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Leckuce 5: Balls and Bing

Balls  and bine s a  basic  (andem process that  undeclies  Caveral  commmn phenomenons .

Today s gh&a Some  basic  questiong  and  one :mm\mg vagiont  Yefeek ac the  powac o Huwe cholces

Naoxk Ame wa  ace \sgu’mg to  Sop YoM Q\;?\:CA{WS, Sin L\asb\‘mg,

Raolls _ond  Bing

We have o balls omd  n bins o Badh ball T theown fo A wniformly Candon b independestly
We wouwld ke to Shudiy what does o ﬂd»\a:m\ Stuaton  look (ke .

There afe oy qwsh'm ome Can sl to wmderstand  the  distibubion  of tle balls Tty the bwns.

We start G{vw\ Som o usva Calemlations .

Expectted Number o{: Balle in_a Bin

Lot B;,S be  the Tndicator variable  tlat  ball joTe ™ owm T
M " Ligl . R moy B
Then BT oo tn bin 11> BL 3 Byl = 3 Bl = 2 weloany s e 2 5 s AT
RN pPosBemlac, whern  wzn , tle 2xpetled number e—§ balls sh oo bin  T¢ onmg -
Do wa szaU{ that mosk bine hove obowt ene boll  west u{ e Bwe 3
What s the Prohabtk‘n\g That  therw s &xadlb one ball in each bin ¢
TExpected num of ewmptuy bing
Lot \<1 be o Wndicator vadiable that T T is JZ,V\MK)J(\%
\ ™M ‘% X -X

Than 'EE\(;] = Pr( in 1 ig amP*\a3 = (v-9) x Q0 (ws‘w\& \-x €2 awd ¥ ® L ﬁ{ small x)

n & o
Co, EL# of empty bras J = EL 201 = 2 R0GT = nog ™,
When  m=an,  Wwe L&onbd\ b otee tlat o Lg/fﬁmﬁw D’i the  bing  are Dw\\v‘%\a_
Tuwst Lbo\(\»\& ot the z\‘\)ufmov\ e‘ﬁ o wmove O &Kan\ 7 vodiable g‘uvms o better mvxd\ustmwésw& a{ tha distnbation .

Moaximum Load Question : What ¢ tle movimum  vwmbac O‘ﬁ bolls N o bl -{\SP\(A\\\AI‘,

w

A g\v\,\()\u %Msﬁm« RS 'fw whal wm do  we 52,\(?@0& o Wweo twe ballc ™ oa min ( a

1
o llXgom ouws)_
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The Wethdao atoddx  Te  tle Cat when nz=266  ( igy\w‘m& b 29).

The probawility that thacs ace no  callisim in the st m balls i

2 \ — (m-Om — ™
-

-\ - e
G- C-=) G- B0 < o ™ N = @ An o g

This \vw\oa\ﬁk?wa wold be  Swaller than 2 wlaw  ow T \J an hay |

ot n=3b6, AE coys that when  wmzonaf L the Pwhcm% that  tle nundmuwme load ¢ at
least tweo V¢ oot leact /s Thie  e¢timate T very cosr b tle &xact answos.

To Swmmarize ., wa 2xpect by see o coliteen  when  m = 0(JR) s observation 1o wseful T diffacent
Flau,s Lsz,&. Kasbﬁw&, Qnm\\a%ﬁ\% o hewhstic ‘fvv fmtu{‘m% mﬁ&us Cate )

An intwitive axplanatim Tc that  tlece are M pairs ef possible  collisone | and  we axpet Some  collism

would occur whan VV\I{X\/\, Tngtead o& the incovvedd ntaition  tlat  Colligent wwould occur UML\&

\I\/kﬂ/‘(\ "M V\/l,

The moximum load when wm=zpn

n LK
The Ph%zx\a\\iﬁ% thal o bin has ot lesst K balls T af moest (KB () . hb & wnion  bound,

