CS 466 /666 - Aljor?‘thm Des-‘&r\ and AHQ(HS;S . S’P(Inj 2008 . Waterloo.

Lecture (§: Review and preview

We do a %mck Yeutew o{ what  we hove learnt . and then o qrick  preview a{» what we  hove net

coverad , to (‘;om?u%& the S%ov% that was told in the First lettuce of this couwrce .

Re_uiex_.!

Tn the Eangn? g oo We P{w\ to  de Tandomized a(\?orTH\mS, [Theor al%gbra , ond  linear Programm‘mf .
In the end, we have On% Completed the pact on rm\o(em‘lged\ Mgor?thmy/ g(rghﬂz yore  than \/\kt\ﬁ 06
and one lectuce on linear Frug(amm?nj (but dhe Po\rf we  oafe W\lSsIv\& on lineac Pragrmw\m?g

(thear a(geb ro

does ot affect our g%or% ‘oo much ).

Lot %MCH\/&, fevlaw  what wo have learnt, with on empl\ms{s on What I woald \ike You +o know well.

Thare are Five Componests In Yandsmized alporithms

( Mackou, Chebyshev , Charno{f ).

@ Concentration inegualities * We hove learnt <the bastc Tﬂt%wxh‘h\és

TheSe are the st "?Lmokamer\‘b\\ tools  Th O\nohﬂvb?ni Fomo(am?gu\ &\fcf‘\thms and L \”qo\(hg would  llke +o

Seq +hat You know  them well,
Tt 1< not <o imForfw\Jv to  vremember the spacthic opplicakions that e have  Seen  wuell (a&, Sragk §Par:2f“ca{7nn)

Rothee, T would [tka To see that Yo Can awl% thete “\ne%wi\‘ﬁes In new but ra(aﬁ\/a{% QFMP\Q Qz%h\njs‘

@ Raolls and \D\ms‘ Yowise Kr\tkﬂ)gmianm S l’\a%l\‘mg N AHL o bound Come bacic %uanﬁ%[&& in the balls-and -bing VV\OdQ(J

and See that these <imple  rondom processes (&4 coupon cellector D qive s useful bounds for many Fro&:\zms,

Understond  the concepl  of  k-uise independence  ond  what is %QSL\W“%.

The Syui—gm opplications  Tn dato S&raamh\j are not that Tm?arto\nTJ but vather thae technical Tdeas therein

(E\g_ the we 5/9 QL\QB\Z\SLQUE TAQ%M\(H%\),

@ Polunomial  Ydenttty  testing .+ Undecstond +he QchWMr'Cl»Z"\\; el \EMW‘G\ _ondh thot the \Do( nomial  Udenttty te stin
D) & 3 't 3 ) $

Can by wSed to  golue  diffecent ?rab\zms,

The §PacT'Hc Q\PY\}Q&txo“g ( netuwork Q_wdfmg , P&(Q\\z\ mfcmg Y otk wet that "\Mmeant

@ Probabilistic methods : How o wse the ficst ond the cecond mowment method +o prove the existene of
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combin atorial 0\:39&51 \omé‘\CO\U\g +these wmethod¢ are Sm&b Markoy ondh Ql\u%ﬂ\zv \\nz%utfﬁeg,
Rogic awﬁco\ﬁons a{ the (ocol lomma . MosSecs Q\Sv(ltwn S \"zo\(ha MJUZCQSJKQV\S 3 but we have o\lrzm{\é

done Mt 1n the homwwork  Cso hvpa{dkn You \,JU'\/t fchU\j).

@ Random  wallks . = Undecstand +he ‘{zmg)\qm@\“\?pﬂ theorem  o0wnd %S YMP\?CDLTL\M& {Lg, }\th‘n\g Fime ).
The %yu‘ncm opplications are net  that 7mFor%m\+ RP&&)Lrw\k, \a;?mﬁft vvmt‘c!q',y\&ﬁ ond  we have

Q\\"md\g covered them in  homewor k Pﬁ:blems.

Thie %me\\c leade ws to fthe gtu\dﬂ a{» gs:e(_’rrqt O\hc\lbs\\i-

The next port Ts  obout Spectral gro\?% ﬂ\ao(a and linear mlgabm.

This s prakabha wore dffrenlt for most students. o we Wil Jutt focus on the basics.

