeg & hon-2gco Term o det (A) \\’%C gv\l\/ﬁlo/ .- U\V’\jg(,\)g s a PSLFJVZ t

Y‘nﬁfd«‘mg In tle JSYQP\,\ GL

SO/TJV thece TS o \?Qv"yeﬁ W\MLCL\W\K in (7\ , then fe\/erg term Vs zers  ond thus chet(A)=0Q.
Since  2oach

On +he other hand T{ there 18 @ ’Pgrfuf W\QTCL\MS n G(‘ thew Swme Teem  Ts  nenzeco

Ao cont Quhcot o vavNalloc thoto 4oeme A nat cawal Ak L oaed en dot (AN A

+f) v [FEN/AN a3
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On +the other hand | T\C there 18 @ ’Pgrfuﬁ moﬁtcbﬁn{g in G(‘ thew Some Teem  Ts  nonzeco Since  2och

torm Wses  a dfferent  Subset s'% Variables . thete termt will not cancel out . and go det (A)XO. .

Prctot eall Vi V> Vs Vi Ve Yy
VCAOY Lo -

\/A W, O—o v, Wy Xy\ o] (o My ..o o

Uy oL—0 V. Wy | Xy, X %5 ol 23 20 \§

U\; \Jg \/\5 ° )(7:) O Vg © 61 ©

ondomized lpocr US?Y\S Edmond’s theovem and.  the %ci«waﬂﬁ_——&?w}d lemmo | we Coan obtain Qa,

“nglQ” randomiyed algudtkm to check T o ETPart‘\tm qu?‘,\ has o perfect mafdﬁng or nal.

Ticst, we PTck a \o\rgm zv\uu&k Lietd .

We Con SWFM& “nnk. e«%— dxn\mg moduler arithmeN e ovac o \Q(&JL ?v\mf{ \>

Then . Lor 20k edge Wvj €k seb wyy o bo  a vondsm element n I (e,g, Xo,-»,?“ﬂ]) \\Y\d\QPQndznkkg\

Compute  det(p) owee +he fed F . Retuen  YES 3 and only v det(p) ¥ O

alugis e i{' there ¢ no VQV%Q& moﬁt\(\ng G, than det (8 = o alwmjsvno mattee what we  subsbitwte.

On +he other hand 1\5 thete & o \ae(&u’t W\a%cmng in & . then det (a) X0 b! Edwmonds thoorom.

Note that At s oo multivariate PO%“W\W“\ 0‘)( total d&g(r& n.

%\6 Cchwactz- Z\sz\ \2mmo | T{ (N3 pvfr Tn Yandom valuee nbe the varlables Of O Mon2R(0 PU\S“M‘\“[)

the prebabilihy  that  det(A)= 0 15 ot most 7%

L . owe sk a field siye to be at least loon Ca piime p ot least toon), than this Praloaktmg
'S oat metsk ﬁ In othec words | the D\,\ED*N\JC\«M Succeed S with \pm\oq‘oiki{»\a at leatt 03%.

Tl CW?\MJW(\) The most  difRealt step s t Compute the  determinant

Cince we put  in actual values, the determinant can beo cme%zdL in O tma b\(,} Gauscian elimination .

There Vs ale  an O(r\w)~”ﬁmo. \CM% matviv mml{ﬁ?\‘\mﬁm O\\SDVTJ{]AW\ w it (,\]%137.

'ﬂ\umﬁ@x\\\s, +this s thae fastu& known algor?tkm /Ew b??mﬁfg wwa’rc%‘mg Whanr ke gro\F% s cenSe.

Remack © TL ¢ PMOH!L + Veturn @ Peqﬂa& kvxafdx‘mg in the Soma Q(nwﬁ ﬁmz,a\tkoujl\ non-trivial

Mso, for tle maximum ma_’colr\in% P(D\o\ﬂv\/\) We Can  compute the fank To determine tha LRe -

Non-bipartite mc\’(ck‘\MdL Co pii ol )

Thete 15 olso an algdbrate formulabion  for matching  Tn Qenecal graphs .
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Goven o graph  G=LVE). we consider  the  Following WAV wetax B such that
—Yo ond oTher enties o bo Lo

A Yo D\V\d\ A:j

V2 240
0 Xa Xy 00

o
2 Xy © X3 0~y
- o & Ny oz 0 )(w 0
0 0Ny oo

\ O X¢ D o

pv:“j . we have ‘\3 =

{or each edge

Theorem  Tukke) & hos o PQ(‘?G.LJY maﬁch‘m% T{ ond w\xa \\]L dot(RY %O .

