CS 46b/6b6 Algoritkm Design and Analns‘\s . Spring 2019, Waterloo.
Lecture 2 ¢ Tail ‘meguall{ias
\We  waill gtuwlg bosic el ‘\Y\Q%\ML\\'{‘\ZS h\hdmd\\v\g Mackov , CRLB\ASMQV ond Cl\szrv\oﬁ—{» \\y\e%w“\:thq.

These  are \\M?w%m\% “ools 1n av\m(jsing (Qhﬁs‘m:sgd\ &1\gbr;fL\mg‘

Concewtvation Inegualitios
)

On « L\\gla lovel o Tonl ‘maggmhﬂu orf Contantratipn \\V\Q%V\a\th 37\& uppec bounds on Ho Probmb\uﬁé
tlot  tle volua o% o Yandsm vaoable ¢ J{a( J?(M s ,QXFQ&UX value 5 avs these ol we o

Show lat \(ar\d\w\\\au\ O\\&M‘lﬁr\mg behave Llke whet we Qipﬁct with L\'\&L\ \PYOBD\\D\\\*\Q ( alwmost d&fﬁ(‘m}n\,sf\\g_

Thete are *\Cuno{zxmzn\ﬁx\ toole  n Ohﬂgs‘\r\g Yaho{m\&@\ a\joﬁ‘ﬂw\; +hat we will nse ﬁl‘rom&]ﬂou& the  olrse .

We Wil Ce tlal bosic  and  mest w&n{u\ one¢ *ho(otg; The STm\)LQ&f e 1¢ the  Mackou's TMW[:%"

MQ\’\(OV’S \\Y\QQAMU*OL Lo Y be o V\mwvmjgﬁ\\\/L Mecvate  (andow Vatliable |
|
\TL\QV\ ?( (5(20\) < EEX_]/O\ “{\W O\vxa [ NPAYE
Dok B = TAPe(NED) 2 3 P lE) 23 abed=) < oabeliza).

\=

Quicksst - We hove leaent  thoct the JXYQdM Yuntime o% “(o\hdm\%@& %{a‘.ckgwﬁ < 2nlhn .

Than  Mackov's Nw\a%wk‘ﬁ% Tolle ws tlat  ywibime ¢ of laast  2endan with ?roka\oihﬁa < k

o -

Con :&\‘?\Z‘JES: j,g \NL~?\"\\? n {z{\r Cong ) +le prutaé\ Aumbe ¢ ng herds i % L, OGnd qukov‘& \W\Q%LAMHQ

N >
telle ws thet tle ?so‘oa\o\@*\a ot tew ave 2 E(E heade T8 ot ymest B

_Rawack - Mackov's ‘\V\QCE(AMHB 'S onwaest m&ﬁyul when  we have no ‘Mfwmedﬂw\ \mzﬁomi +lo mgaﬁa’d\ vahu
(or when  ueh \\V\\CWMWL“‘M HRS &'\{%‘wﬁ 4o obtain ,1\&\ ‘le Yondom vacabl i cm\,\?\‘\cm“mk o m\a\\a%g_

In e abwe EXQW\P\ZS . wae Cowld prove i ch SKMPQ( vesults ws‘mg Cl\amoﬁ bounds .

Questions @ T Markou'’s IV\Z‘%U\ALT% JC\\SWC R Coan L:)DLA 3FVQ on —QKGMP\L?
@ Doec 1t held ‘Euv geﬂa(q\ Candom  Variables (ot :)\Aﬁ hwfrmjo\ﬁvm) 7‘

@ Can £ be modifed o uppec bound Pr (x<a) (Qg_ Pr( X s gb@/z)) K

Mowerntse  ond  Vvaliance To g‘wk botter bYoundhs , ona needs to wse wore "wqcowwuﬁiw about tlo