- Qgedml 3(@\,\ ﬂ“l‘”kg : Understond  the Connections betwean +the th@wo\mu omd  Combinatorial Prowrﬁg;
(6-5; As and  Conneckedness , Ky ook bipactiteness >\\ and, d\KL&FULS/ >\g oand number O’ﬁ C_om]bnnen\-g)
know  the LmP\aao\n mat VX anck LS baste F(c?act?es (PS> ond %umdratﬁc {lgrm).

Understand the Ra:jla‘tgk %wﬁf\Qkf Chofacternation of e‘wfawrxhu.

Cheegec” \H\QQ,LADLL\\*‘%__\ It s an Tmportont  and ool Yesult, buf we Il sk\‘? Tt for the 2xam .

Twst  undecstand  the eo\na Meection T er\m«\fk-

MTxTv\g time  ° Understond the Spedtral O\V\DL[\AST& msinj Q;ger\"d&gom\)aﬁﬂoﬂ +y Show that +he %?r%\* QT‘SIJQAVLCVD('

Wil stond out  efter repeoated application of the Same wmateix.

Blectical networks * Undecstond thot o Lo\?b\dm\ gxﬁghm ng Q%maﬁbns s an electeical F(uw quﬂm’
but dont warry about  the pSeudo-Tavecse of the Lay(mx\o\m

Understond  the concept of effective feststoance  and Some  baste  bounds Cag. disjoint Short Pfxﬂtsﬁ;

but dwilt \Amrra about the Pro;,% ot the Tl’\om})ﬂhnlg \;ﬁy\dPlL and  the Trﬁomgﬁ,t fne%mhfn_

Understand  the Connection between Commude Eime /cover Time  to &Huﬁv& Yeuls tance .

tir\qﬂxﬁ, I would ke You to undecstond  the  multiplicative w2l pht u?d\m”rc method  as T T8 useful 1

dfferent  aress The (xwl?c»\ﬁow o %o\v‘w\j LP is nice to know, but we have Covered T+ in HWZ.

In gemrm() {oauhs on the basic Com«zpfs and tedm“\%mzs L Coathec thon the more odvonced ?{uo’%s anck o\wl(CQﬁnnS_
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I M?o_ Yo will be +Qd'\r\:CR(an colvd,  and  Teel cowfoctable with Probmb\\lrﬁu o d okau(,1 with [inear o\lgabrm

These %um%m Will  baceme  mofe and  vnofe im?offmnf in QDmFﬁU selence Caxg. machine \aarmngﬁ.

Preyiew

T would (@a(h& (ike To Ve Yoa Some Tdaat abbut three Tr\tzrestfng vesults  that  we planned o Sjtbw((é ,
that al¢o print  to  the Current reSearch in O\\Sorithm o\a:rgn.
©  Qolving  masimurs Flony using electcal flow and  multiplicative update  method.
This opens wp an QKC(’HAX Cesearch dlirection in  Wsing Continuous  optimization Lor Combinatorial problame.
@ Cj\’o\{ﬂ\ Spqrs‘\ﬁc{mcn \oVa effective Yesictonce .
This  chows that €he cserect way to ook at this combinatorial Prc\gum is %hrwfh [Tnea 9\15{}31’0\.
This vesutt also leads +o  furthee breokthroughs  n CS and  wmath.
® Neor lingor +ime m\Sothhm for Sb\ving Laplacion  system of equations (e electrical Luwd .

Ths 10 the Qng?na behind  the veovolution wmankiongd abpue  in @

Moximum Flow in Unditeded C‘((M?Q_

Thn this ?Yb\olwm) wae Qafq %\:vmr\ on undivacted &{mP\v\ wleie  2och Qd\&e 2 hos o Qa\go\cf\wé Co , O Souta vedex ¢,
ond o wiwk vertex €, omd the objecive Yo o ko modimum flas Subjetes o e topacity  Censtrents whofs,

o %Lm hos o gofﬁs&\a Tl {Lm Cansevvoion  Comsiyants

Mote {v{m\\ﬁ, we  hove  twoe  vaiables ‘ng and fuw {w each M&L wV _ ond the P(oh\ﬁw\ e to
o SM 'F% C wlade %DMQS) Y6 Yl et s-& dacected L&gu &m\& out ’E(\SW\ <)
2e &)

