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Lecture 1S- Multiplicative ue?gk‘k update method

Tt is oo useful wethod  with vorlows applications {r\QLud,\‘nS online  optimization .
We will Cee one ‘\n*cuu%?r\g application TN So\\/mg [Yneac \?mgmms‘
YT ntroduction

Considar @ SYm?\a S’eﬁ]r\a of anqsﬁng o Shock markete  ( or Samk,(‘.hg n {mm\ matchag) |

There are n expecks oy n the newspapers.

Each YV\D(h\mg, ﬂ\% Wil predict  UP/poun)  of 4he stock  markets Cor WN/SE  of & 3mm\>

Tach evening, Wi will See the oufeeme » Whe are r‘lgm ond Who are mm\g, And the f?ghf 2xpecs would ga‘m one
dollar  and  the Wrong  experts would  (ose one  dollar.

This process Wil vepaat Tor mony (}Lo\jg - In the end , some experts moy do Very well while 2oma may do Poorlzj.

gprOSL we  knnw Y\U-H\‘w:g about mvestmest . but we saw that gome oxpert did mm“g well 5 and wondar that T{ we_
FTollowed  his [hor  advices than we could alco earn a (bt of money.

Euft,oiy Wwuse, wo OY\LE\ knoW  Wwhe 1s the best apact  in H}nds?gh“t.

I\C we Wwould ke to make money_ we  ned fo make Yonting A2cisions x\/ua ckmj C while n the bzg‘mn‘w\g e
we have ne ldeo Whe s Soook,

Can we still k‘orz o do as well ac the best axpert in %‘mokg‘lgk‘[?

Parkalps gurlarTmShO, tha mu[{ﬁ?hcof\n/k u\Po(a‘(L method F{ov?otu o g:m?lz g{mﬂ&ﬂ +that 3mmﬁzgg to do Y abwost”

os wall s the best zxr&rﬁ n %‘w\dsTShT.

Multiplicative woighls update method

Ez{wa we State the method , Wi fist Stale the mere general Setting in which the method Q?P{\‘ESI

= We have o sot ﬁ n deasions .
There  arxe My Counchs £z i, 1,

. - )
After sach vound . we learn the oufcome 0f 2ach dedsion , Which 1s ‘m\;(mwm{ as o Vector W\L eR"

The osSumption ¢ that 20.ch znﬂg\ of \w\LJO 1S Tn the Yomje Cu) Cinstead ejr Just b‘mw& Valuedh above ).

R ct
We  daenste the 1-th Qrﬁt(vé o% ML:U g WL‘)

\

, ond we think of Tt ac the *loss” n—g {X?Q(‘f Y n Yound €.

- . ¢t
In eoch round, we need to make a decision, l:% Syza%i‘m; a ?woba\ah%% distAbuton P ) ovar  the
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N detisiong (€his 1S more 3Zhuq\ thon W\Ak\ng n dedsion +o ‘Fcuow one KKPl(t‘ tThink of }’)m\a\lf\g N

convax  Cowmbination o% steck DP‘“E‘/\S ;g 0.S dollar &oozla, 0.5 dwllac M‘\Crbgm@r>,

Thig s the %e‘\‘u\; . Our céoo\l s to yw"m\ww?%z, +he Total cost | Qbme\r\mg to the best QKFNT.

T
.. N N N N )
- Af%er all T Younds +he Total cost o\L decdigion | % MPNJC ¢ ) s _Ej\""]
. £t . L ) @
~ Tn each Yound, the cost o% ol dadston g <“r\/\L , ? >, and thus our total cost g E <m ,?T .
=1

The M\A(H?\‘\c@&?\m wﬁgkt uFdaﬁu a\gmri‘%hm i< qUCer notucal and atuitive .

G

Weo kzv_P a \,./,L“Slﬂf Wi on 20ch Qx?at 3, Ylpmsmﬁng ouC trust on kx?erf voat time T

Ih‘\ﬂa\\\a . we have nwo idea \hich decision s SOOJ" and So  wa Just set Q%uﬂ\\ weights | e w; = (-
Then. we observe the outcome and u?d\a‘ft the \gaTSL\T muH‘I?Uwﬂ\/L% b\a “haoir Fzr\cow\wht& Loond we Pm‘t HTSku‘

?(DBD\LTU+5 on ax«\wrﬁ with \arSLr wz?g\m_ The Precise a\goriﬂam Vs ol ‘Fo(tews.

