CS 4tb /bbb Algoﬁtkm DesiSn and AMlSS‘\s . Spring 2019 . Waterloo.

lLectuce T: Data g‘f(mming

We  ctudy  Some \MJTQQSWL\\M& sublinear Space MSO;TE%M , *mdmi\mg d\ﬁuﬁng L\mva Jottecs Jas{}maﬁr?»\g NUmbe

O{' distinct elaments . and {Sﬁmbfmg ‘FKQ%AAJLM\(/)\ memanTs |

We Wil 2ae et daeas —f(m kqgh?ng and  K—wise WhoLQFmouv\UL nfe \/Q(é V\SL‘fmf o this Saﬁ?ng,

Cublineac a\gﬁ\ﬂ\ms T come QPPK\@\*‘\N where, we have o waseive dota Sef, the datm ¢ too much

thot we me/t Q‘F{Nd to  Lbore them all

or rewk them ona Yot we caw d\asign Cwblineoy SFMJL e
Subliner time o\\&mwms to oo gwme&\mmg nontyivial . Randomness 1< crucial Tn thewe o MSS’ ol 1t Ccan

be chown that determinystic a,\&w(tlnms cannot &Mmﬁu, m\aﬂ\‘w\& nowhivial fw oSt Pvu\o\zms_

Tov cublinear Srm% MSMH\ML we focus on the dota S"ﬁ"emwﬁr\g Mmodel Tn which Hae a\gn(tﬂqw\ Con Tuke one

pass om the olato.  bwt  has very Vimiked space fw mrmhﬁm A &oadx moﬁvaﬁm% emmF{z i< in ovaﬁtw

networks , where couters  would like o get  Qood stafistics of  the tafhc but wwld not afferd o ctove

all the data . We will gwda ¢ome bhagic Fmb\zw\s Such ag esﬁm&?rg the number  of  Alstinet elements

the Seond  moment of The doto .efe .

Snce we mee So Uittle SYML LW Could wett \'\c\w + colve +lo Pro\qlam QXQLH\Q’ ondh e Wik wWith

o \,\mo\kg{ (1%,\/:\(gvnewt ‘d\_&f "’CLL 0\1&0(\\{%1\/\ Can dk\\S“C\h&«,L\\SL\ El’t\/uﬁuw\ \(ES - M\Sfm«w

and Instanaes

tlot ocr fac from YES” (g # distinct Clomests 2D o & disbnck slemauts 20 ¥

O{ Cowrst, wa alss allow geme  scrov Pmbabi\ﬁa §

we vl make Hlem P(ﬁﬁsx o tha ‘?b[[m\.ﬂg

He avy Hitters

Givin o datn  2tream Y\)\/W/%é/“/YT; 2o0.Cn Yt:L‘-{rcgj wheve \\t s the ID 9—\( +the t-t},

doto.  oond ey g the \Na\&‘/* ostoaatad withh YL, Jl\&. It s the TP address andk ¢y s the number

05‘ b\:}tu of  the data Tronsmitted.

Owr &ao\\ w6 o fhiad all the Mav% hatterc c‘y tle  dat. Straam . Lot Q= %% be +he *total

taunt .
CTTVU\ 0 Nnumbec % , Wt Smx@ an 1D ‘\ ¢ a L\QD\\/\a Wt ter \\—{ {?‘\V,I C{ 2 % (Q& %2 @/(Db >
T
Lt Cowt (1, T) = 30 - G be the total count for ID 3
= 1‘%’"

We will Show 0 sublinear Space  algoathm  with the  Jollowng proderties:
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@ Al \’\UV\% k\*f@,r& GYe ‘szortLd\ RN ‘t\l\.(}&i Uowith CO\AV\)\“L\L}T> 2% B
@ L% Count U/T> < %* 2Q . then T g Yg?wta,d\ with ?(o‘o%\\‘\\-\a at most §.