Remarl : Mama combinatorial bpﬁm‘w%aﬁon probums hove an mlgabrarc farw\uuﬁbh_

Another O\OK\/M‘\“O\SL 0% this Q\KCLFO\_:C o\\p\)road\ IR oS (ieg\wgr\ ‘Fms‘t Po.(a\kz\ ngor?‘t]ﬁmy

The ™main  12esem  1&  that ‘(‘f\o\r\\a q\gcb(a\c Pmb\ems Ceuch as CD‘MF\/JHV\S dﬁx(m‘maﬁk) an  be Qam\)druk

6{%‘@%&\2} in o parallel u\g\m& a  divide - and- Conquac approach

Thesrom The  determinant o% an N b\g n mabix Can b2 Computed in OUogr\E time usM(g OU\W\ ) Xymusms

Cm\,&,:w‘m& tWs dtheotem wWith  the akgt\orbﬁ@ vv\o&ddy\s; m\goﬁfl«m thece Y0 an L\C{\‘d@m })MMM O\(SorftL\m o
chack  \Whethee o gro\ﬂ\ hat & \Dar\ce& vv\octd\‘m& w hot CYES & No )

below  how o Teturnm o K)ufut mafch?ng when  there 1 ome.

We Wil 2xplain

The o\T—HRuA\MA In d\!lé‘;grﬂr\(g ?am\\z\ o\\gor\t\ﬂm s 4o Coordinate  the ?rocqssws 4+ <earch \%f the Soma Mzﬁd\:,\S

There are jrapl\s with Lx?o"r\zhﬁm“g YV\ow\\a MmLc,L\‘mgg,
cestlue  this Ygcue .

TL\Q_ 1solat on [llwm\a ?{ov\wfilg a QL«WPHS?V\S O Uﬂgan‘t \,Jaka o

elementy 5

Lemma ( Tsolation Lerama ) Given a gt S’ﬂd’{m ] Q Sraw\d et of n

it we assign & wl}g}\f Imdszd{enﬂLﬂ and \m?fmm(g rm\o(omlg Trom {1, 2n },

then the Pyo‘go\btﬁﬁa that there s a V&V\?%ULSL Mminipaum wdgf«f set ts ot least B

n
s %g,}‘tm Countec- intwitive . A <et Sjsfim Could  have (2 ) gets.
<an

Remark : Thig

n
On average, there ace Sl(l /(1Y\15> Qefs 0% a g\xvu\ wﬁ&kt , as the  maximum \,u?g]nt Vs

But the 1solation (umma Emjs with goork Pra\ga]c?l'\*\a there s onl\a one set a{ Yain i mlm wzijkt
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Pl"bo£ LQJC PF ba 'tk@. Qet Sjgfﬂm- L!th \V] 136, an er;\\{‘(o\ra Ql}uv\l'\\t‘
let Ty be the st o'(: subsets which contoin V. Let (\FV be -the wt o}t subsets which dont covtoin V.

Consider +the %mmﬁhg oy, = min wlg) = min  WwlR-v).
Ce ¥y REF,

Note -that f o, <0 . then v deec not thong to any Minimum Wf.gkt et . as Hhate 15 o
Subset S Which does mol covtorn v oand s waight s smallec than the walght ot avery Qubsets
that o v Ceven Tf the wuaikt of v 16 nol  Comsiderad et )
More Rccmro&uxa, 54 o Similac rmss»fmg St sy < W), than v doecnT wmg to any Nt num w;ﬁgﬁd A
On the other hand | i oy >wl), then every minimum  weipht et must cotain V.
We Say  an element VvV Tg meig\oug £ v=wln.
Note that oy 1s a quasity independent of WG L and W) s choten wnifoomly randowly from {12,030,
Therefora . the thak}mwa that v TC ambiuous 75 at mott _11?
r\%a wnion  bound | tho Pro\oabﬂi(‘\a that seme 2lement T ambtgumg 1S at mest '5
F‘mal[\g, observe that T fwo diffecent <ets AL R have the minimum wq‘«gt\% _ then any 2 2menl
in A-R*¥¢ and R-AX¢ muct be ambipuouc