Nguﬂﬂ\m
D)
Tix a pacameter 7 €5 Set =1 for L €isn.

Yor 1<t <T  do

- 2 W
17 A & = E‘ W3 . Set F%ﬂ: \,\)-\Lﬂ/ §-\L®.
1) ) Observe W\('ﬂ,
Ct+ 0O (6] ey
33. UPo\akQJ Wh = Wy ( (e m?7 )
The ahkl%sﬁs is ale  natural - IJY w2 didnt do  well in A  Yound . then &2 will decreace  much.

Than. 3f thee ¢ a gocd\ dectsion ., Tts w;ﬁgkf Wil etand owt . and  we will Follow fhet dadsion betore h;/\&

IY\‘GD{W\D\\%‘ the %;Hommz theoram E(MOS that f\L(x < (BHoPT + JQ“% .

€ A
T heorem A sSume ms 6[‘\‘*@ and, M < o - A’%J\"Qr T rounde_ we have
O @ X ) J N JUNY .
3 <m RN SRR 5 P PR
R P> 25 ™ /VL{—,\\M‘ |+ " Jor all 121 <N
N —- (O l‘_ N %
Yoo \)S\r\S & =3 \,\)»\Lﬂ as  a Pofer\ﬂo\\ ‘FW\LHW T e have.
=
+ n o) N N w & TS
Ek +) - I W - \i W k\"YLV\'\Ev - é _ “i ,VL\A/: m-
= =\ ! =\
n ()
_ () *) W N &Y wy
= & — q\ﬁ \E\ P‘ ™y //msm% P\ = /§kt)
_ ) () w
= 3V (1-mem ™ )
(H X
¢ &L&) &Aﬂ<mt/§>ﬁ)> // L,\g‘mg 1*3( < e
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%\6 \\Ad\mc*;ow‘ E S § T( Q7ﬂ<m /F

5 W\‘U) - M‘ktj

T + o <o
2w T W™ s T G ) 2 )™ L)

whace the lagt \\"\Qﬂguo‘\ﬁ% "Fo\\auﬁs ‘grum the ‘?0\(*& tlat ((’%Y) 2 (l~’}’1)x ‘?S\I XG[D/(] fhnd\

T+ Al (@D T
OV\ ‘H\Q, Oﬂ\ir khnd\ 5 $ = 2 W 2

X
Cl-m) % (HV’O for xel-1,0) C while thege ‘f'ad; Follow feom  the anvax\‘*t% of the
sz\)oner\ﬁa\ ’Fumcﬁbr\, and o the line va\mﬁng the two szwLPn‘m‘tg ’s  abous  the Curve

<
) C))
S
£ <m >

y = M‘L’t) -y W\‘Ltj
Cva\;‘m?wg , We 3@*\’ n e " ! > (L~’lq> 20 (HCG‘N o
R
(G (€} ed _ [€)
Toking loge. we have Inn - /V\JE_& Cmip > 2 -}O my o e L) ?D wm; e i)
e

2 D 2 )
oo D 2w = () B
T
- PR ; Ly
T ME ™M Moo b

where  the  gecond The%mh\tg uses the fm&s That ,Qn(\ﬂrz) 2//}/1-@1 ond\ )U\L\T’VO 3’7{4{,

W

- 4
while  both WCGLLJ&S Con be denved {“Mm the ng\or AZXFomS“Dy\ &"\Q\*Xv: 7(*% ‘L\K %

T* .

ond  the o\sw»\?‘ﬁon G’LS%_ o control  the error Tarm n the 'Gmar,

— 1 EORINTS I oW A Lt\
S < S e <= . L
Therefova, ZS.<moLy S \tz:‘m\ +¢Lt:\\m\ | 4 Ao

n D

Some  Yemorks ore n order

- The QSguth\“on Y\/\-\LDGE’\JU 18 Rm?mmnf (whare dvd we wsa 1t Ja the Pmnf E) Ir\tv\{‘yuelé , this bounds

the  wastake \ae cowld make Tn each tound . I% 1t e unbounded , \wo mm\é negdh ma.ma Counde  do  recover

