CS 466 /666 - Aljor}'thm Des-‘xr\ and Ahu\ljsls . S’Prinj 2019 . Waterloo.
lectuce 6 Hasking

Ho\sk‘mg Vs net vn\é MﬁL‘g\hl h das?gmmg on  efficient data  Structure  for SerL\MS o but % gl

oﬁzg?SnT,\S deta %”Wmm‘mg O\gnr\rﬂ\mg ond n o{um\dm‘ysqﬂmm
An TmPuﬂLmT cmcqﬁr that  we uwill %meké oo wnofin of k-wise ?Mta?muni vatiables

We will cee  apphicatims n data S%Ymmingg nothe nevt  lectuce

Hash Functions

A ‘P(‘\mma motivahion Uf O&Q&‘\&nin& a  hash fmncﬁm i< o obtwin an Lﬁtdent dato  Ltructuce fa\r Slu(c\zﬁwg

Wa  would, like o ochiove OU)  warch time V\g‘w\& tloe  RAM  (rowdsm access maching) model.

Tn the RAVL wmodel , Wwao 0OSSume £lal we Can  GCcaée on arblt{mmd postim in o atfon n OU) tme.

\We olso acsame tat the wivd i‘&c ic (&Y&Q zzhom&f\ and, 1t taker 0 Time fw o rvd opqmﬁm_

Congider the Scenacio that we would ke to store n eloments U\ans) f{m the et M:%O,_./w/l}

An ebuiows Q?Pgoad\ s o we an o\((rx\a A o’f o 2lements Ivﬁﬁm“g AL\ =o {“( all v, onmd  when

o kq,\a Ts ingertak , we set ATIY=) L and thic guPPWB Smmhhg Ol Bwe Tn The RAM moda.

Euﬁ&,eﬁ Course , this approach rsz%m\m; tvo  rmuch Cpace , when M >5n.
T z\mm\)m/ eormavdec the Scenario that M ¢ tla et ef all  TP-oaddrectec ond n Ts tle

Nuwmbaor @f P addresses \/Tg?t\v\& Wa tertoo pac d\m\g.

(A§e7(u{

Id@ikﬂj wae  wouldh [Tke 10 wee m\a on A{fma ef ST&(L On) and <Bill S\APPWH Qurc\,\‘md in O +ime.

A wﬁ& i weed 0 mop the 2loment ¢ @f The b}g waveise ™ tle locationd ™ the small toble.

A hosh todle 1< o datwn Structuce tlat  Congists Of the fcﬂwﬁng Comprments

- o “table T with n celle  Indexed ‘O\a N:%\O/&/,.,/h»la , Loch cell can Stole O([DXW\> bits .

o hosh fw\cﬁtm h: M>N.

dek\g/ wt wont the hash funcion  to map dﬁ{fqruﬂ kmag into  diffecent locations.
But , o‘(: Coufle, b\a tla P‘x&amks\& Pr‘md\)\AJ this ¢ ‘\vv\{;os{\k)\l 10 ochizve ‘\f we do not know tle

ka’\ﬂg ia odvance .
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We Say tHeore T¢ o collision T\C Xxy bwt HLJO?MZ)\

Tnsterd , whak wo Coan Rofw e i o howe a M ef hash ’fmmﬁms, Qo that the number o\c
Collisons 75 Swmall  with htgh Probqb?\ck\a, ﬁ[ wa Pkk o Yondom  hosh fvmcﬁkm Trom the famita_

Wa ossume the l<u$s Coming afe ma@@n&m frm tle  hosh \Cmcﬁm« tloat wa choose (2.
thove ¢ wo “oui\msma " who kwows our internal Condemnees  and, cheose o, bad  Set ei\ kﬂng
fw oue hagh Tunctions ) .

We do not  astume that we know the k@\&& n advanw, . ( ﬁdv_ok\\\&, L2uen T{ wa  know the

krbﬂg W advanw . 1t Ts nom-triviel Yo okas\w&n o Qosd hash fw\cﬁm; see Fz(ﬁut P\as%h\g [oﬂ‘ar.)