102 Page 1



Vondon Variable , and o u}wmm% used Q«Ayﬁ‘d\a T He Vvadiance a% “4lo. Candomnm \/a(‘mbbt)

which  weaswees  tla J(\m;\m\ OKT—HWML& 9{ o (andom wvariable o e JRPequX Vale -

The k4l mmement o‘? o (ondewm vaiable X 3¢ J\L%MM o T:[XK} , oy Sotond. moenmant 1€ YCij

Tha vadana e’& X i dofwed as Var )= E[(\(;LBO\L]: EEYi“L\(E[XYJr E[ﬂl) = E[{}* Eiﬂl,

The  standacd  dovivedion  of X s dafned as @[ﬂ:j\mm_

The Covadionte O% tus Toandom vartables X,X e DUL{\Y\U}\ al Cﬂ\ibﬁ\(v: E[@”¥&¥Q)(Y'ELYT>}
We Sow(\ Y, oo DQ_WM%’QW_VAM T{ Co\/L\K,Yj>O , v\ggﬂ‘\vn\% ovrelaled T{ Cov &3(1‘() 0.

TLL —?cl\c\,\/\\n& Ate  Cowma §‘W\P\§L ’Facﬁ Who e Pyoo{& Qg \Q—{T oS Axeccises .
- Var (YY) = Vo ()4 Var LX) + Leow (LX) .

- 1’% Koand ¥ are ‘mokngv\oLmJt ot Vae TXAY) = Var (0O + Vo (Y]

We wild ke A d\‘\s{ingmglﬂ Gstbutine dlot ove  toncentvaled  avound ts Axpa-ctad Value and thotx
T
that are wot . One possible dest e ty Compute TO) and see hew "Fb\( s {(ow\ SO

Cke‘ojsm\)/s Wwawl\ma ?YovToLas Such  a bound .

U\Q\:V\\,s\\ev's \ma%wt\‘-*\/é Tor ana a>o Pr ( \Y”ED@\ZD\\) & Vwb@/ql.
pesk b (Lov0]3a) = Pr ((XEG) > o) < T:EQGT:MTT/J = Var 03/’ v
o \\Y\Q%wvf&\a —S}ok\v\,\/s %rm fo(\(o\/ls \mQQSwL{H‘a as (Y*E[\(—Dl ¢ Vwovvngcvﬁvt. o

Coin L Gopin Lot Y b H wumbec \->JV headh$ Stk N ‘\nd\l?and»avﬂ‘ "FC‘\M” Coin -{UT&"
Apon wa Aoy o baund P (X34 L bet R Time we wte Chabysheds Inogulity
Tor thic, we need s cem?\ﬁe ar (X))

etk cew fhp TS head
otlat wite

L3 1
P?\a \md‘l?m\d&v\m ) \Jar E\O = %\\/D\C f)(\] s wherg \(\ - % N
o, Var(x)= S C1-4yx L oLy = Jq o (o goaral T hend with pesb s thon Var (X2 P“’PD

Henee . \O\G CL\Q\O\C\SL\E\/J Pr (XZ%“/Q\ = VF( \%*ED(]\Z %5 s VOJth/(%i_ = ir\

_Romacks Cka\angl\qu/s YY\DWR‘% S owost wseful  wlen we wlg hove +he wemd mewmont o whan tla

Qeiomd memont 1€ JZJLSKA ‘o Ocva\,&L avrd. T8 th&l\ . 2R Qetond  mement method | data Sjﬁfmm\ﬂ,dz.

L02 Page 2



1
Sum o—F independent variables \ewmfmm??u Ty
TN

)

The &ngrs\\ Ogusﬁm\ T¢ Yo bourd Pe (x> (Wwe) Eb@> UAP\)U Jm\\\) and  PX (X<Q\—i\¥b@) KLS\JL{ "‘t‘&”).

Wo tmgider the gituation when X i te sum of mana TV\AD_?M\N”& fandom vatables , wlicdh s CE‘V‘AMOW\\A

Qeen  In  the (mahﬁg‘\s e{ ﬂmdum?ged\ zﬂ&w?ﬂ\ms.