‘gfﬂv\ ® mistoke we made n the haihm?ng.

put m:wéﬂw_\ﬂ; we Conld 2duce Yo the ease m;mé&l,ﬂ

btg Sca\?r\j Aown baa o %o\(_‘i‘o{ o{* w . but then the addstive torm wouwld  bitome Wonn

n
Thic Pm(amafzr W Vs called  the width | and s cruweial n the D\Y\m[\ﬁsk oj(‘ M\AHTPHQMT\/L u;s)o{avhl
wmethod , and we woulde Bk W 1o be ot Small ag Poss,‘)gb;.

&)
We did nol  assume m\%w?ng obout ~the outcome exeept that  m; e T-L+11. The outcome  cCould b

Controlled Ea roatuce  Las in the Stock markel QXQMFLL>, 6f ayen Controlled \Dla an o‘d\VQrSMS . Who m\wan_g

chostes the worst outesme for we  afrec seeing  our Probah?(ﬂ*b Aistributivg Tn thi¢ case
we Wil

?1(§D(m very Poor\\ﬁ‘ bul what we can zmg s that QVQ“{S expert Wil also \Duform Fmr(g

AC“““%’ This s the qPProc\cL\ we  Would toake n QVF\U?AZ vv\uLH?Kc,o\ﬁ\/zL ude#L in So\u?nj LP.
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= This W\MHFHC@T\‘V& M?Ok,gw_ method  hag D\?P\“\Qo\ﬁmh: in Vaclou¢  areag | 2g. \aarn‘w\g ond boogﬁn(j/
gome Jv\'\mrd , online D?Jﬂm‘\smﬁuw, ete, de\qﬂ/ we 0“13 wse 1t To  Solue  linsac })rﬂg(QmS’

and Uow ale ceferred tv  the gu\”vua \{’or other QPP[t\Caﬁor\S_

Solvmg  lineac  Droorams
) LI

mxn

A linear progrom XS o{ the %om\ win <X <.t Axzb . where ReRT C,XG(RH, bep”

This s an Tm?nrfm\t Problcm that QQ\DJCLA(QS many \‘m‘rzrzgﬁy\j \;(omms , and Tt can ba colued ia Po[gmm‘m\ time,

Ms?ng the Q[l?FSo\cX metho d or thae interior Po\u\f method .

Wae Show how +to wse +the ma[ﬂgl?c&c\vﬂ. \,Jﬁj;k\L u?olo&gl method o <olue  Uinear proprams .
This method Ts not as Competitive  as the other methods In EQV\Q(‘AL but 1t offers Coma adlvmdmju

jcor Some  Combinatorial probkamsl and wse  will See one Qxa\m?lz next time.

To QFFIB the  multipliaative M?Aﬂfﬂ_ method o we  agsume  that  the [ingar ProSmm r's STVQV\ in  the
{QMIULHH version Ax > ondd %20 .
Note that the OFﬁm‘\Saﬁor\ version  Can  be reduced  tv the ‘GCQSIB?LH% version ]OLJ b\ma{% gearch,

We  thiak o{— the constramlts X200 o qu% Constraints , oand the consteaints Ax2b o5 the hard constraints.

There ¢ an ‘mhmsﬁng veduction ‘Erom this ProHJLm to  thae onling P_X\ﬂrf Prok\zw»
D . Think of each constroint Aix 2 by as an aqart . where A denotes the T.th Yow of A
Toach constraint  would  like itself to  bo the hardest constramt to  be Ratigfrad

<o, they ore  hapiec Tf  thdr Constraint 7 Violated L’E the Fropomr)x golution x®,

@PQO\CIC&M‘Q’ T{ the P(ngoseo( Solution  (the outcome Tn tha t-th gﬁ?) TS Xtm, then we define

the cost D‘{ the 1-th Constraiat i< A‘l X&)JD SDJ the cost ¢ Smallec W‘j[ Mt {s violgted wnore.