Note +lat 4o ?chwmanu gw(umu 1S nowtavial on\\& w hen %:&(Q) In that wagm, “the_

O\\gm’\\flﬂw\ wll (onrt all }\MULA Witter s | Oh\kg_ }\O\\fmg o Small ?ro\oa\;\\\ﬁ\a VQPvrﬁina on ID  +that

Yo fac from a L\Mvg hitter

The Ydea is to we  2universal  hash  functions.

We will uce k hach {unch\m\&, L\‘,L\D...)\I\K} 2ach Y‘(\D\,ES tle  univecse  into ;1)11\‘.)9\71,

We  mantain k-0 counters, each  counter C“"j odds Heo \Mu&l,\t of e Ntemg thol are M"P?M to the ‘Jvt(,\

emv% b\a the a-th hach f\maﬁm. L:EMLU Ca‘j:o va\( tcadk, \<,:E<Q.

The a\&mtb\m TS SIMPLQ. Given Y=g, cd fw 2ach \€o <k, increment CQM-\Q

Wwhaen (\\t, Cy) Cowae §
L 2lomonts o G .
G 44 CM?\,&L L\\(‘t> ChCad L\kf\bﬁ
/ =l
Iinclement  AhoSe oo \96 CJV
L\IGJ{} \f\r‘/”/ L\ G
¢ hath tablag [ Naa

A*{&u we rwd all the data , we rapu(t all 1 with e Ca,y 2 %,

) . yF RN wo(ﬂgj wWe rz?u(f
{° A0), \€as

an  ID \\{ the  Mintmum  Counkre  Qgodi aked with 3t

is ot least %

Analusis

Tt chould be dear that o L\MVa hitkec i Mwmag (@FwTU{) Since LJ\Q our o\{&of‘\%m oll the Countel

ncsocioted  with ST must be ot leact %

The kzg is to ghow thal \\\C an IO s net o hema hittec . then T mPorTv_A with  small Probabﬂﬁy.
Lo {

uS  tongider @ QPQQ]-&\C B> I guwcs@_ Counk U}TB < %— ¢ . What ¢ the ?roL that 1 TZFU*(TM 20

% .

Consider Ca,»\,\m jcbr o %Pad{m a. Sme 1o YaPﬂrfmk, we  must have Ca,mm

et 2, ba the volue a{ +ths Couster thett 1< Incremented \06 other  IDs .

Since ha is chosen from o 2-waivecsal Fomily , omothe Ttem S mapped to ha() with probability |

9
Therefoer , E1L2.7) < Qfg.
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By Markeis Tnegulity P (2a2eQ) <7%X
- ¢
Lo Pr&\'w;\r\ 2o = 2Q> < Q?\‘Igﬂ . as The hath  functions are  chosen 7nsz1ndantﬂ,

et Q_t% and K = Q\AQ{C} , thie pwbak‘\uw oat mest €.

gc/ We }Ld need  to  wmaintoin OQ%““\QB Countecs {—m thic tosk , which < Sméf o cangtont
*EN Conctant 2 and & (szwg. ¢=o0.0l and 810\O[>‘

The hash Functions  Can be  etored «ﬁﬁ?aznﬂg ) ush; olk)= ol vav\é—) cells .

And tle Qualuofion Timae s O = ol in J‘g} word o?o_(oﬁ?ws.

Distinct Elements

The input ic stezom &% o QQ%/MG,V\UL ALy, .0y, where each a4 s chosan from “i\ﬂw-ﬂ“)].

Our algarﬁhm i< allowed to toke one Pass o{ the treom L““”‘S \mg (1 mited space Qﬂg OU"S(”+W)>>,
and veturn & Qeodd estimote  on the vumber of  distinet elements n the data  STream.

We will Jive bounds in terms  of (O&UM) Tnstead @% LDSLV\)A It s Qood n the Case whan n >>m.

Th the case wWhen ™M >N, o  Can f\‘rsf hath  @sch Ttem to o table nj"— QTSQ N or {m’&g,r/

thos with h?&L\ ‘aro\;a\a}\t&\a there WA be no  eollisions | and thus we can  ostume (Q&N‘ zo(to&nﬁ.