Therefore, we Conclude that there are two differest sets with the mintmum waT&hT TS ot wmest ”l{

o

For tha W\D\TCL\\H\S Pra\ohuvw, W m(;?gh 2och @AS@ o \\r\o\l\ﬂhﬂ\evﬁ r ond om wxgm &m -Y\)l) ,.,)m-ﬁ‘
Ej the  Tcolotion lamme , With the set syStem \Jsdn& all posible Puﬁut W\zﬁctﬁnjs, there 15 a vmi%u
3 s

MR mum \NQ‘\EM- parfch mﬁ‘tk?y\f with Fro\oo\L\‘kma ot \ratt -

go) Nnow  our 300\\ ¢ T owtput  This m\‘\aﬁ@ Mintmum Wm\jlﬁ Per%e& mo&c\q?nj4

Minimum wﬁgkf per Tect  matching
J

wled
Tor cach edge e . e puk the Voalue 2 o the variable ¥, .

let the WG%NL N wd&lﬁ \)u&ecﬁ mqtd\‘mcg hove wdgb\f W < 1m1.

W
Tluz_v\) th\a sne  term in the determinant hes  value 2.

W N W
All other Terme n the determinomt  hove valuew 2 -?w \,Jl>\:\) . an fven huwmber Timeg E‘lg&u than 2.

COW\P\,&\V\p the  minimum r:."\dpi'\\L
! J

ok },Q k=W

not s f [N

We can gsearch Afov the v nimwm wﬁSM n ?Qro\\\d , \AS\H\g tha ‘Fnu\mﬁnj observatiom @ det (A -

Quen \\'F K<\W
.2K
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quen i K<\
We can search Afov the  wiinimum \,\MSM T Parm\\gl B \Ag\u\g tha jﬁnlmﬁng observatiom @ det (A - odd L k=l
2* .
not L—§ \(?\/\J
We con find s k in ?&Cm“a\ o oftec C,m\mﬂh& det(A) in ?a(o\l(d divistble
Note That  qet(h) can ¢fill be computed d{w‘dwﬂg , 08 2ach entry has ot most 2 bits L, and this i

where  The TsolaBion  (emma T useful  in that 1 doees the Snk l’Jk;] m‘hﬂ v&‘mg mall wﬁSHS-

?Thdiy\s the  minimum WLISEt perfect wxo\(‘ck‘mdp

Tor cach edge . in pacallel , we wont o checkl  whather @ hm\ohgs ‘o the w\?a«l Yol A e m ?arfut ma\kcbng.

Lt ezw, oand G, be th %rq?k obtained —g‘wm G L\a d\daﬁni the wvectess W ond V.

Then, note that  @=uv is in the unigue winimum Woapht pacfoct mxccmg n G Tt and only T e minimen
walght  prefect n G,y has weight W= wlw)-

Thisg agoin  Can be chetked in  pacallel miv\& A ferent processovs  for Afarant Guv » ond 3o BhL  mhin mum

welght  perfect vv\atdm\i Qo be  Cconstvucted Lfﬁu‘m\ﬂ\é n o parallel.

Remark : Tn Sznzrm\, othec Q\&or\vt%mg bosed on o\\gekrmc ‘FWMM{Q‘D‘WS Con bz made Parmllu.

Rtiuanczl Chapter 7 of N Ron domi yed a\gwitl’\m ’ bva Mot wam  Gnd Raghavan.

Open %uasﬁo“: C-(‘\\/:zv\ a gm?lﬁ where och edge s Colored ved or blue . wo weuld ke to determine T

Theee 1< o pecfect h/\&‘rcb\‘mz with Qxfxcﬂg kL ved ngeg. 1ts o 8000& exerctse 4o gchow  that there
o Candomized po\ﬁmw\m\ time algcr\t%m for this P(abLzm using  the algebrorc  approach , bal
Wt hes been  on open C%uesﬁor\ whether there  1s o dletermintetic Mjor]t%m for +he Frobmm.

w It % a Mq&o( 6pen C%muﬁb\q + {ﬁmi o detarministe ParleL\ Mfoﬁﬂ‘m \Cw YV\akan‘nS.

?QCM\H\:\‘ there 1S Leme Iv&z(uﬁf\\f P(cgrzcs n OKL(C\V\!*.SVV\}S\\V\Z tha  isolatiowm lemma . which  lsadks

Lop n) .
T a Pparallel Q\Eor\\tb\m lAg\\nf Y\O(y MQWZ) procassovs . Nice %wasﬁw +o  think  about.
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