A notucal dloa s O Conal deec the Rash f&\vvx‘\ L\a bﬁ“& e Qat B'f all ‘ancb\ﬂ\s ‘ﬁw M Yo ]\)J
oOnd  \wa jmsf p\\CK o Yondtm {\M\d\\tm h-M>KN as o hash %M\Lﬁlm .
Thus. the gﬁ‘m& 16 the Seme S the balle-and - bing gmttﬁn& it we }wst Studl ed

gupposz tlete ot n k@uds,

Than . tle 2xpactas. Rwm bec efg kuas n oo locabm J¢ tne , and the wmodmum (ooded (ecation  hag
Qikagm /Lo&(u&n) K@\AS‘

We can store the Keys that afe hoshed Tnto tle Some locabion b\(’} o linked [st-

Thic T¢ colled  choin msm% , fov which tle expected search Bme T 0(1) , while the moeximum

Qeafch Hw\k i< OL\O&V\ /(D&(n&v\}.

Using the \dea of powec v two cheles, we con use e andem functins  h, and hy
When  we et o veldue v, e ook at the (ocations h&) and hy(X) and Stoe x n a  least (vaded
location . When we Qeacdh . Wi Seaich both te  [nked lists Tn location  h (&) amd  h,00).

Then, we can  veduw the moimum  Ceardh Time  to O(\og&o&v\) while  net \muu\s\n% the average

ozacch Hme b\g much

Rondsm Hash Functions 2

So %M o iooo\/ but  we \fgr\wefi e tanes of tle Ttime B ovaluate A& and  the Space

T{%\A\\(Lw\amf Tt gtove h (So thot wo could Qom?uﬁt h ) Q&a\w\)-
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Tl’\.ﬁ,‘(‘Q_ s :Jmst no \/\JD\\S we  Could Ao it e{‘f{dznﬂ\g —Ea\f Qa Yandom ‘Funcﬁm_

Consdor  a  (andom ’%M\dﬂw\ h-MaN.  To ghore +hic doble 3¢ ra%u\\(és ot least vvxkv&n bite RS

J

2och  elemant rm%u\ms \agn bits to  Yemembar e (ocatitn . Thic (¢ eyen more  than %qv‘w\(g an aym\a
o% e M- Withowt WSing  go much Space  there S o way o Compute  h&x) z{ﬁdmﬂg) we

O{W\/T even  Know which {\Amﬁw to Comlthg_, o Cm,*[ &et Consistent omswers 1 the Qﬁmﬁzs.

Iotaﬁuﬂ, e we O celle Hfor the hach dable whaore enclh cell <tores [ogm b, we would (ke
T atwe the function sing 0L cells . go that tt dloes wnot creste oy overhead, in Stotage Feguirement -
This maans that  Ollogm) bBits can vepresest the hash Function , and  thecefoce  the  hash
\Cmma Showld have ot west Pbk%u@ fmwaﬁmg (instond, b«{ W fundbet from Mo 4o N ).
Foctunately . by c[ms-m} o hash fanchom from & small hach ﬁw:ta . we can still achiew gome of
e Properties guarontsed ba the vondswm  hash {mcﬁmg. This t¢ @imliac M QP\r\% +v O{thndmlgq,{QV»\;

but hete we do that For tle <ake e\t &f{?clama QJT time  and EPGCL,

Tn ghork, wo nged oo ucant (LF(iSénmﬁm o‘f o hegh \Cmnch‘m, A Suppor T ‘Emt %ﬂrﬁ and
Yaasmw_ (Tttle %W&&L Spac

Tov this, wa Tatredkua o Weaker Mﬁn\\ﬁs\n @T T an domness .

Povewise Tndependance

Tor o et c& n ‘mdu?udaﬁ vonkom varicbles . we have Py (Q\QXI’"II>> = 0 Pr b(”\?ls.

(=1

Dﬁr\u’»\im_ A get BJY Candtm yoriables X\)Xi,u.,Xw To Kewice independent \\f “for awa ubset TELLA]

\/\/KHA kl\ﬁk o\mo\ ‘Fv\( Qma \/o‘h,\,fi,j ;‘(,; ,761) P((m (X; :XI)\> - T\ PT(X;:XC>.
3 eL

The gPaaaL cate  whon k=2 1¢ called Pd\rwisg W\OLZI[)QVWLO/VLM,

To see W\Aﬂ porwise independent variables  are easier o 3@\4(9&1 we Constder two emmF\u.