> ~§L - 2 @ ’&:u\( all ve \)~9\3)&E ( whete S;"(V) 5 otle St tr§ ?{\mTV\&Mg‘e& to V)

2L 0 PR

"FLSCQ jfb\( all o
“€o_>/D {v\( al 2

o %\m‘:l\d\ﬁa . we ossumae Co=l {\N all 2dge. o tle cﬂg@m\ valug a{ tle hear Yro&mm 6 ™ [O/Y@ where
wm s tle numbec eJY g_A&:Ls. A mauntioned before . we Can Yiduce tle eP\ingﬂﬁm\ ?m\uhm o C)QD&MB
decision YTO\)\QMS) \0\6 dmmg ‘m\m\a Coorch s Tha O\QSeLﬁWL value o TQPLKLL oo oﬂuﬁw, ?wv\cﬁw\ \Ové

the conshoamt i@zw& ’gg =k .

Hulﬁ?l‘\cﬂﬁvv. update  method
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Hu(ﬁ?l‘\ Cotive update method

As Tn hsmewsyk €, \we wil awl\a The YV\\AHTPUCAH\/L wﬁglﬁ updhat e method o Solve the P(nk[evm

We think of tha oblactive  Gonshvaint: ( Egmm %z?kj , The  nenenegative Constraints ( fezo V%EE,

2

and the ~§(5\J Congetvati;on ConStyaint ( 2 {*L = YV ve \Jf{‘g,{%v ag L;‘Uu} Consramnts,

P
eefinty 26404 L) MGL

ondl o will qlwa‘ﬂs gq’ﬁ\\s‘f\d tlom -
The upzxd‘t\a canStvants Q {-Q < 4 HzeE) ase 4he “hoed” conthalnts | omd we Wil wie  the

Vv\wlir\(al\tcpﬁva, \,\/e‘ugh‘c M‘)¢A+Q method to odeal with Hem.

EL}\ the qu(tﬁgis b{— the vat«(HF[}uftIvsz wdght MPtXﬂd‘L wethod , W Can ‘ﬁna{ on  olmest ‘f!&ﬂs\rtu[&

Qnn
D( % QMBPVOUQW\S b{ the ‘{bﬁm‘mg ’fmmf

@ % Satisfes tle o\ojuﬁ\,o_ Constyaant |, the mwmgmw Constrointl | ond the Wctew Conse Vation  Cemstvainls.

<olutlon C ‘Eq,iﬂ*i \‘fe&T;) T_g we  Gould  Solue

® E \'\/G‘FL < ((%?j ~%l\l\/L . Ih %L_Q }\nmeuork ?reL;lQW\J TL\IS \\S E\'\/L%L < E\I\/Q‘ , ‘gu’f \'f T Lm%l
I check tlat b xg ukma to \(mgFm\gL with on qux\mm‘a ‘FU\Q‘LHQ Solution, o e do C\PPYDX‘\MO\IL[DA m\awaﬁ,

@ \CQS? o where se e otle  width Paramefkr.

1~§ tlece Qm\JPwH@ms can  be  Soluad ("Eo( At {-Fferent w,zﬁ , then the average Solution  wowld he an
Almost frasible  Qolution , and bﬂ scaling i would  goitisfy  all Capacity Wikl objective k(l-¢).
Romack: Tn the multhbiatie update method in LIS, the Gowvergma vate s o(FlQT“j).
That anoh\xﬂs\s T¢ -fw tle %}_V\Q(c\l Cate el tha ewbtcome s in L-L+1)

- g
XT 1S hot oﬁ‘{%‘\@\t o 3]/\0\.\} that \l{ the outcoma T 1n io,\] L, tleopn tla (,sm/a(&amm Yote V¢ 8} %>

Electvical | low

In the hovwawsvk thkfzw\  we  uge o Shortest Pﬁu\ ( on the weight we) b Qolve the guda\ﬁvo\qbz_m Lot wotth k.
Hete wa how thal tha eledic flow  olgofitem con be usd to Glva tha gubproblem with the Followiing  proporties

@ Tt vebuons \C that So\ﬁS%u {Ls\/ conServadion Camnstrmnts, mv\—v\a&m\\u Congivainty , and objective velue  congtraint.