We chow  how to wte a  -unlvecsal  hash *Fwwwz\ +o  Qolve 4l Pro&,lam.
The Tdea 1§ to map the Univarce Ql,l,u-)n& +o i\)l,. . W\ﬂ]
Ag we hove Sen in  Lob , theee W ba vo eollistons  \with lmgﬁ\ P(Dbato\uhhg‘

ld\m“é » wa wont the  hach  values \/\(0’1“1)/“‘/]“('“) to be Q\/b’\l% distabuted N g\‘))/“‘/\"’\s?l'

3

Then T ther ace D distnct A“]""‘f“ﬁ, the T-th Smollest  hach value ghould be cloge to JU'%'
N N . —_ ~ " +.m®

Theeefore s 1 We know the  E-th smallsst non -ampty bin is 1, then T XL T ank thus ©O% -

Wa yaust be co\rmﬁw\ about the SPM& VQ%@WOMMV Tret Of all |, we o wnot iu\ms to store tha Wwhele

hoch table - &g o ‘(aaug \AV\Y\LCQSSO‘H:&.
We Bhl\a need o store T numbers beresfomi‘mg to the t Smallest Y\oh»emwa bing -

g‘bor‘m% wore nNumbers Wil M({; 3&(‘ o better estimote - but Of Course (% ra%u‘\ms mere  Space.

We will find a Soad\ t 4+ balance both +the ercov Frobab‘,tik\a ond  +the <pace re%u‘mem@n‘b.

Lets atate 4he odgcr?t%m &J{Q‘u’m

L07 Page 3



- ?Tck o Yowndom  hash &lw\c‘t\un I ’?(am O 22—l fﬁm](g.

- For 2adh tem O 3w the  data Steaom, Compute. h(ay) Mantain  the Lict s& tle T <mallest

hoash  valuet  seen go%o\(.

Lwm?

- let T e Jdr\;L J(»H/\ SW\O\HQS{' hash Volue D\“ﬁ”ﬂf all the O(Oﬁo\ \"Qp\ol\. RQ'{\A(Y\ \(:

Thesvrem %\a &zztb\r\& tZOKFQ%‘}, we  have (LD € Y <€ (14e)D wWikh Constant FVOL’M);LH‘Q»

Cose |+ We st bound the probability that X > (DD

_ - %W\SQV%)
Thic nplies that T < #ﬁm , which ¢ at mest “ o for swall %wg\ﬂ <

- g
Thie meons that there are att least t hash values that ore emallec than 5
te” (-5

On *the other hand let Xi be the iadicator vadable that nhla) < W\?
_ N st (-5 £ G-5Y)
Then &i\(;livr(\(\ﬁoxﬁi T} < —T)” SGinee hla)) ¢ Sl%uuv(\ \‘\ML\{} o be ™ ?1;--.)"\/\311.

3 2
G-3) <
\W‘Zf@&w% ‘\{ thece ore VO distinet  elements EL*‘ o‘f elomontz it hash values € ’—’“tmD\ } < vl

<
go/-&l JL%PQCM Numbe ¢ o’% Such  hoch valwes 15 € T(\':) » bt e have =z L now.

)
To bound the derivation | we (wa\?uﬁm the variance. Lot XY= E(X; _ Then BIx) < t(\’%)
D
Sine ¥; ore paliCwise indapendent Vorly) = El\/wbﬁ}{ %(\»%) LS \)or[%ﬂry(bpﬁip foc on Andicator

z
Variable X5 with Fraho\kt(ﬁa P ba‘mg 1 (in 4Wis  case b s JCL\~3"3/D>_

EVA thé\s}mv'& Tnequality | Py (ot ) = Pe( X s el %Q Pr ( M,\;D@\ > [5;

. 4 \oat LK) . q.([n%ﬁ < L
iiti g—l’L& (L%

¢ § for t=0( ).