Trample ( Gwivam o Candom Bt X, .., X, . one can gahuﬂt )_b~L ?a\rw‘m& Tr\do_per\deﬁ bits as {o((nm:
Thumente  tle 1,‘9»\ V\wzmtﬁ\a SulSe b2 GIY i\)il...)\avj,

Tov each Queh Cubset S / d\alyivxt \{g = \<( L owhere @ denotes tla  mod opefafion .

e g

Thew T ¢ easg to cee that each bt ¢ voundom ‘p\a the P\’\m}?lt "JY M—%uru& dedicion
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(TL\Q _@WC\?\Q of daforcad  decicon Saus thet wa Gan fix a biE ¥ Wik TS, and think o-f the

pPevtete owt cLuos'mé o {ontom HYM&/ X, X, oas Liest d\idoLMg tle valur OJT otec bt and  then

cﬂuld\lv\k o valbo of tle 1-bit. E\é f\x‘m& all ether bt | qince xi=1 e O itk \)wuka\n?ﬁfn -+

\fg Sosadl e%m(\% \:mu& th be O o 1.

Movs ”ngvmu\/s, this Fr‘mL\?\L IS :J\A&T &m\j\ng ot ?( ( Ygll \ al bty KK(_H.P{' \(*\3 = ’\i ,\[’“ ol Poss;E(L
Values ejx 4l (;Lma‘¢n}w5 bitc \m?\?es thot Pr L\Tg“—/l»:% , ande Tt {ollows Q(um Conditional Frob:ﬂ;\l?%)

Cov\siote( Fwo <ubsets g) ond. QZ . Lot Xy e g\fgl. (@\a o E(‘ch\t)\q 9-{ o&a-fwr;u}\ deciipm o \(“/

(
we can algo arpwe tat By C \fgL: c \ \/gliok\> BN fﬁ\' ﬂmg Two valwes o d € %0)\73.
Lol

Tkzrqfwz) P\(&\\/Q\ZC 0 \\/gi’—ok > = Pr {\{gL:C \\/gz‘“O’\B ?( LYg;dX = \T,'z‘ 5.
Thig P(u\/as e Pa‘\rw‘w&{ mdzwmdw&_

Gﬂven o Nde?awkm‘f , un\xfo(w\ values ><L ond Xy  over “YDA,.,‘) P—l% , W2 can erale (D

EXQME[Q pE
Fmrw\sL MAQP@V\MY\{ condow  variables ba ga{}ng \(7:<X‘+I X)\ \mudP —Qo( L:o,l/_.,)F/\) Whare P s Pr\w‘l‘

Aamﬂ, b\& Aeferred  decisions, AR U»vﬁ‘{or‘m[ta cand. om. .

|
Toc Fo[\(w‘\sz ﬂ«o(@[mvxd(an% , we wont to chow that Pr Q\Y;:a ) Yj:\ﬂ =~ ? .

The avent  [7za and \’J:b is e%m\m(zn“c ~+o b(‘ﬁxgmdf}:a and (Xﬁri)(,,}md\% =

Thete  two Q%MJYEDV\S on two variables  have o bww\%ul solution ((becanse P s piwme, ond multiphcative nverse Mkﬁg)

¥, = Cbr @gj,zy‘mm ond X =(- 1 () Y1) meod P
g”‘% there are Pl clasicas ’%\( X, omd Y), ok there g ov\an e Choce ‘&)v \<710\ XN \{JiLJJ

thig MELQ& tat Pr&\{;:a N \‘\/\31‘051 fPL) , FW\MK +the Pa\rw‘&i ﬁnoﬁefu\o(ev\m.

Ckz\mamv’s TM%/MVCI%% Tov ?m\fw\sa mkaFemm& vatables | we have  EL%YD) = TG ElR).

Tlag Tmplios that Cou L ,X@: o .

" n
Tt {DM\MS that \/arE E‘ X\] = EL \/Q(EXI‘X jcmf Poarw‘\&e ‘mmfehmn# Variables .

APP\W& CL\Q\O@EMVZ “\r\u%m[‘&gl %‘\vu: Pr(b(»E[)Q\EQ) < \/O»FLEXJ - E\/A(D(;] Lor X= ;’;X;‘

a o

Univecsal Hash Functiong

DL{(\W@}W Lot U be o wnvwse with LUl2n oand Lot \/ig\o,t,.,.,v\q?y A ]Caw‘\\a s‘{* hash  function g
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H frow U t U ¢ savd t be  k-wnivessl T\( ,*Fw ary distnet  olewents 3, %, .., X and ‘fw\{ a

hagh thcﬁ'w h chosen mn‘w{nw(\a at  candem %m H o, we have

Pe(ha)shay s o= m@) <
heH

\
N
Tt 1 caid to be ¢ tronoly  K-wmiversal Tf —fm( wué values

haslh ‘{:\m\(,ﬁm IN —EYC"\I\ }(, ;W have Py LQ\
her

\ﬂutdw\,)%K&QQ/\)_‘./V\V\H and. a Tandrm

L:Q:U) f\uug:%) . (\Qb\tx\gt%@\ - i}( foe disthet x;.

