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Lecture 4+ Approximation qlzoc‘rﬂ«ms

We Wil see diffacent ways o using  Candomization  in okes:jw Approximation mjmmm +fov SMFL problems.
The first example s graph  Sparsification . with agplications in  designing fart algorithms foc graph problems.
The Secomd and  thicd QYQM?LZS are bﬁ mno{mTSuk Vo\md\mg . both on Inesr pregcams _ —gur the Congestion

Y\n?w‘wm‘wgaﬂor\ Prob\zm and  the et (Cover Frob(zm.

Gr aph g\‘ms? f‘.u{\w
Given  on 2dse wdg\/&;zo\ wndireted grm?k G=(UEw) , For o cubset of varticee SeV
Lot () ba o b of 2dgee with sne endpowt Tn S and anstlec sndpint i V=S, andd
(et w(ég(g)\) be the otal \Nu‘\%m ol tle gokgu in Sg(&),
We Souy Hods oo (129)- et - appodmater of G 3f (vz}w(%guﬂ < w(%HLsﬂ S (m\w(%e\m\
%a\’ oM SV, Note ot H 1¢ en tle some vectex cet but may hove  didferent ;erﬁi \NQ\EHS.
We oo nterested i \C‘W\Amg o ((E)-cut- approvimater of G that IS 2pacse (L\av?hé tew m&xﬂ,
This s an *)KY@J&SVW\S pooblem that leads 4o mang  Surprising and beawtihl  results.
Taomg we  will justosee a0 simple ficst cesut on this problem (but 7t dea hat  Some gwwag‘mg

O\??lkm‘,onsj. I{ we have time at the end of this course | we Moy See the mote ’m%aragﬁng reswlts.

Mmf Wa conSider i?mP\JL Qzﬁ"\nﬁ In which C'\ 1s www‘\g\f&w\ onde et min-omb yedue J\Uogﬂ.

_A\%ﬁm Th thls i‘\vv\?\i imﬁ\v\&. o a\gm(\\ﬂnm g Ve Q;NPKL’ Cet o SO\MPU% \)xc\oc&‘\ﬁﬁ% p-

?N Qva(\é &d\&g < ECQ& ?\NJC e Howith \\/1\\%\/& J?“ woith ?Ybb{kkﬁ\ﬂﬂs P

The Ydea s 4 St e 2xpactation Giht s that  we spedt A have b Araction of 24ges, ard hence &uwg
et e Lxpackad w@&\,\t s othe came as \n tle wif\mo\] j’”‘?l“

Gjy Course .t 1s not amugk o \J\«st have the muﬁd Values righ .0 we need 1 ensure tat all cuts
have &Wrax‘m«oﬁda the Same wsﬁghs Simuhn@u;l} s which we will wse  Cheeneff  bound  andt the
o\s;sumpﬁw that  the  min-culb value Toooat least ﬂ(tojh) (recall that Dllpn) s the “jWL that

we Can &x\ggd HXM gmcm«m‘mﬁ. The qﬂcUow\ng ¢ the Pru\xe stotement .
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Thesvem X po Qhn/[€0)  wher ¢ s da vhweest vole of G

Than B ¢ & (lfi\~odfamwox‘lmﬁv o{ & with D (p lEQ]D QJ}\&Q,& vkl \wo\g P 1*%,

rood  Condidec a subset SEV. Say 8600 hat Koadges.  Note tek k2c oy defution.

B% k\w\u\m—b of Lxpactation, E[MHLS)O = PR omd thw ECwule)] = P»K%: ko= LSq ().
So, ke zxpected valwe s Corred -

Noxt - we bound e probabitity that «he actual valwe 6 “foc” from the axpated vake.
Since.  Lach edge TC an ndependent 0-1  yawdsm yvor)able by Chernefd , wa have.