Cose 2 ¢ We bound  the Probo\bhﬁ’g that XY < (\»Q)D. Thie ¢ very Similec to case ||

. D km
The Conditons 3”‘?1% that there are less than t+ diustinct elements wWith hagh values < St tm >D i
By o simlac caladdation , BOxD 2 Ce20E and VoD € (30 E

4 NaclX] |
'Ea Ckﬂ,\maq;\mul \\HQ%M\\\**JJ Pet<t) ¢ Py Clx-RIxXY | 2 tf:> = 2171(” <6 Lo t :OQ_L{’). a

Thetadoce _ with })roloa\ﬂ?ﬁg ot rwest )/% P (- D EY € (D

%\6 ‘(uuwﬂmé O(\D&J{) Co\)?qg omak Jvo\k‘m% the WLQJTO\V\, the <rfor Ffoba}ﬁ(ﬁé s at most % )

|
The total Space used N QK? \o&m Lq& [%(\\)) Sinee <each Copy Stoces @(*\g—) numbers  eacCh af O((DKW\> bt

and the hash —%w\cﬂov\ ov\lu(\ Yol res OUUQM> bits 4o toce .
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Note Ahat +this st con be TmFlzw\eﬁo_d\ ba balanced \o“mang cearch trees or %MES ‘o Su})?or’f —F&ST u?o(q‘tz~

Since there are abt moct OLJ{J elements . €each oFerm“\m\ Can be SMPPorTEA n Ong%) Smfs.

PQC"‘“‘LK%"H\Q@ i an optinal C\‘gof\ﬁw that wses Dhlx?f OK‘(@‘L(D& ) Space  and o) wdlate  time .
TL\\S AN bect ?DSST\AE)' Seo the ’?q?o_( - An oPt\M\ Q\SD‘\‘{:\’\M {W o digtinct Q\QW\EV\T F\DYQ\;\QJ\/\)}/ %\%

Kane, Nelsonm , and \/\)m&m{—%;

F(Q%u.zhug Moments

Ai}}a‘\r\ s et 0,,0...a, be the Theme in the data Stream whetn each ay s from NI mj].
Tor V€U € m, lof %y b2 the number of items e%l«ql to 1-

We would GWkae 4o estimate ?: > whace P 18 @ glven Constant

Note that whow ?:’0 this s N\\\ASK_ the distiach  element ?roUQm, when Fl\ T hwval .

Hee v ‘%ocus on the P‘“mfzm when P=> . Ond later mentione Yeswltg %r other P

The “\&U*’RH"V‘" [ V“‘a S.‘m?& and ZIQ&““‘“ Ths ¢ a V”H \w\&)mrfwf fesults in deta g't(—lﬂwﬂﬂg DxlSD{TTL\mS‘

- Sef Ll 0 \Jr\&a?e»\dm\ﬂ\& o be 11 with ‘PW\O L/2 ond -1 with P”’L l/1-

Vs

5 X

~  Mavtoun Z= 2 A ( this can be dene b% :}wst S%o(‘mg the Ccurrent valke o{f Z>

~ Ratwrn Y:—ii

We will ?WV‘L “that \( s a KDW\ QP?WV\(N\qﬂDr\ to ) X\‘l Wwith L\\&L\ Ffbba\ﬁ\ﬁ\a.

=\

st we show that E[Y}: \Z\xf

" 2
Qi\/\u, Y*: ZQ: &T‘E (:X{) , E[\f] :EK211 :\;;ZSSME[Y\‘XKW\BXS} - ‘Z X‘\X\‘) Eif](&}

RSB

When ii\j ‘ Elrrid =) ) when \\*3 EQYI r&] = Eirﬂ EE(&} =0,

Thehoa | 0= B2 = 247

=1

To Show that it s a &cuo\ QPPrOX\W\aﬁW\ with \/\‘\&\'\ \xn\oc\\oi\'\ﬁ%, we need to Show that 216 concortrated -

Ofound. 1Y Jz)x?adzf}\ Value . {oc which Wl Wee Q}\Lblagkeu/s \‘ne%(,\ohtﬁﬂ‘

go we a“"?"*"’ Ei\fll - EY‘ZQB :\<‘S] k(< Y?X\gykxq Eﬁf“r‘ﬂﬁftx .