Tt © B‘FW.V\ that we have to deal with bhwowmlal (/szﬁo\\b'\ﬁ,

n K " n® ne \¥F
Sovmae mgq;g\,bl bournds age - ’\Z) < &Kﬁ < T < ( s The pmvfs ofa \qt as  Qxerases.
LS
LK LNk 2
Us‘w\& e bound ,  tho obove Probmbtwt\a s at most \<\ () = PSR
Jlk W x k- kink
@‘g the union boumd, Pl seme b has ot least Ik bolls & S N Tk T2

We wold ke o sctimate  the Swallest k' <Swelh  that  this pmbmmmd T Qwall angh
Th other wowvds, we  want  thke  miwimum  k such  tlat klnk > 4non .
anm& K> 30on [ Lalnn wounld o C Simple calewlations |, toe MU &) .

-H\U(L)iwl) with L\‘&L\ \)Yobch:uﬁa B “H'\K, AR MU komrk XS ot wps O( lhh/,QV\Qn w\ R

Thie Oﬁﬁnw/%\&lnv\\ Comes  wp  in ‘r\asl,\iwg and alse n owa\\ag?g s»f» D\fw{nxzmoﬁim\ a\éor‘&\qms

(Q,%. WO ot the  best knoun apploximation Catio A5 Congestion wﬂn‘\m?smﬁor\ n Lol ).

Coupon  Collectov Question * Tov what m  do we axpect to have no JZW\'\)l\‘é s 3
et X be the wumwbec QJV balls thiowa wuntil tlace afe  wno ﬂ/vw’(i\‘vb bins -

Let Y5 be the number of bolle  thiown when tlere oave  fxactly v ewbty  hiac
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Ten T2 ELE ) 2 3T

T=

How b Compwi L T R Note tlat 2ach X5 ¢ a qeometic Yondom Variable with Pomml‘(u P:\’ﬂ
Recall tlat o geometic Tondom  vacdble N xe fiven H‘?& thr drehibut. tlat e (Y= k) = Q\f@k‘\P,

Tvn words, Y 35 4l number e{ t™isls  wntil tle {x\(w suceesS | when  tle Suciess P{cbabi\r&\a < P

\

The &yPuru’\ value ef a Samﬁcv?c Condeom Vo able L( with \)Mavv\emr P TS P
Thete aft at loast theet way s v tee YL
@ dicect  calewlatton {‘(s\m the ouf\\ﬁb\m with  a ot?ﬁuamlmm Nk |

@ e ELY] = S‘\?rw:r) = 2 RelY2i) - g (\ﬁ\;)"\ = 1/0-p) 2

v S=
T«

C\v\ﬂ‘\&ﬂ. n{ Summa o

@ e Conditional  probalility B oague that BIVY: pox U»@(EN]*O = L) RUD 1, henee EB(YD: I/p .

" N N - oy
Avugwma, we have EULY) = ? EEY‘J 2 % \/(\/w} = :\E % nlaw (NE‘T = HV\ st w-th hof monic vwml:er).

=y

This wdnn Corves as o lwwec \muv\é\ {o( o\Tﬁtunv& %\Aiv\gs, Q&_ o covar tiwe D{ Candom  Walk  1n

O Compefe gmyl\ . Numbec ?)—%\ degas needed  \n gm’ek S’?e(s\yf‘mﬁw bé Tomdom mmP/MJ chFz a\(goritl\w»s.

Heut sh Couments

We  showed  thak  the mosdmwn load ts O(8an [ Talen ) with Wigh probebility . Te vt wigw 3

What s e \mmm% OJY }\a\fmg o @wy%u% ban a{wr fk(w‘m& ndan € on \oal\gz

The  moin  technical oUchu(ha in amtm‘mg balle and  bine it that the randsw Variables  invelved  are
mt indeprndet . and o for exemple  Chionoff bounds  can not e diroctly  applied

T Qme Qhuation , such og ana\u&‘m& the  Number of QW\PJU;A bins , we observe  That  dhe guaats thet  two binc
axs nompmphyam negatively Grecolabed o and Thus  Chernoll bounds  ghil O\P?l\a\