The low o& [a(&g humber  ogsate tloat ke gum o‘i n N\&L\)ev\ﬂﬁ id\ewﬁm\txa Aletibuted  variables i< a\)K){oxﬁma&z\Z np
where /AA_ < a\‘mﬂ@\ m2on -

The wlcal Twit theotem Lo € That Xonpr N, - the  deviabons {(cw\ N oufe fmﬁull\a B}L the order Jnoe
ng

=

C}\unu\% boundsg &NL we %mmﬁh‘h‘w 28R mates g\ﬁ the Prnbab\\iﬁas Hat X i< \C“ f(uw\ £EX) fv« ang

k[‘ﬂ&a ZV\D\,\_&\/\) Value G’ﬁ n.

Contidee o g?mF\Q SET’GV\& whare thete afe N con ftys,md\ TS head  with Y\’Mm\:: \Tb& F

The expectad numbec s’f heode T¢ np .
T N, e Drina 3 te Peixsk) == (Mp'c )“”\
o bound tle wppes ol , i P(\Y\C\?\l W2 \}U»Sk need 0 (/G‘N\P\h < C A K T2k \ P lﬁP s ond

Show that It s Very Small when KT much lmgzr than np Lgm\a k> (Hcﬁw?> L, o but this sum g

not ws\a o woek  with  and this method 18 not &&g v be &mm\rsm

Tnstead , we  oxtend the approoch of thiw& Mackou's ?v\a%malv‘f\a . The Markou ihz%mh‘ﬂé s often too weak . but

Cecall ™ the Pmo“f 9{ Cka\vxdsﬁ\au’s Tngwfr‘i\a wWe Qan g#rru\gﬁxq\ﬂ MR Tﬁ we know  the Sacond moment a—ﬂ X .

To 2dtend thic  ona can e the {omrt\n waovnent  or OMV(\ LK -th mowment  to glgt (WL\Z) 2uen iw

Pl Ix-TM> a) = Pe( LwEU})}g o) < kL (X~Em>lj/&k

The dea in P(O\/“"& the U\ur\sﬁf bournde 7s T cmsidec

Pr (X=20) = Pv&&ﬁyalm\\) = EEQ‘X]/QM fov any t>0.

There ace ot laast twoe ramsme that we cowsider %

iy R TR

&i N v | K
- Lt M= BLE™I = BT Y )= 3 R B we have My ), to compite ELX, we

%)
Con Svns‘t OM\\WLTL My (o) , whece qutoj Yo the k-th dexivabuve \rf My (t) svelusted at t=o .

102 Page 3



Qo, Mylt) contams all the moments W\‘fmmaﬁm/ ond < Called  the moment &w\uzxﬁ'\é 'fvmcﬁm

1t &7\/15 a S‘t‘(w{g bound  whaa RW\QM Markou' s T“QWIHU, 0s the denow nator 18 Ry?meuﬁmu(\ﬂ {m&a.
_ + - - \ >

© L XEX X omd X 06 are gndependsst, then ELE Y= BLM Y BLe™) L]

Co o thaye \Cymcﬁtm s 2/0\5\8 to (/@N\Fﬁg when X oig 4le Sum eﬂf ]I\DLEFQnd\.QV\Y Condowm Vanables.

Checnoff Bounds

RO\ASL\\\a S}?Mk?h&; CM(V\V{{—{\A?Q bounds are tThe bounde obtmined \Oa p{QXZ 0\3 < Eilﬁxl /Qto\_

Lt ws comider ov wsaful case whan X 36 tle Sum of indapendent hetecopmoul  Com £ lips.

Hutaroganoms coin £lhps

et X, ., Yn b Tnd\a?zv\&wf Condowm vortables with X =) with ?(gbm\g\\zha Pi oand Yi=0o otherwice.