® Whon the maamun Llow Phb\zm te Aeastble , the stacle can a\wan& Cekwen Jf mﬁs{\@% S wefe € (ﬁi)%h@_

@D When the woimam flow problen T4 Aeeche,  the oracde can by Yebuen £ with SN ArY

@ Te ovadde can be m?um“t@k I OCm) Twma -

ImQan y

A%$U\-W\\vﬂp this can \'m_ d\swz) we  Can —-QW\J\ an LL’%)“QDD(DX\AM-{—'Q QBLL«,‘HN T O( = }JYE(DLJK\\WS
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N Im Cn . .
A%suw\mg this Can he Adsne , W Can {\W\f)\ an Uf%)~qwrax“mﬁz Colution T O(%) e roctisns

o~ 3 /2 2
oand  The 4t al \(\Avw\\w\g Bme NS OCW\ //2 )

comstvuct  the ofacde Witk Tl aboue gm(antau. As we gatdk Carbiec we wse zlackic {’Luw.

1{_ Cemans ‘t“D
AN -
otade Coan be ebtwned \)A gofc’\r\% o™ Wet where \N*»iwgu, and CONPMTQ the glectnic

OCade  The

'Q\w that gonds k units ef 2\ectie ﬂm \Qm\,\h 2 b with Y, a¢ the Couslistanie ef @v\KL @O

NS \/L\"\é vi\?[a, Tn 2oach Ttoaien , Wa i \APM&UL \3\&

This 1s the orade . Qo +le whole A\Smﬁwm

A

W= we L\t%{f) dndupdefe T accedingly [ than copule tha electac frw . Sy de flow

N an M%JL ¢ oevee ks U\Tm‘lt\a , we Wil Thesae VEs vesistance bosed ew Tte \dedapiom b decrear tle

{Mmm Thow o thig U\&m. T:\\pﬁ\i o rxwrm&a over o\l Khe electic WCLN Te o Koark QFPVOY‘\MHM

P\nm\%fﬁs

We chack  wha {omr prepectioes  sne ‘0\6 oni .

@ T e cleas \og\ Conslywcion  that  the fLlow contervatm  censtvamts |, tha M\\vhk&m“\mt\a Canstyom® , ond
tla O\;}@m\/q Volue  consbrommt  are ol Sa\‘\\s‘ﬁ&d\-

@ 1& e wmovimum L low problew s fuai‘o\a, then thee 16 a Flow of K ownits £rom < N L withewt

Vislaing the capacty Costonds (o fo<d VeeE ).

&y W
The todml awergy of this flou Tooat mest F fo e € 0o 3 (W E0) = e,

2
Sinee electic flo ‘F raini piges the eneigu, W sl howve E& o ® LwadW | oo othewin we

Con  comdwde tlat tle maamum {w F‘(b\o\em Ve ﬁw{m&?blz

%wl’%b , ond Lo \,\/au,LzL wle Co\bbc)l\n*gz_\/\w!\rl .

We \I\/O\A\d\_ \;\(,L to \Om/.mk
e 2 e N
&SQ WLQ(LX < &3‘1‘\/\)9_'%1 X (Sé \A/a_j < QE (z‘&:t )(%W&L} S QH;Q,\) W) , onde Qo wa L\Q\J(L

EL W‘L{L < Q\*qzﬂ_wa_ , 0 {l%t;\fii

@ C\sz\vég i erLigy on Bne uigg Canne®  bo wmove than e tota Jz/v\u%vé,
> -QQ = \}ww\ = @(A—v/v\), [N \"z%w\mj\,

<

2 >

$v Lo oW ¢ L2 < tua)w
w

COMF@{TV\% 2lectnc 'th ¢ the fame as gulm\g La}mdm Qﬂstws/ which  we  wWill

@ Ao we faw ™ LY )
tn BCm) time .

Can bo dong

Adiswes how  thig

Thic m?\aa& the rDVLW\hQ) o e.kgrw'\t\nm RoY &ivu, on L\*CA»&VP(W\M\\N &»{ tle waimun ftﬁw ?mblu«\

the  best known  Combinatrvial  method .

In undivedted qvaphs,  motdaing
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mq/g /") time .