We  wnll ‘gom& v - wwvesel  and gﬁ”ﬁté Y- umveigol {amilim o{ hach ‘F\AV\CﬁMr

L-unmyugal  omd gﬁmng[é ) -uwiversa | \Qmmlta DMMM
ok U=\-= 10, Ve, Pw\j] \MLJ(L P ¢ o P(Imm by

L,QJT L\Q/bLX) = an&b) Mo d JP

et H:Ma,b \ Oéaﬂafpw%.

Cloim jﬂt IS SMAS[L@ Y - knivssal .

M We need o X;uwz tHat PFKU\A,E(L}:%\B f\LL\“/bL’LQ?Up}) - 1Pl &w SN e OM\% Kd”t\) )

Qo&‘\&{—\ﬂiw& honO=Y, and  hgy () =Yy means (OLDLL#UMD&P =u. and (axs+1) mod P =Y

Gﬂ\/evx Xﬂﬁiykju k(P , tlese oare two Wneac QQSUJ&\\DV\S With two vaciables . amd JCLzzro, TS o w‘[%u go(u\,{‘mn‘

o= %"V&‘B Qxfx[)“wmk P and b :(\3\ - mcl\ mod P

m .

Hone tlere t¢ s\f\k\a one Choia 0{» Q\,b) ont BAIL FL Foss\.E{[TtTfLs goﬂ(?smmg thete  comditime P(ov‘w\da tle cla
0

The above  constrnction on\a defines o %“Vror\ghg 2-unversal  hagh WCWM\'LQ when (ul=tvl,  Ta aPPlicﬂTm/ we
V\St/m{ha Wweant o daﬁha o VM\W‘MX \Qm a (qvgl wuwveste o o  Small rm\ga.

Thece 1S @an easy way Yo extend Heo  obove construction to thic QL%MS'

[t U= {‘D,[,)/,H )Fk_ﬂj and = I\\DJ\).../P’\ 73 {w Some Tntaf/&( K and F{]ma P

K-\ -
Intaroat aoch element wel) ocs o yechw ?\:(U\D,\M,..) W) where OSu}ﬁP'L oand > u“!? =wn .

T=v

In other words . Tatecpret W as @ “‘F—mav nuwmber.
Tov Oxma vector E:qu,,/ak/ﬁ with OEW\SF*\ fq\( o<1 < k-l , ond A{vv any b withh OEL;S?»[} le €

\(\5?75(?&3: (E‘ oqu&b) W\ariP o Let H 2 ;\\”Q,\o\ @{q;/bg?«{ %« all o<t ikft% .

Clowm - }’( < Sf((mglé 2-umvecsal
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e We e 4o pove P (U (R0 0y 0 g 2)-40) =

Assume Wio® Uy o Then thece condilisne are G.E/w\l\/a[ﬂ,wt to

-l K-t
(K"M""*\Oj(%“:\i\_l o\jq\/‘J\w\N}\P and AWy +h ‘—(L:SL-»S

=1

0\3 \AL\‘J\)V\'\ué\ P .

=

For %Iuan QoA s Uy /TL/\jU\j) , ot g anW “wo €%o\c&1w$ with two vanables %av‘mz o wﬁ%w_ Colution .
Henee | for JZV?/’\a QA L there s exadlz one Chove 91{ an;t)‘} owt o{ 1;1 PvSsihi\itD‘zA (cd?rfﬂmj the Condditiong

0

Tk@m{\wa Pr ((\/\E’bﬁ\fﬂl(ﬁ\x 0 ( ]/\t\‘,\,JL:Lﬁ lnwuyﬁ E ‘L»’ ) Ffw?ng the clatm .

v

F‘malba, tle obove Censteuction can be u{\(l/uwcoffuk " o am\a table S\\So, oand 16 Bl 2-uwiversal
Lot hapa) :((Ql*b)lﬂwr}\?>m:}d\ n ook }(ziko\,b | kéfx{?ﬂ , o{ggp/ﬂ] ,
CLOJLM H \\S 1*(/1»\\\V(L(S0LK_