2% Lot = Blxd = E\EU‘\} =20 by tle pected  Valug

N " o X3
Then ELTT = ‘E[QW‘ o PRiL ~\’\\ Tle ] »;\a Wndependence

n . n P: (LT» \3 /-&(SL‘AO
=1 (P g (PP;)KN) = \‘*P"\Uf»\ﬂ R =L

N

—i

"~

Wa Pwt Th Sowe cPad\Q‘L PD\(‘D\mﬂ_tﬂ(g ™ %Lf Qo ugz{\A\ bounds .

< %
\A;‘MS Ity & =

Theocem Tn the Kﬁmvgwav\s Loin —?L‘\W‘mg Szﬁ‘m%

we  howve -

S
) foc $vo, Pr(XZQHﬂ/A) < (’Q—}M
U%\HS

— &/
@ ’Qu\/ o<l P((XZ(HQ/AB <2 a

@ $e R2zbu . Pr (X2R) <y"

wht @ P Xz (i) < Bl ot < QN!&HB LEOTD K
M 2

g\a z\g,kuﬁmv(\ elamlns . we —(‘md owt  tlat  thie term g mfm\w\}%dk when £ = L6, and

$ ()
thie "w\zl\‘u that ?((X >/(Hg)/ﬂ < JZ/A / (+ . , onv‘m& ®

. $ § Y
(D When  0<€< L, it holds et 2 /0™ < 2

This can be vedfied by Amking log of both Sides ond &mw& L8y = wag);&hméwé—)
ond show  thatl {](sﬁio an the interval (o, L ansel thas (8 <o in thi

intecval

Qin e f{u):o ,oand thie vmplies e clowm - (See MU  Thewem &4 i\w o‘xzfﬂ&)
@ Lt R=CtOp- When RZbp. we hare $2 8.

- (144 R N
Honee ,  PoC X2(144)m) < (Q"/mg) ")M < (Q/msﬂ I (2/¢) < 35 a

L02 Page 4



Cimalar bounds  hold ﬁw tle lower tal VMZ\ Semlar Pv%f U:\a gmﬁv& t<O). (S22 MU Thm 9~S>

Theovam

T tle Mta(o&zzv\ou com {LTWM& Mﬁ\nd , we have fw 0< (<]
-4 _ M
© PeC X < (e /G-y )

@ Pelx <o < o HE

RS
Q/‘A/g

IN

Dy

Qo(o\&om? Tn the haters Qentws  Coin \CL:W‘MS utﬁn& , Prt\\h}/\\ 2 8//\)

fm 0<$< 1.

MW’_X’M The goame bounds hold  when 2och X

73S o Yandow Variable m\m& values 1n

Co, 1) with maan P This 3¢ becamse  the function ,QU is cmuex , and thus it always  lieg below

1he St(c[\gb\t fne ‘Jo'm'.wi the gkd\{;o‘mﬁg (0,0 and (1,29 0 This lwe hog tle Q%ﬂ«aﬁm \&:O(ng ﬁy

o= 0¥l andk B=l. Tharefre Tl < Eiwwgl = prlap) + (mpdp = L= p:(&t»\) and tle

Some ol afions as  abova ’]Gnuuw

Ramarks ¢

— The Come method holds Ao otlec (andsm variables 2.4 Poissom vandow  variables | Goawcton  random variables, ok

AT o{"tan an rashec oy to Corwpute the  moment ba prmﬁv\(& Ao woment ijzz/m“\‘w\& f\,\v\d{m&.

_ QL\UMH bowmds  alce  held {w mz&od%mkg Coveelaled \/o\ﬁo\\o\zs} becance "‘Eikﬂ%ﬂ/)jé VE[,QJCK]E[Q{Y]

ondt then the game Pmo{ wovks . omd this observatien s vua mg,c{m[ o $emy QPPlToﬁImg_

?w Q\(aw\?u Bt Keown tlat  twe mk&“ appeac N a Yondom S’Paym}“j e ale Y\ZSA,H\/L{AA Covralated |

ond  thug karnaﬁ bounde O\FPL% o o\v\ahﬁ{ Condowm g\yann(v\é et gven TL\M\SL\ 1l variaklel oy d\e?nm(@nt

Basic Exomples :

@ C,O\V\ T‘Li*ﬂ' C/DV\%;&E,( n Thdx&\)Lniﬂmt ‘{D\-\{‘ A "FU?S, So /L/\: "‘/l.