15; Wa _ +the LP solver . woud ke o F(oPom a. Ssleklon to S‘m\“x&fg all +he constraints (to wake them uy\\,\a?w{)
Tt s difficult +o  dleal with all the constraints Slmumnawx(gj.

I would b muckh 20siec to  doal  with on(a one Constraint  ( not nf.(a&&aﬁ(? On orTg‘mm( constraiat n{ the LP)

7;3. The Mukt‘\?\‘\mt\vt wz?gkf update method Frcvld\zs x Way ‘o combing the  omstraints Tate one  cConstralnt.
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Recall that the multiplicative method Wil Tind o bebtﬂﬂ\tﬁ& stribution over the axyzrﬂ Cln this case

tThe Constreants ) in each Tound _ So that in The LDV\S yun tho muL’tTP[Cmﬁv@ method would oo

almost or¢ well as the best aexpert

Th ouc Setﬁns s the multiplicative  methool WAl have a Probabtm’g oAvsteibution PLﬁ over the Constrials,

ovnd Tt Comblnes them 1into ¢

(€D (G R
one Lohstra{m‘t \D A X ZF ]p . whace P s Qa (ow vectsr.

We know that. over tha kong run. the totol violation D’% these constraints  will be chse to the

total  Violation o{» the \WQFPEMT constroint (as € il put Mgl«er proba\oitﬁ% on  Q l'mppiw Um%“(ra\r\‘f\),

4) So. For we 7F we con oﬂwm%}s Lind o Solutten ¥ S’mf\tsﬂ?n& the constraint Ptt)f*‘AZPLﬂE)

then we make this Constront uhkaypg ond  tThus Z\/u\a Conrstroint not \/Qr% )’\qﬂ;% _ omde Thig

maoant That  all the Cuwnstraints  ore  almect f\us\bb@ A the Lor\g fun baé +he  golution

~

s <O
T t=
Gind We  QAfe \’\D.YF\Q B

This is the iokea of the redwction. If You fiad it vt natural. we Coan ale wnderstand vt o{\ruﬂb_
Thn +he bes?mfmg, we Euﬁ’ et PU);

> C
1/n. and we find o Solution That gatisfies the constraint 1D))P\‘/\ZPME.

The <solution will Sqt‘wsﬁa Come constraints 5 but oy violate stme  Conttrainls.

Now_ wse deo multiplicative welght u?okoﬁcz/ \o\é ?uﬁ\u\j Mo Ye \NUKW( on the Conttraints With lo\rga(\ Violation

This et we fows more  on the Violated Constroinfi. ond then we find o Solution X(l) that Sotigfres

?Lﬂﬁyz?b'ﬂo . and this process s vrspeated T ngPS‘

{ (69 N N
Thn the end. wa Wil chow that the average solution ’{ti:(x will  alwost Soﬁr\Sfa ol constraints.

))
One %mﬁ?'sr\ vemeing > How o TC\”‘DJ\ o <olution Saﬂsfjing PU A\(EFU{)b.

N < . N N s €S (Ca)
This Ts Vlué QM%J becouse W2 ace \Yasf QDLV\V\§ a g\j%%zm with  two \na%malxt\zs ? %%2? b ond X2o0.

Tndesd . this 15 et catisflable M ond sy f PRt and P00 o amd T this case  the  original

NWneac Propram i not  gcoluable ( oand \}&) s ol ” Soluwtion Carﬁftjin\? that the Sgsﬂm i¥e Yn]cUAS?ELL\
Co. 7{— The Or\\&‘ma\ g&s%zm X9 ‘gQG\S:\o(l then such

o Solution must aast  ( as a Feaslble golution

ol QLWRaS S‘OL’V\S’]CQ this ConSteont )

Width of +the oroacle

CTT\/U\ o, ConStroint })Lﬁf\x 2 PLOB .