Y 06 Txesdsga . Ceo Lamma 123.6 9{ MU 4

Note =that thare it o pime  hetween m and 2m  for ony Arteger  m ba Berte and’s Pvg@bjm (see wiki)

ond So the above ’gmvvx\\\xa works o oy moomd Iwé O[/\ODSW\S A plime M p <M

Alce one  can 0111{‘”\% hash %m‘vlw‘as —gu( other {u\d\s} e.i’. {‘;z[ot& with 1K vlements |

k- unwivasgal 'FG\-W\\A[,\A\ of  hash jcu\vxcfims
[

‘P‘\CK [ andom O\DJO\)/.,‘)QK%GSZ(‘)/L/\_\)'P—fs L@t \f\;(l’s = ( (G\\cﬂlp\*&\‘kﬂjﬂé—l—k ...+C\t7~+QD\ Mo d P)M@AV\‘
Thew wtocan be ghown that 7‘(‘— r L\Ql béq;égwt , O S\L{P*\% ¢ o k-univecaw!l  hach {w\d[on L and,

n -Fmd‘ \/QY\A cloce to o Shohgt\a k-univecal  hash fw\cf[w\.

Hoshing using d-universal families
\J \

Uks\r\& o hash frm‘,ta H o= Q ha o O \ \Saév«l, OébéPﬁl% where g GOz ((ax+b)wod P> modn, e
only need f choose bt select a hash fundion: Gl we can St thic hach Functio g
Ow\a 0L cells  (reeall that gach cell can chwe (ngm b»‘h> Also | the hash valu caw be
2ualwated very guickly , wsing only OL) oporafiont 0w logt-bit words -

Qo) these lash functiond  gatisfy  the Small Spac Yegirement  omd also the fast evaluation roguiremont.

Can tkmg\ %\ua tle come qumﬁw& as  vondon  hagh {umﬁmgz@
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The QKPQUVM Seacch time o{f clha™m \:\stmg com B be Sucro\vmzuk.

Lemma Assume w elements in S are hashed into an wn-bin L\Aslmxg table b\a m%‘m& a  Coandow hach {-\M\cﬁm

{rm o -wavescal fmw?ha_ Tov oan mb‘\t\rma elament  x, (et W be the numbsy s{ tams at bin %Lx)_

The m /o \\{ ¥ & C
n E[X] < § (W\ﬂ) .
(I n W]L X GS

‘Pfoaig LQt x\tl 1\{ YL& \\“Hr\ /?_LQYVH’,V\'t 9&’ g TS Tn ‘tL& same La\\/\ [BNN X D\_V\d\ O ofwa\vS!L.
Stnee tla hath \meﬁrw\ s ChoSen (waokm% f{m a D wwiveral \Camlta, Vvt \CDUDWE that Py b(‘f—l)t \/n.

Therefor e szyz*g T = " ox& S and e O vl e ©0

How&\/u/( we Qan ot &v\a(m\‘rmm thoit the madimum  load b has O ( (v\gh/tw&(wg V\> balls .

Lok X‘J =\ T{ Ttewe ¥ and \cj are \N\&\?\uzr& to Yhe Come location .
et X = > X7 be vl number S‘f wllisims  between paics 0{ hems
\€Tﬂ-JEm & P
_ ‘ ~ N ¢ s A s
Then Tlx) = % EEX\J] S E e W= \'\Hﬂ)) ) ?3 5 < SN

b\a - w\vmsah%\a

> {

B\a Max kov/s ‘\Mg_wmh'ﬁa Py M\,\ DR

2

gm\)?o&l that the mavimum loaxd XS X Then  with P{ob > J; we have K\;\)EWT B whida M’P\\(’A

tlot Y < W\J 2fn W hen men , the  madmum (ma\ T¢ at  mest Jrn  wath Fw\o BJ;

Remacs To gmrw%u aimum, Losd, O(ko&h/toj[ugvﬂ JE S eheugk * oww o OC[OQS}\/(OJS (D3A>—w?vusn
hash ‘Fc\m}[\g (whf)l bt wotice Hat the evalwation  time would also X wp o