“&n

_¢
Pr(\“\\MS‘/\A\Zépsfli /A/ZilQ b

=
go) b\é Sa&fm& g: 6:\ B this P(u‘babiﬂa TL at most  2Q D,

—~1
Thoofra, we tomclude thot Pr (1% heods - 21 =2 mﬁ < 3g "

Co, with \(\;&L\ ?{obm\;‘\“ﬁ* the number e{ heads 75 within O(ﬂ) o{ tha xx(ﬁeztu}\

value o ok this 5—“ toliwm  i¢ Ssvvw_‘c\/\?vxg 19 Pewember, a8 Wt comel up M D‘\I{{nm\\‘ P\m&g.

And +hie Ve the ‘(Tg]at bound  ag Hoera ¢ o Cenctant ?TQLJQU\\H\Z TL},'{— lﬁ L\Q@J\§~D{\ 2 37\

. 2 Voo .
Rcall ek Vackeus noguoliby twmplios tlat P (¥ heads 2 gZL)S = . Clabushevs  megmalitn

102 Page 5



A o v ~ B -

2
'\m?\ws HoxX  Pe( 4 heads =2 ﬁ%} < f‘t‘”

- -nnad
C)\Lf\’\n—\%,g bound ‘V‘M?\?QS thak P L—‘t‘f heads 2 ic‘%\) T Q2 = L h , X_me\a,v\’c\\ﬁ\\a Small .

@ Prnba\o:k'xh& O\M?\\\L&ﬁ!\f\'

Recall that the saccsss Vroba\;\m\a o% e ‘(o\v\d\sw\‘\suk a\gm?ﬂw with  onme-sidod @rtsr can ba amphificd
zm?kg. Say tle a\gvmkm T¢ a\wms oviect when 3% Seys NO - and Ts Corcect with prob P whn
Wosays YES To decreace the failuce Fvoba‘o}ﬁt\a, we Just fepeat the a\&m}ﬂqm k Hmes
oY until it Soms No |, then +the \%}\mm ?robﬁx\oTlIf\é g al wmost (PP)\( when 1t Says YEs
K timay ’{\w a NO wetanae Tev  constant P (Li)uh\'\g lngv\ Hmes wall dleccraie the ‘Fv\nvx(k

?{nho&;\\\‘r\% +o O( l/V\> :

g\LPPOSQ, the  randomped alSnrRﬂ,\m Ts two-sided erior , Say WU hac 6% of Qg the Govrect answer
bt Tt Gould wake wictker  whon Tt Says YES ov No. To decleme the failuce probabl ity ,
we Cun the alpdthe A ko Bmes  and outpet the vvxo\‘\\w“‘ﬂa Qngw o 8% e Tnstmna
Coa RS dnstene . The yv\m:\v{wha Onswed TS Wfb\é when tle (m\dim‘\&u}\ (,\\&uﬁt\/\w\ owtpute
NO for move than K/o fimes.  But the ewpected numbec  of onswering NO -t egual o
obk b\{\. oul assumption - S, EA chuomoff  bound | the w\oiov%t\a answer 1 WYy i<
~p8/s - ok (1/4) /2 -¥/10
Pe ( Two > (\+E)Elsn0) ) € 2 =R =L :
Tkua@q) b\a (QPU&,\& K:oUo& n) times, the fm‘\ma K)VDBRHU% e ol mect O(Vn).

Thie < "f the semz oxdoe  as e the  case af e -Sholedk 2(ror .

Thig Oﬁ\ox w) Yeem Vs onvther %mmﬂ\a o Cawmembar | and i1 WAl plee  come wp n obffecant

letrgv\us B C)'\wl_)%e,r 3 and q o’\( Mitzenmather- UP'flu«[.

L02 Page 6