Thig Q?P\'oad\ Can be ‘w\\lrovw\ ‘o 5(
Now we know 8&*“/6) Time algar‘ﬁw\m {7;(\ und icectad  max flew | wot Youy vme‘T?\Tchrwe wpdate

but Sowme ofher  Comtinuonc D?meTSodIov\ method , and moany ot e c\\gg([fhms q(m\g this linz.

gpe.c’(m\ Sparsitication

J —

Recall that @ Sra?L Hods a0 (rEe)—cut pproximater  of G U= we(ss) € wy (56 € (HQwQ(S(;D
—?w ol €2y, where \N%Lgtsﬂ s the total \u?gk% of the ed\gu Q(ass\mé ¢

We mentioned the vesult ba Benczuy ond karger that Lor ama G . there gzxists o (11¢)-cut QFProxImo\hr
with  0OC Y\\ogw /Eij Qd\gu

dexaa we il prove o Spectral 3anmralw‘3q‘ciun of thie result.

gEedfM approximator

We Soy @ graph R i¢ Uizﬁfgpedrm\ Appr oximator of G o (\_OLC( 4 Ly éU\L‘QL(T, or

Q%u&\/a\\uﬂ% (V-9 XTLCTX 3 XTLHx < (HQXTLG\X Nxe R Uhate n is the number af verticed.

Cloim A (l%ﬁ,\»g?zd‘(a\ approximater i o (13- cut OpProximatoe
Eroof TFor Qev ., (ot XSQIK" be the vedor with D=1 T TeS  and 2ers otherwise.
— ks
Then,  XTlexg= 2 WGH (O -%D) = W)  and similarly AT L% = Wy L5een)
tJEE G
Snce W 8 a Ui&\~§FuHM O\P\d(mdmcd‘bf o{* (:( we have

(\/iyngCT’XS g %ST Ly ™ < (HQ/XSTL@(S Vecy  ond thus (=0 We (56 é\,\)H(SLgﬂéL\ﬂ}wQ(S(Sﬂ JSEV.

The ‘Fokkmw?ng theorem bta g?‘we\mm and Srivestova  thus szmh\su the  Yesult o—ﬁ Rencaue and I<ur&>s2n.

_Thesrem A“‘{& %(QPR has a (£¢)-spectral awrm&mdvor with O(n(ogh/ﬁlﬁ Qd\gas.

Re duction

The Q\mdm\ SParsI{ix‘cc\Hnn Tesult Can be rteduced to the fok(owmg Pmd«a ineac o\lgahrak vasall.

WMs
<
<
-
i
=
Pl

Theore m gm?\DOS& Vs, vy, €R are  Qiven  with

There  exist  Cealars S il S With at woest O(V\(Ogh/il> Non-22(¢og Such  that

(V=D € 2 vt € (1e) T,
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We  gketch  the P(oc{ Df the  Yvedwckion of  the Spectral sparsification  result to  the above  Tesult.
The dea 1s to {"‘\’Pl‘a o, lingac iroms%o(mo&{m\ ¢o  thet  the Loplactan  matrix Letomes  the To\ar\%l\fa rat Ax.

< T
Lot M be a pog‘\@vm Qam\dz\c‘,»\ﬁm mot rix Wit them—o(acompgit:on M= ;: Arugur

+ >3 A
Thae \’)geu&d\cqnvzv&g o—g M 3 Aefined os }'ﬁ: ‘3}>b ”l)\—?“?“;, and M /= ;3?0 Y “TWT
T T/, +/'L A T, 1
< - X - < - - - T
CT\\/Q,ﬁ L(; T ot leg = QEE LQEQ\, we  considec I = L@( Lg Lq = EE KLG, \JQ\)(\)Q LQY ) = eEE VeVe

where  we  define Ve = Lg:/l bo Yeek .
AFPIQ +the oabove theorem gives us Lo wiTh ot ot Dﬁn(ogn/;) non-zeceS <o thal
(- DT < ZGE CeVeVe' 2 (14e)T
Now mtﬁgkmg L(;/l on the left and Cight gwgg s (vOLq 2 QEE Ce oo 2 Cr+d L, se b%
3ca\tn3 The welgnt of  each edge by a Factor of <o . we Sat owe  spectral  sparsifier

A\Y a
The above F(oc‘&' tc ot precise Qs  we are d\zwd?ng with the pgzwkoﬁinuersz ( but not the FHVQ(SQ>)

but the miggin& details ave vather vouling and TS not the \‘MPovmm parf oJr +he Freo{ L ond 5y Omitted

Sompling _ algocithm
] L8] 9

Now . ourc \rous is  to Prove the  lincar qlgabm]c cesult | b% Yondom S&m?(\‘ij.

m
\:”\rst, we Sq{ Some \ntuitlon aboul the condition i' V't\/‘\T: th

V=
When m=n_. then Vv,,..Vs must be an orthonor mal  basis.