Oﬁko&v\/to&\w&ﬂ> word  opecations  wWhich ey net be o jood “L\[Miloq[]ﬁ_

Pecfect Hashing
N [\
Gj\\/zm a {ﬁxoj\ Q@JC < L, we wawk to build o dote Sdmcture  fo %mwwt Ov\ka Caaxcly @PU%J\:GV\S
with  gxcellent wwst cose %mmvﬁcaa. Lok m= s\,

Thie P\’o%\am ¢ V\s»z-fm, \Cw mmyu Tn ‘ovﬁ\kmé a stabc oLTcmmm%,

A hoslh \Cm\ct]m < gu;&ut ‘\f 1 tokes o constamt numbes g—f bﬁg,(cﬁﬁm; (on Qo&m\‘\o?f WNOLS>

o {Mrk an Ytem o determine tHat T dnasvjt past.
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T‘wgt) Convinee Kdov\(sal‘f that 3t % hot a4 Bivial P(ob\gw\ ;g o‘\qﬁw\‘mg a escted ” {m\cﬁw wvv\/t

wivk  becanse udnm Q,ml/f eualuate the \gk/\,wt%ﬁ\/\ c%w\,ct Q\,\m&g\,\.

Parfect L\adm& i asy Trf thare 1o swfficient space.

Lemma 1% he H < o Condom  hach “g\nv\d\\é\'\ {(m o D-umvecal \Cmm\tv& YRApping tho  umverce
U mto Lo nt], then, £ov amy cet S of ee m whon  m < ¥n, tha probability of
\oe‘m& ?gr-{ut -f%:( C i¢ ot laast L/1.

Proot The prosf 1o Similar to the onalyes T madmum  foad

Us‘\v\& 4l abbre okt and  Calewlatiom ,  tlha MFQdM nuwmbar si(» wollismms ¢ lese than W‘L/zv\.

%\8 Mackou's m%@t.%, thig ‘\MP\:as +hat Perz%é) < %

When  nZm , thic means that thic s Fu{aﬁf (o colliviws ) with P‘H:bfa\,:\;\ﬁa ol \eagt k/1.
]

To &Na\ a ?W({a,tt ‘/\421/\ —Gmnc‘ﬁov\‘ Wwe Qawn %Q/vxa,ﬂ‘v‘ﬂ, ‘fO\V\DLD\M \f\D»d«\ {\/VM,HM "&b\m f['\\‘S \%WM[\G ovnd,
check whatlor T 1o Pu{»uf. This % a Lug*\/ggas ngﬁ‘r:'tbm , Oh owwq&&l we W\Lé need o chack
ot mest two hash {vw\d:md,

Ho\,\/mve,«, +hve schame rvtjz,i\rz,s D_&w&) bws .

\Js‘mg o two-lavel \'\M\m\& Sdheme , wa Can ouswgw a Po,({ub L\Mk‘m& schemae  with on\\e\ Olm)  lons.
st , we wie a hegh J%wxdv\w\ to VM\> the elomenis Inte a fovla Sf M bhs .

Ac we hove teen the movmum lood  onld be O (Sm).

The tdea j¢ do build a Second hach twmble {w{ the olomentz W\QW@&\ o 2ach b

UY o bin hat K ifems, by the aboue reswlt tla ceond hash  table only mesds 6K bme,

va\%\mng these C,Q(ﬂ&\muxé Wil give o Faq[ad hash «Fm\at?w\ wWith m\ta Olm) long.

Theotam.  The two-\ovel approach gres o pecfect mgm& Scheme o m Ttoms m“{ Olm) b,
Proof A< shown obove, the number 9{ Colligimns X t¢ at wegt ™ /n with Ewm\‘uﬁa ok leagt 1/
Qo £ wen, the number of Gl T at mest Mmoo with pebsbiliby Vs

This fst loval  hash funtion Can e found by Brypmg ond Checking  rondom hach  functions from  tla

'QWM\‘L\Q' And on average  we cnb\a need  t check at msgt bwo {wndﬁws So thatl  Feollisions £ .
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Lot c. be thee vuumber a{» Ttems  in tha -t bw Then Sl (1\3 < o

We uwse o Second hash fwna{%ﬂa tlat Si\/u no  collision m%\v\& CL“ QPACL‘,‘FW( aach b with Q}Pl,

E\a tle above lomma wo com {%A Swelh o fwndﬁv\ ‘o\% ﬁk{\\\& ot mect D @ndewm  hash functions on dvecage .

M3

% m < 2
G o= ome x> (1) *\ECR S mtdlmtm = dm
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