Wo Oichme that thare s an orvacle” Hhat Wil ceturn o
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) b EP)

w and. X 2o,

(
Soluklon X such  that ?&)Pﬂ(&) ey

An 13 mPO\"fD\nT %U\o\v\‘ﬁ’?\a e% the oraclea ¢ the _Wicth, .

t
We 'Soua on ovoacle 15 o—f« Wdth W T{» +he retumned <olution 3((‘3 mhzd[kk&& So;ﬁs{ﬁu

\Aj xm)*b\ < W -@br o\l [€£7Sm whare B s the T-th row o—f A

The Yuntime of  +he method RS Wacwlka oULPJLnd\rzmL on  the width | as It Corrasponds tv  the

lo¢k bound YY\’\Lt>GE*\,\)J-¥w] in the online expert Prob(lmr

T the J{-a((owlng, we  asSsume thoat there ¢ an  ofoacle 0§ Wihth W to  solua ?LQ{*XZ?UC)B.

Algecithm
Ih\vt\lo\\\j , ?U) = T/Y\ ;

T»Df L= | +o T de

Q)
\) UCe =the ocacdle o 'g;\.r\(i a Solution X “that SOKTS‘FTLS P(’Q{\XZ Ptnb S X200

~

ondh {L«(‘H\QWMDCL H\; Xct>~\>“\ < W -gor oMl .

()}
1> Qet  the outcomae m;t ﬁ_&'géﬂ;ﬁg_ Loc
w

ol 1

D) Use w7 o opply the multiplicatie  update method to Compute P

Return Y= —\_F;\Z 3(@ oS our o\PFrox}moﬁ‘a Colution To the [P
=
Theorem et >0 bo o qivan  error  Pacametec. guwum Yhot There s on proacke with Width

Then, thece s an algof\“thm which <tther  fieds o golution X such That AMx zbi-¢  tre all v

o(" Concludes that the QSSTIM Vs iﬂ'fmsTB\L K\:La &\r\ow"\r\g a  dwual SDLM#VW\)»

Thea o\\goﬁt%m colls  the sracle af wost o ml(ogkws) /213 times. with additional Procqss‘mj

time Olntn) ?qr call

Ae we QYguﬁ.&» bg'%o(x,, \\{ the ofacde foils af vound T . then ?Lﬂ TS o duwal gvlution

(‘_Qrt\%‘mg the S\Aﬁaw\ s Tr\fUS\\\DLQ gm, W jcocu\s on the case Wwhen thae vade never fot‘ﬂg,

E\g the  Lhesrem o% The  multiplicative M‘\Km U\Pd\o&m method, we have

I @ @ I W o) ] .
T > T oy S VL w dem .
< 0" =y & s 7 For ol

@) €}
Yool that we cet N\}t = <AW “ET}/M,

) Qo) >
Qince the oracle C\Lwo\&s Linde X Such that P AX& Z?w‘o) we havg
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- S ) W e
<Pm} w\®> - \(4 P (Bix = b)) = p AX —pP ® 20 , and +hus EW<MLH/F > 2 0.

TL\\\S Tmplies  That T N €8}
i Y Ax b3 3 ,},LT + Inm S
=|
) .
?> 7 AR*M’\D\ S »O’U«J . wdnm
= \ T
T A G L
Set %:i o et -nuw :“%/ and Alen got T = &WLwwm o 3QJT ti i - £
[ =\ T
_ =X Ykﬂ L . ;
Now |, \D\a &L&‘t\\V\& \(:*t?\/? , Wwe 1’\0\\/& A}Xﬁ&)y z-9. TL\\VS L\n\o\s ?W QH v ond Ware (“)LM\Q, .

Aao;w\, okzs\gvdvxg on orocle o{' small wiath s eructal

Sor  LP QDM\Y\S WC(‘bm Combinatortal ?COHJAW\;, we mﬂuo&ha howve a gi‘roﬂg\v\tforwmdx bound  thet w=00),

ond fthus 3% is a ?b\kamm\mk time method ?Yo\/\\oj\\\v\g that 2 T<¢ net Too  2mall

Note thet < s the additive evror on Tha okjegt‘\w_ Value , ande msum((% we \‘\mst et Tt to be o

g mall constomt Lo Combinatoriol  preblems.

Rduu\us The matedal s from  the gwwug

Y The multiplicative \,qsdgkt\ w\ne)kth method = & meta

q\go(it%m and a??limﬁnr\g )‘, E% Avrora, Hazan - and kale | Ceo ¢ J'(‘or more q?'PUCoLﬁons
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