N W ” N
When m>n. we can also think of it a<  an over Complete bosts . as  we can Wiite ony x€eR” as

m T m
X = Ihx :(g ViVi ))( = % X _Vi> vy,

™

g\m?lar\% , %mr &ma wumt  Vector &E R" . we hoave 1= kngg = aTILA = \QT(E V?UKT\)Z =

M3

T T > >
AV S .
A ‘& \\;\<v1,vp .

=y

[« n

XnTuTHuMkﬂ, the vectors are e\mv\ha %Pread\ owt , So that the Prujut‘mn D{’ ony dicection Y to  thete ectorg

ore the <Soame.

Al T -
Tdea : Given Zj \/T\/}\:_L,\ Cowe Would like to —F'md o Small  Subsat D‘E vectors gc-y\\,..,ms ond  Some

SCM\V\S ‘Eo\dcrs 2 that TZS S’;\/;\/’lT N Ih_

So, the subsets shoulch  ghill be \\va\ha spread ot ™, with comteibutions  in each direction  obvut the same.
A¢ Tn the ngl\ gparg:{?fcaﬁo,\ Casz , un‘\{wrw\ nghng wont work . Tor Q)(QMF[LJ hﬁ Some V> has H\Ijl\:\,

J

then we must  in dude vy n the <olution, o othecwise that direction Wil not be  covecrd  Jn
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+he Solatlon and go Tt womt be a SFQL’KM( gpars?{(ar. The m\o\(cgg in o the graflq qurS}frcﬂ+(on

Yesult i< that a cut Qo{fL Mt be iacluded 3n oy SPD\(G\CTKW-

So. as in the gmp% SParsification  Case . we need to do  non-un form SqMP\InS Gf we do yandom gamehng).

The idea s Similer -?ar ‘Ohgqr vectors . the QO«MP]MS P(o\qutlﬁa s \Mghar 3 —]cw shorter  vectors

we can bz more Aggrqss‘\um in Sgﬁ‘mg the SmmPlfnS tha\o:ut% to be Smallor  ond when we

Chovte them. \we mwmgm the wvetor o thet 7t hae  thae corred meufeci value.

More ancrukl\ﬁ‘ we Sample coch vector vi with Probo\m:%% H\/;U: ,ooand If Tt s chesen . we Set the

\ < ViVt viut
Scaler g; = T thot EL SRV AR Pe(vi s chosen) = wun

Al = VRVARR

Afgor‘lﬂqm

The octual Algu("ﬁ‘nm T ‘oagico&[n the <Qamae as dececibed aboue. but we need +to Cepeof  thig

!Lx\;eﬁmu\)v Q:GUDSYQ times  and  toke the average., %o that Wwe Con FrO\/L Concentration .

6logn
Intialy . Fed Lseo, C="vi

For Js+t < C do

Tor cach ec® |, With proba\grmg P;:Hv;HZ‘/ wpdate Tetrolty and S« it Cre

-
Return \E\:Q?VTVK as  oufl iPutroJ O\FPYOXIMMLM
An alysis

Thece oce  two Stepe in the OW\QL%S\‘S»

One 3¢ to Show  that thece are O(nlogh/{IS von-z2eros  scalars  i.e. = O(n(egn/c})

Ansthee s to Show that the teturned Solution s o UfﬂusFed‘ro&\ Sparsifiec .

We  first  bound  The number of  non.zerss  scalars.

Claam \With pro\:ahi(hﬁ& ot least 6%, VE[ = oC m(ogn /<) .

)= :g (\ﬂﬁ\'FT\)C> & é\‘ (\f(l—CF:ﬂ? Qéﬂ ey

)

™
(oo The lePp_Lted\ value 1< E[W‘\] = ?1 Pr Cvedor T 3 in
=

which  Can  alse  be  Seen b\a & union beund

m m T m m
il = X vive = T Eriud = 2 kelvoi )= ke (Zviv ) = o (D) = Lhare
= = = -

2

NE]
M3

Note that \PT =

tc(A) = 132{*35 ond we use the Fact that e (ARB)= tr(%A\ Cor LX‘\rkLtha check that \/T\/:tfﬁuvur)v_

Theeefore ,  ELIFL) = € Z pi= Cn = bnlogn [<°. The vesult Lollows from  Markou's Tr\e%wkn‘a. Q
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Motix  Chernotd  bound

There ¢ om 2lagant Senafqtﬁga&icn of the Chernof{f- Hoq%om\& bound to Ltha wmateix idﬁng.