_vk 21 2 _ QQIN\ \il —~32klny
Pr [\\%H(S\\—Pkl >%pk§ < g ! / - N9 ( iaﬁ(%\ = Do ¢
Q‘H’\ Ce k Z2C ba OLLf\*n\\fTw ) \li‘ "Eo“bw& ’HJC% TL\\\S P\’Dlatkbtkﬁ_g NS C\h{‘ vvm&t )/y\g.
gb, +he \)robo\\ofkf’ﬁa that  on2 cal ¢ vielated g \)‘(Q"t‘\'\é gma\\ vut  Theve ave wazvﬁfmu\a vama nts

o nawe  Unon bournd  would wot work

The Tmpor Tomt obSeruation ¢ that +he pmba\m\k?ha that « la(gA cut 18 Wiolated 35 much Smallec,
ond  thare are not YV\O\V\\a gmall  cuts !
1S

Cledm:  The numbec ﬁ cube with ot mech ac u&u for a2l 15 ok owmest n

DV°9£5 We have faen the proof  Hov ad=(. Tha  proef for the genecal  Cose I8 Similac but

vequires o S[fgk‘t modification.  We leava T o on execcise .

Now , with e Lo . W@ Can hound

PW& Uowme it S i \/\\obfvzd\)

< SEV Pe [ ewt € i Violaked ) J umion  bound,
- jom sz\/: b= ac PeCet S volarad ) 7 grouped by size
¢ for 0 pe Lok ¢ %5 uiolokad | ey = o) /by A Claim
S joo,\ n 1~Q~MQM /! ba Cheeneff

—
. jm W s 4/n

°

T}\er‘fwt, with P(Dkﬂ‘otﬁﬁg 21—~ . all cuts are within C Hﬁi)‘ \Cmﬁ\w— 0S In the b\(\\g\mq( EY@PL\.
F‘mo\\\n, aga‘m B\a Cheenoff  bound . Tt g ensy o show Hhat —the numbec of ngu in H ¢ O(HE(Q)])

This completes the Pmof, 5
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Remack Tust \ASTnS Chermoff  bound  omd  the wnion  bound  can Rl(QmJ\j Solve mana Eh“mrzsﬁnj F(o\gums.

Applications :  One notural application Tc Fo dhasipn fast  approximation atgmt%mx for cut problems.
Take Your Laverite  cut Pmbunm Sow minirum gt Cutl
The vw\h‘mj Bme of  tla x\fommﬂs \umug depends  on el which conlek be  SCINPY.
To S(mum?, we can first UQPMST{/H ’ G 1?\3 U”\‘e“\kcﬁﬂg o CES)- et OPPr ot mmator Hoowith  fever ﬂdju-
Thon, @ misimum st ewt in SeV(H) s (HZQ/O\FP(ox\mdﬂw o{ the pnimuw ot cut n G

This j\n/u o tvadesff  betusen the O\P?mx‘wmo&ﬂm gm\rm\ﬁw and  the ‘Fuhh\mg e

M-’ Withowt the  hinimum ent Q\SS\,\,W\P‘\{W‘ tlen ¢ QM\Q\ 4o Cee tlat oo W\R{Dm mmpl‘mé
QOY*\“’WO m\&cawM m{& wele ENE n @—O Lot very l?kzkg that the cut edpe s nol pcked.
Ronczie  and \@(vr o\mp\m o very claver (\m‘«w\,w&—%wm gw\ny\m& ov\&b(\\‘t\nmz where e fempling
P%“%m\gt\H\a {or each edge & dnv uslké PYn?ucﬂonoxl T the \\Com\edm&g/' of +tle o 2ndpoints .
ﬂ% defined o notlon Called Strong mmﬁvzm 7 ond proved that gwhng \mm@\g ?nwﬂona\ +o

oWl resut Tw (kii3—0m1~ﬂ?]ﬁ(ox\m&or with D(\/\KD,&‘A\ z&wiu.
Turthecwmare, J(L\;L\Q thowed that tlere 15 an almsst D nesat -t ime ovkgb(\rﬂ\w\ Yo westimate  He SJW%

C/G\rmmdﬂ\\ﬂhg Which g Saod\ QHD‘AJJL ‘ED\’ the Pucpoll - ‘QRJR(\S ‘o an %(hzy‘o\\iofﬁ%w\ jcbf OPproX min 1 et