Tn o P?DLLE\N\W\S‘ we  pretend tlat tle vatehes are  Tndependedt  awh Come wp with  Sewe  heuristic lsounds,

Ond. lator mention Tlat tLhese Argumante  Can be  made ?ru\\se hé o method Called = Proigson QFP(OX\\MQJ(\IW",

Moaximum Load

Lot Pe be the P(DB@ETU*\% et o bw has Q)(mdr\,\% I's E&\\S.

r w1 (M- 1) <o Crmn V) M-
ten pe = CRIAY U4 = oy mmteeet? oy

Aln-) s (nevel) e \ -4 \

~ i
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" et L (m-0) - Um- 041 e
Then P‘, = er)&\—“» (\,17\} = ¢ W\% Q"‘k)

n

e

_4 \
-1 - Q -

I ) IR

F\ssw‘m& m=e 3> Then Dy T U T o7 n

A
L

Wa fuctlae agume that ol bing  owe M&WWT Cwhile net tvuwss ‘\r\t»&ﬁvﬂa not oo ’gv\\“ v{—f\.

n

{ -n/lae D
Then  no bin has mmd\\a C ool TC ot ywoey (- 2l) 22 /cas

~n/Cer\) PR

1’% thig \Nnba‘oﬂﬁ\a i< very Cvall, sz.g_ < n o, tlen with L\?g\n ‘Nn&m\,}\?\h Thexe will be gome bin

with ot least ¢ halls

Yo Q‘w/(z(wf V\‘i to hold, 1t Q\A{‘FCEE +o <ot *V\/(Z(L) < ~21lan <:> (L < \’\/ (2e QV\‘(\s

é"> In ¢\ < vn ~ Lnlnn ~ Ln(2e) . (*}

r X

.
R\A Sf\v\‘\v\&'; OnPPrOSC maniTon that ¢\ < QS_(“(E) < ((%5 . (see MU lamma .3 fw tha ‘]C\\(sk W\EWU%)

Y '
fw (c) € vl - cx Qne (u\g‘mS InCely = 3 ny ® S\r Ynx oy = X(Qny/‘v\i = car-v ).
=)

Qet = 0nn/ Qnlnn

T)'\Q'V‘ Q\V\ r\u < /kv\—w_ (QV\Q,V\Y\— QthQw Y\> - 'QV\V\ ‘*&QﬂQV\V\ *9“%\% V\)
Inln n Lnlnn
< Dngn -~ Qv\vx/ﬁz,\hn ( <ha tle Sum 5’§ tle {Qmm‘n‘m& thiet termg ¢ \ase tlaw guu\)
< Lan = 0alan ~ Ln ).

The chows that (3 holds whan €= Lnn [fnlnn , and Thrfﬁwm thate Zuiste Some b with lead llnn /lnin ny‘

CO\A‘DW\ Colleckor

To agtimate the 'P‘Dbfl\ﬁ\\\\\a thet  Svme bim T ,vawsa\wa D»ftaf nin4 en balls D\gon\(\ we o s

mlm-0) o (m-t1) o

_ & -\ ~ \ el ~""/n
Pr = ~ C-%) sy (%)5& when m,n D Y.

—c
,Fe\( ™M= nlnn taen Po X & n .

~< n
So , tle P(obm\o\\\\\\.\a of M\/'\v\& Soma emphy bin & &\~ U“IZ/w) R T B
Whan o ¢ e kwgm positive tvstant thiyg g \/u\a close  to o
When o TS o lmge negotive  Comstont,  this e very cloge o owa .

This % o \\SL\ArP Y threshold \;kuomemm {w which  \we u'\naﬁt the  2uent l\AV\ym whan tlece ace \/w\a cloce

™ nlhwn balls.

Poisson Approxi mation (b?‘ﬁtm% D)

Why Com Wi assume  Tndepandenca  In pleRows mwmwbs).
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No , we can net , but ws can moke Tt pitdse bv& insing the Poisson approximation mam;w.