Theorem (/T(‘DPP) Let Y. .._ Xg ba \m&zgahd&wf L, NXN Q%mmefﬁ@ mokrices  with 02 ¥; A RL .

<
Let Mrin 13 E\ ELX;) 2 Pomax L Foc any ¢ e(o, ),

® — - Pom o
?\" Q )\W\AX (‘ TE\ X,v > <1+£§j“(w\o\x> < ne 3R
Y])

< &% fmin

Pe ( Awin € SU-D P ) S ne | 3w

-

=1

Note thot 1t s almest an exact omo»Log o—€ the Ckarno{Q_ Hna{{‘mg bound. 1n  the <Scalar case _ 1«33 us‘,hf

N ~ Y ~ S - / N
the  wadimum xzxgzwzx(m& and  minimum »Q\SLV\\/&MLL 1o meoture  the \S\EL/ of a matrix.

Tt SQL&S that 7  we consider the gum ef Md\lvﬂv\dar\% vandom mateices | where each wetrix s not

too “big/?r\\@menﬂa( “ . then the Qum 1S Concentrated afsund. the 2epectation  Tn tarms of the e?genva(ues.

Concentration
The Frng{» that our soelution Vs o L\tzygwdrc\( ?PMST{JQF e a Odirect opyh‘ca‘c?bn 97( the ot ix U\amnﬁ bound .

\/;\/j . “w 2 -
S with \Wo\mﬂv\h%a \DT:U\I;\L s for vattoc T n “teration €.

The voandowm Variables are ><] £t =

0 otherwise

< m
Nete that the output of the a\jarrﬂw is = > Tz: X

o4 ‘ Lt
C w [ m W, T [ " Ry ™" —
. - by > . - S Y Vv , ; - S x VARV _ S X -
As discussed Eefn(m) \E[g’l =1 1y E[X,*h‘] t=1 =0 Cp3 P £=1 V=) ) - TZV\/'\/‘ L

R0, the axpected value Ts correct o with )MMX:},«W,\:i in o this FTOB(EM.

2

To qm;ha the mateix Chzrno%f bound |, we 3m3+ need  to find o bound %or R ¢ that Xj,1 2 RT.

wiit Vivit va\(vi T
Note that X\‘/( = Cp = e T LQQ\\—V\LBQ%/W\ . This s o vonk one matrx cjy a untt vector .
Vo |
andk o the  moximum ﬂ?genuO\sz is ‘}LAJC JE Cwith the Onl% efgev\uector bl‘w\g ol > . go , R= o -
, ~91C/g —2lopn >
Ea Troﬂ;s theovem, e ge% Pe ( Ay () 2 \+$> S he = ne S _ =

The lowee tail 'Gouoms S?Mﬂarha,

Qo, with P(c\atxlgx\(l%\a ot Lemt lﬁgﬁ L, Wwe Wavae /\MD\KQSSZ [GE and )\rv\"\(\ (QB <l-¢ . ond. o

(\*qﬁii C 2 (T . I)roxfx/\g that our Lolution S o oo (lxe) @Pzd‘(‘m\ §Parg\,{w‘¢zr of I, .
25 oo union bound, wse know that a Ctt%)%()utra\ SFQMT{TU with Ob\logn/‘f) edpes axist _ and

Indeed *the yandom SQMPlfng algor?ﬂw WL Suceeed  With %Igb\ V(DLQ\’:“{E‘ Prov?ng the Lheorem.
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Discussions
There are o Hew Hﬁn&s to  diseuss about .
©) By Considering the lineac  algebrale generalization of cut eparsification,  we have o clean  and
O\(gwa\g(\é Q‘\M?LL P\roe% o{’ Fhe vesylt o{ Rencur  and \<argzr.
A subseguent omagtay Cesult by Batson, Spielman and  Srivastava  peoves thet  every qaph he
o ClE)-specteal Spacsifier  with  O0n/€) edpes | which ts best possible
We dont Lnow of an altemative (combinatorial) Proc\L t+o achieve +the R[Wwme bound evaen %br
cut approximatee (o gpectal case).