Minimum Cul in Near Linear Time (Skerch. optional)

b ooan o\w\mb‘mg vesull  that uses ng% Sparslﬁmﬁm to o’@s?&w "Famr exact a\gur\‘t%m-

Wea emedac the Probmm Df {%\mkﬁg a g(nbal Ainimum  cut n an Lnd) fect gd ng\q, TR
v (emove o Winimum  number s{ u\gu {0 discomnect the ]W})m ng%.

et Kk be tle oPﬁM\ volus of this Problem. o, the ian‘t 8(&?1'\ s K&d&g-mnutu\_

kwgm\ c\avar\% wWed o classica) tesalt  on gPamh\(g troe PMK;X‘
Thoovem (T\ATQ) I{» O g(o\F\n s K"Ld\g;;~mna,ﬁaé\i “tlow Tt ko Lk/lj o,tigz ddsjn\\\ﬁ SFG\VJMV\& Tyeeq .

ngPogz wo have ngL d\\.sjmnt S?mw?hg Traees T‘,Tl,‘.,Tk/L. Than, ot loast one Nee T thal
Crossed & mintmum ot S\ ol most  two times.

Ka(&@r obServed that }mv‘m& such o T would MLP ko minimum out zﬁ%‘dznﬂa ; OS one
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:\M,ST needs b emaidac  the  wanls fc\(md\ b\a r&mw]n(g ot most  twoe !Lf}\&u %m T.
He showed  that tho minimum ont over thete s can ba U\MEW\&A in Olm) Bime ms}r\g

dz\y\am‘,c Prog(mmm‘mg Cthe cacte thal T m\ha Crosses & ymimimum wwt omee 1€ usio/rvv

Okon, but how to fnd swh ot T 3

There s a known o\/Sm}thm tofind o sdge olisjomt SParm?né ees  in 5(m-c> tme .

But this 15 net \Cmﬁ zmw&% J%N this purpose .

The 1dea horo of Courte, s gmw gFm:lﬁuﬁ}m,

Juet m‘mg the above 3(&91\ g?ms}ﬁmﬁm Yesutt , WL Can sgms\‘f\a tle XraPL\ $o that 1%s
min~onwt  ig DUO&V\) while aPP(w\mmta \)mgu\,‘w\g all the  oauds.

Now. we can C/sm?wta sui\&e—o{?s]omt Spamning  frees T, .. ,Toucy) in the %})a(s\\ﬁz(/
ond ome of thetx tees  Wonld  cross A minimum  wb AT most  two Times.

So. doing  dynamic progromming on 2ach tree would  wirk , oand il mfum@ e Olm).

This s S\A«St o sketch 84 the  maoin  Tdeas . with v»\w»a m\\SSTV\S detoils.

Congestion  miny m\gafxm
q

This s ?rnbf»\lﬂj the Licot 2xample of du?hg rw\dmﬁgd Counding  on  |ineac Frﬂjrawﬁr\j 36lution,

TV\EV»{‘ > A diredted v undicected XraPL\ G(:(\/,EB ; K Source-sink Po&(: (S;,tj\

Task * Tor wach poie Gne) ., find a Fm% P Qwv\ecﬂns ¢ oty So that 2ach LokjL 2 T owsed bg

B}

at nmest C poths.

Obiective - M‘m?m?se +he Qongasﬁw C

Ivﬁugar lingac  propram For mulation

TRIs problem s NP-complete  and  we Wil design  an a}DProx‘vmo\‘Hs\n alfmwm I it

The genuml approach ¢ b formulate  the Pmum as  on fnﬁfer lineav  program oand than “relax” it

Let (P be the Set of all Si-ty  paths in the graph. ( There could be expomentially mmg.)

For each path Pe(’ , we create o variable ﬂ; . With  the ntention  of Setting It ot be ome 1
we  Choose this path to connect ¢ and t; . otherwise we st &t zero.