Reaall that po = (YOS Ce5Y o 7 i) Jo Lor Shall

Think of m/n os the mean.

Defime o Possm  vowdom vedable  with patawmeder b% the Probability  dlisteibution P (xﬁ\: JQ}A/AJ/JL

Than Pr W jwst o Poissom  rondem  vafioble  with = m/n.

Note thet Tt 5 a P(uéah?l\‘{‘\a AV tAbubion , WAtk kxlwz(fay{ Value Py ank T % a 8"0"\ & pprimativn 07[
bremval vandem  vartables (MU Thm 5.¢).

)

ot Xs be the number ot balls ™ bm v owken m o balls are thrown L ol YE\’M be o Poisssm  randmm

Votable  wAth mean w/n.

{w)

w ) ™ () (m)
A main differons betwaen  the distbutioes (X% x ) et O, L NST) s that

[€5))
X e et be 2gnal to m.

oM

There oqs Two Ua ?mw\‘ts Mo the onu]‘:

® Conditioned o ? \T;w:w\ . Tlen the two dvetibuwbtions ore tle same.  ( CMU. Thesro,, §»é]>
® = X = m hoppent  with veasoable  pProbabilify . ia. with probability ot least Q’\y; C Ty, Theoam 7))
Cmbmw& Thate two ponls 4 owe wan Qe o good upper bound W He  Poigon  dishibubn, we  can jv\\/c a Just
slightly Diger uppec bound  in the srigiaal dickibufen  Clel Juet a facer eJm bipgec D,
For tha movdmum lsad problem and  the wwpon o lle ttor problem , we com Pve o very small - uppes bound o
the bad  events in the Poisim  diztdbuwbon . thus the hewisic arguments  can bi made precise.

TLL ka\g \70‘\%% n et Wl Qe \work. W:Jt\/\ ‘\AJ\Q%N\M‘{' ?O\\%W Yandsm \/{Af\\ﬁ\btzs . oond D\WI\%

e LWMSPW\&\V\% Q\(\m\a{iv bound. Lo Show +tlat  bad ouenwle \waav\ wath Very Nl P(u\no\\qihﬁa,

Powec 9& Two  Choices <0Pﬁm\oﬂ>

Now wao knew tht wlew v Bals oge thiown wbo  n bing Then the wosdimuw load ¢ O /Qanw) w.L\.P.
Congidac tlo {ﬁyﬂw’m& variant whkun gacdh ball v theown we \ﬁlk e (andom bws and P\J the ball ™ tle

b vtk {:qu Dolls .

g\m?ﬂs‘m&l\a thic S"\MP(L modiflcation  Can %§Svﬁ%mnﬂxa (duce the modimam load to O(fnlan) !

The inbikion 18 @wple. A ball T o haght T T 1t v tle t-th bell put w fle bin. Supprse we com
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bowmd the number s{ bivg with ot leask T belle \ra\a R ower the entire Course O,{ tha proass. what
Chowld be B3 A ball T8 of hetght T4 o the dwo andem v both  hoave ot least 7 balls.
This happens with probability ot rwost U%?/X. Hence E} S waﬁl - Kelumg Hle recurrence
gues that B beomes Olan) whan - OLnlnn) | Ab e pint the mambir T oo gmall s aprly

Cmcentyad om T‘r\a%ut'd\\u /%\( o M&wcﬂw/ but b @:Ldg to %‘m‘&\/\ e ?fobﬁ {(m thora .

We will wee the *Fnuvw‘w\& Ckum{:‘f bound

el

P\fk @Qw,})ﬁ > )V\F) < e > L, whate QU\'F) ¢ tle binomll yomdtn Vot abde with o~ dals and Quccess Pnb P-

Y
Lﬂ% ‘E%t V‘/‘{- Dw\d\ (;:\\() = 7*E‘/V\ .
Lot QX be tle avent that K{TW ol w balls are thrown the viumber b{» bns with at (east T balls T §E\
f\/OJCQ tLoLJ[ Fq’ lholds L\)I%L\ F\”Dbc\,\otkﬂ‘,\a 1

Wa Wil prove that if T oholds than Tqy holds vt \Mik thm\o\tt\a ( wntsl Bt bowmas too sm!{>.