Thig [inear (ﬂgeEra}c ?ergve(tK\/g Reems Yo be ‘the Covrect waua to look at +he F(o\o(zrw

@ The Samp\iag ?rcbal;\kﬁ% Pe 1< o\\rech{X Pro?wﬁowq\ To the edffective vesistanw of +he dec Q.

2

Recall that Pe = Il VQ“L N dlg

_*
I Lghelll = belg be - Let e=uy
N BN
Uoke that L{T be s a Qolutlon X to L(_{\(: L Which 1s the Pofzr\ﬁoxl vector q) o{—
the electical flow Preg(em Wwhen ohe uwnit e‘f electical —pow ¢ Sent —Qrum w to v
T, + TP NN NS
Then . be L(‘:( be = \bg ¢ = Cb(u\/c{x\/) s Just the o[szfﬁmf\ov\ v+ Rzﬁ_ (w,v) .

So. the Sam?l?ng o\[go(I%lam works )9% SQMF/?)'\S each @Lfa with Prohab?h‘%g Pfoport[br\ﬁxl to 1ts JL‘ﬁLQLFI\/Q

Cesistance , o Somewhoad gurPrISRr\g O\Pptimﬂbn of  this Cbr\caPt (ﬂ\ouﬂk Tt mokes Sens;;3

@ There 18 a hxzarhg head time a(:goﬂﬂr\m to  estimate the Q-HQU“ML 281 stonee s o{ all Uﬂfzs.
The maia tools  are  a near linear time alperithm to  solve o Laplactan System of  equationg
C anothey  broakthrough  Yesule b Upielman  ond  Tenp ) ,  and also  Aimension  veducton.
8 Y Sp ?
R, we have @ near lineac tme  (randomied ) alescithm o Constructin pectyal Sparcsifiers.
3 g ¢ < p

These  resulte are  also  Within the scope  of  Has lecture, but we don  have time.

@ The o\nox\ﬂg‘\s of  the yandom gamehs cdjoﬁt%m s ﬁ&kf-
Tn o Complete SVQPL\/ the effectiva resistonca  of evary  2oge U the Came , as The gm\)l\ TS gymmetelc
So, the Yandom So\yv\_?ur\g Q\gor‘lt\nm b O Lom?\efe ‘j”‘?l“ s Smgt the um{orm SO\M{J‘W\J &(gbrit‘nw\.

Wae Know ‘%(OW\ ]f\omu\)wk 1 (o\\ﬂ\augk TA‘EO(MQ[%) that 1% L“Dh‘“t work  With DKY\LD@P\ /215 ngqs\

Neac  [inear time algor]ﬂ«m Loe La?lacian Solver
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Thic one will be very briaf.

QPTILIMW\ ond ng were the st ore o deflgn a nead lineac time qlgbrlthm +o  Salve  Lx=b.

The original algertthm 15 vecy Complex

Since then, W\mna o\\goc‘\thms have been  diSwveced .

A simple one 15 to She the electrical flow  problem 196 Kaop “qﬂvm\g v cyku.k?u 0] for g0 )

A vecant algorIH\m RS very ﬁimPlQ ok e{;;gmt , which ¢ o vadanT of the Craussian < limination wmeths 4.

When we do  Gauscion @bminotitn , wa cowld make the mateix  dease (called  fill=in )

For o Laplacian watrix, we kmow zmaf(a what a Gausslan elimination  would do o the 3rqpl\_

This Wil vemove a vertex omd  adds o Complete erﬁl\ on Jts m‘,ghbors. So. even wa  Start with
o Spare Qraph . the Caph il become dense  after a few  Steps.

The new tdea 3¢ te s?a(s%% the  Complete %"”‘PL‘ added  t» \aqE +he 3{0\?\“ spacse , ank hope that
o C\]ood\ SPMWM cpproximation  will ST\/L ws o jooedt opproximate  Solution.

This idea 75 P(bm‘m‘mf, but it rz%mru Lome gPad{rg SFarS‘lﬁmﬁon rethod and o de(icate amﬁacig

“fm <Pﬁ)\/Q Fﬂ\mf It L,\/urk&.
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