Note that EEV;YJY\A’QX‘\D Whenzuec  one  index ApPpeAre onha once .
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Therefore there are onl% Lwo

Stiekions  When EL\TV:\(KY Ql %0:
- \/\[\r\b\'\. K:l:k:(& s (}n\t}\ "HI\\\S C/SV\'E;\\O\/\YU E\ y}% ﬁ E E\(I]

> S
~ When Two ndices appeac twice . ond Tthis corbributes <’) E) . X\j o gEYl
G wl(1- B2 : 3

3

46 S T
\ < :

J
e Varl¥1= BELVY-E0AY = m(2)- (51)

4] m 2
_ “ VA = >
E‘ X, + (—.)ES X3 y\) - &\FIX\ 3
m b kS ] >
- I I - (Tt ez o)
Y=y \<S J =\ \45 \)
= & TN

¢ () = ey
\) A T;‘ !
T o \
%La thag\\eu's Tv\e_c%m[{t% , \DYQ \\i‘\:ix]\ 2 QS\/NYK] } T T
Thic a\rmd% m?ngg “+hat P(& \Y—EL\/}\ 2 els EIY}> < é S{H?ng o Constant —Facfor Opp roximation.
To SCJt o L\’Li}’&{)?f(}\c\\moﬁlov\/ Wwe heed to /Sl\)y\d\ o Vaiable

Y e BEOQ= R
o{* \(/ < Smallec .

but the varionce
TL\L g‘\?}\‘(\d&(i‘ W) o\% ‘o

Ko this g to Qom\)k,&a Ny, Ya o Xy onk take the Ve fopse
’ 3 , _ ’ K \
Lee ¥ = (2 W0k hen BLCT=ELY) ana VorlY D= 3 Var[¥e/k) = < VarLY)

Thesekoa s Pe CVC-BOOA L 2 < S BOYD ) £ Ve

¢ (w0
Qa&tm& C to be a Constant

and k2 O0/&) Wil gt an L\t‘u\\aw(wmbﬁﬂm WAt
ConStont Fvn\oc\\o\\‘\%\

The SP&L;L (‘l%u\\(/u}\ +to (;vwv?td‘ﬂz ona

X 18 te  Store  one Nuwmbee 2. Co
o V&) wumberc.

\”Q%L,Rr@d\ \S

Wit |

the *total Lpace

how do Wa ann?tdw, 2 ‘\& we cXOV\/T <tore

AT RIS o 2_, Thic raaﬁmﬂru w o o, &UH\WSL\
VO30 net as bad ow S&or‘\w% ol the data , tois ot wndesicable T{ the WUnVecse 1S [O\C&Q (a&. P m}d\rasg.

A k;ug Pgmt about  thic QPP(MC\,\ 15 that we Onla noad  tha Vatiables to b Gowice Tnokmgimkanj , £o
+thot the Qm%s\\s about Eifz\“jw\rﬂ would. 2l hold .
m Gewise Tr\d\&?ar\dev\T Hti h  be Szy\q(od‘zd\ ’erbm

OUn&m\ {andom  bite

Lo

the  ext(o
TL%M‘\MUX —Eor the Computrotion S Mka DU»SW\).

gﬁro‘g e

tD the Ydea O% AvmenSion

Thie G\PP(M\AA TS Called Si:zﬁd\‘mzi which s Vua use\cw\ N dotn ST(LO\»\MS ngbﬂt‘f\m& Tt ¢ do&tta o lgted
rZOL[ACﬁDr\‘
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What obewt §\X‘?i Tt fwns ot that 9&\/\\—3 ?o\\étmé(vﬁv SPDLCL S m%m(U\ o esbmate E\YIF »glbp
o\wg F>1' On the othec hand_ {vr 05?3 > ( F can be frmﬁom\) ,  then O(?o\\akeng\)) SPO\(Q

RRN anugk .

Refocen HMV\% Wittec s Arom chaptec 12 ol ° P(oba&?\ﬂﬁa Gn d Comwﬂnsu.

Distnct elemants  and "E((L:%wmoa mamenls  afe from  Course notes of 489S n MIT )aa Plote Tndyk.
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