In the q%umng we  Condition on ~the event &;

Let M=t Y thke £ th bal hot height ot least i«

Then  PeC=1) S B/n

Let ?::6% Then Py (éﬂ >k<§ < ?r(%u,w >k)

Qo Pr k(ﬁ bms with ot least T« m@ > k\ < Pr &(«q balls  wth m:gm ot least ‘\+D> < 12)
f?r&é\@ >k | <)

< Py Q%<“z\>\3>k l 2;}

g-a{ k= TS 2N P], then the olwwe XDLMV\U < P\” LBU\/ PT) > lhﬂ)j\ < [ b C,L\zrr\oﬁ,
¢ ¥ % e CIO ‘ Pele) o BN :
Thie Tmplics +Hat Vrtﬁgm \%(\ <« L as Lw& P P;-nzéﬂm.
w P (49)
go PFL“QHD kg ?d“im\QQ Pf@_;) + Pr&“cuﬂ \“Q})Pr(ﬁ%)

Pr GLnlEDPr @) Br G2) . € 5+ B 09 ac long s prnz blan

IN

To AF'\MS\«\ the Pmo& we nNeed Two wore S%sz?g o Begt g 4o \)fa\ra. that ‘P:‘r\< LElan ™ OUnQV\V\)

Steps. Bnd gecond T b handle the case  when  Ditn < 6lun
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The \Cx\(%% gka? Ty easy - & Simple nduction  Can ghow that @KMS Y\/E,L\ ond therefore

(P\‘,r\< 60nn N OLQV\.QV\V\\ S{_l‘EQ“ And +thws ?r ("(K:\ D)< OLLV\\’“V‘> /V\’l in this S%Q/F~

The Second Staf % oalso vad B\g Okmvwﬁ bownd  we can  chow “that \J]«? theve ave ot vwest

OLLnn)  Bias with ot least with SUnAn) bale ot this Sfo\ga_ Thea  those bms ave :)MJE too '{w

“hot we can \CMTs\n e ar&kmmﬁc b\a wodve  \oouwnd L &—V‘%‘) to Yeacdh ene %*z\a \,\t&kw and thete afe

ol must LV\LX WD\V&\J s,{ Qb\wgiw& o \galls\ to  show et tere are at ot = bms  with

tne move Yoall . Birnd Hon o wmere b with 6  ywEre b@”
Thic concludas tle proof  (sketehd.

Ramack: The bound s Jﬁg\/\t, One Con chow thot \,J\K; tlore s o bin with &(9\1,\9»\ n)  balls .

Wik \‘WC we  cheoce A& Yandsw bins in gach g%QP Ak F\ﬁ the Wall Yn o least loaded Kg‘,u%

Refsconces

Balls and bins ¢ from chotec & of U probakitihy and os\n«?mm&” by Mitaenmachec and Upfal.
Yow can vemd the oleteils about  Poissn approcimation  there .

Powar of o clols s from chaptec 1% of the  Came book. It s a well-studied JmRi\(,
with appliations o \/\an% and Turtler gerataliyations (z_&‘ balanwd  allocatisng  on Sm\akx>

The  beok bxa Dubhashi  anct  Pantmest g Coneestvation of  imeasuce 'Fvv tle O\V\mL\ASIS aqL Vondoni3eh

al&nriﬂxms} s an gxeellent  TeSewrwe  aboul  comemivation Tamagmﬁﬁzs ond  theic m\gorit%m‘\c D\FF\Euﬁmﬁ.

Tt 'QXAW\?\“) Yo can Yeod abowt negative Csveelations  and  alee the +L€¢\3 mjf )mrﬁnja(u +lore.
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