The CMquﬁm min?rvﬁsod{w problﬂm can be  formulated a¢  on ‘\m‘z&ar linear program.
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Peg- 9 LS{SK //QXQLHB v qu% IS PT 'S ¢ hoten <o  Cownect Sy and ‘ff;
|

k 1

S X ‘F? < C Yeck // cach Q&SQ e is wced n at mest  C timeg

T=1 Pefy: eep

fo e don] 97 vpe®

Qince this v an exact  formulation of  the

NP-complete problem ., we do not  knmy how o gelve 1t in Po(jﬁ

L\l neor

progz(amang ¢ loyotion

o, we relax  the discrete  Constraint ﬂ@‘ e{o‘\] L;a

0 < ’FP[ €1 , and Then <the [near Program  Can be

Solued In POBHW\WJ time . (Even tkomjl\ thece are {XF“mm?o\Ha many VariableS | as  there 15 an Q%u}vml

(inear progrom ot v\nla Pnljms\m:c.l number ef vaciables. Not our focs > odetoails mﬁﬁao{.)

However - in the  relaxatom , we  alt  “{ractional  golutimy ¥ and  thase ey not eorrespond o tha
Colution  that wa wonted G

Si-t; path .

Rouv\c}ﬁv\p [inear ﬁop{o\mmir\ Solwtion
3 J zf—"

Novertholess . e optimum of tWig 1P Qrves as a lowwr bound th the

o\ﬁﬁm\m\ @f tha 6{Tg'w\o‘l P(uhlﬂm.
S\AP’FQSL wa  Canld {w\«k an wm&ml Solutim  which  has w&msﬂw al moct ol OFTLP tlen 78 3¢ a
k- approximate  Solution To The ovifinal problam .

o &Lh{ u{ o
> N
ol So L
\ 3 w0 S L
' ! oPT oPT )
L@ T
OPT o SLATI IR TNT

,MLMM The (dee ¢ to \M\“zri}(qf 'F?\ as  the Probmkih‘% o,]ﬁ ckens?ng PAH\ P 4 connec
S and T

IR

Then , the OJSM:%M » jﬁw 2ach 1. PTLk e PM’H'\ [ (’ACLO\ID{‘MS 4o tha FmLaLILItj —FP‘
Theseem  The

o MU CMK&Sﬁm

g OCaC dan /Qhﬁhn}

EY{)uE \ot X; = {1 L Ak path cwnzdﬁv\g -

voand b wsas +he .!LAKL 'S

with probaliliby 2 1= Ty

0 D*H\E AW RS

-

LLt XQ_ = XQ

M

‘ L the nguﬁmﬂ &n @ .

.S .
N ote ‘Hr\OLJt E[ XQ‘ ] PGQ’; :ee? ‘g?

& A 13 1
Andk thus ElXe] = E‘ e )= E\ \}?;%&? '€P < C L;\a the LP congtvaint,
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Cince  2ach %q} < an ‘mm?mmm% 0-1 variable, wo con  wse
C $
Pr (X > G+b)C) <<_€_] ¢ 2 s cx1
Qe Gr )’
TL we set §= 6 Ctnn/adnn) | then ) a6 = QO lann)
45
We Con choste tle Widden Camstant o be lqrgt G_nou,g].\ So  that CFs) > n

Thig Tmplles  that  2ach !dxgh has

ELA the wunion bDu,y\(}\ . Some Lokgq, has wagsﬁw

ot moskt  n? Q&gu T

Cs‘r\gmﬁm\

HCelnn [hn) T = —rlT

+thao Szro\pL\ - n

O Cclnanlinen n)  with Probo\]giufg

Cl\erho{f bound T obtain

4

I
< e
= ‘/\3-

as  Hhere are

¢till the begt QPP(ox]mwﬁ&r\ m\jo(lwm j%\( the cmchHw mh?m?}oﬁ%w })ru\:lzm

Open gmsﬁm o Thic s
Rzﬁuwas :
ka(&u/ R ovn o SO‘M?\MX nocul L {Lm ond  hetwork d\ag?gh ?{u‘c\m«s/ 1994
minimum  Culs  ih Oﬁr\lj Time {?{f{:

© Renczur and Karger, A?\)(nx\moﬁ\‘hé et

- kar&u. Minimum  Cls Tn near

. RASM\VM\ anol TomPgw Rawdm]ged\ Found{hg:
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