CS 466 /666 - Aljor‘rthm De;n‘y\ and Ano\(jsis ) S’Prinj 2018 . Waterloo.
|_ecture 14 : TElectrical networks
We presest Some  bacic vesults abouk eleckrical flows and  effective vedstances.

“Then we Show o Conmection +o O\hmlag\\hg Commufe Bme and  (over time o{* Yonolom walks 1n wnolirected grawg_

E rical flo
An elactrical nawerk ¢ an  undirected 3mfl\ _ whers each edpy  Q 1§ a Yegistor with resystance 7,

The electical Tlowe Ih  thate  networks are %D\/Eﬁ\ao\ \mﬁ two  vules :

k}rd\\naﬁl law the sum of Tr\com\ng Cuvyents T Q%le o the Sum 0%— oukf3o\ng curcents .
Ohm’ w ¢ there exists  a \/oltoxﬁa Vvertor Kbl\/%ﬂ{ Such  that q)w(f)\,: fuv Tuy . where \Cw {8

the el flow oerote  the Lckgt wy o, which s positive in the foward direction

and v\gﬁzﬁdva In the backward ojrectonm .

2 6
[E = \c]
Tor Qxam\)\g, consider thi¢  network : “—\‘f—l:LkC@ﬁZI~ ﬁ\ﬁ®ﬁj—]~
\ 1 % % b\ 1
| B \1@ ’3@ l 2 \1@%)
— i —(H = h\ L\ ()= [k\
& 2. &,
\3 \% \2

1& one Ompate s ?n:\eckii Inte € and oOne Oompece IS temoved Trowm T . Tthan +he \fuk&qges at  the

nodes and the currents on  the feOstoet are Shoun 1a  the {liim(‘t on  tha \"\wgm‘

The farst qgust‘\o‘q s hou o compute the eledvical Flow s{ on electrical Y\QtWOY‘K?
We will show 4hat this can be done b“g SD\VW\; N gkjshw\ a% [Tnoac a%umﬁm\s,

Before we show that _ we £iest set up Some mnetedisn \P—M the matrix ‘Formmo\ﬁm QJY the Pf'bb\xm‘

Notation

Let G=(WE) bve the Underlying unotive cted Sra?h of the electyical network o with ne= [Vl and mu= E].
et R b the vecdtor of potentials ot vertices-

Lot LCunv)  be tha Current {Luwrng /E(ow\ vertee o e vertex v on am stt wy .

This s & dicected Quantity L and e define W =- Fruw

Qo} wWa \m(pm Pog?ﬂw qctu,\/) a¢ the {lLom zc?hg \Corward\ %(owx w teo , v and Y\ngtTVL 3o‘mj backward
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Lot fer™ be the vedtor of  Curcante 'F(uw‘mg over the adges | whare  each Qo\ﬁx 2= (V) mha appaccs
once a5 Flun)  whire U<y quguw7n3 thete 1S an crd\u‘mg of  the vertices ) .

Let Wge = [/re by the “unomdo\nuu ’D% evlfm Q.

Metei x "(lormu\aﬁor\

The Ohms law erforces  that ’{‘Lu,\ﬂ = G- W) = iy, ( C@(“)‘QS(U)) .
Yy
To cew the Kirchhoffs law . Fist considec o verbax which 15 nst a0 Souwre or & Sink , then the total

ol o .03 ©
0{7;0/? <ﬁ> \c (_Kcl

‘\f\Cnm\r\g fow  ghould b 2Qual to the total ou’tgoing Llow - b/km\gn o

LR ~0.2

Sinee  Flud)=-Fw) . this s 2quwvalert  +o  that the total OchScinS Llow T a%w»\ to a0, T > fww=o.

wVuweR

More %mua(ta, et by, be the unit of currents Injecting inte koL ol b Ts positive for o Sowrce
V\agofﬁvt 'go( a Sink . and =ero ‘For other WVertices.

Then . the KirchhoHs law  enforces  that P %L\)\Q: by .

W VEE

Com%‘m?wg With  Ohws  law. -this gues by = = fow = 2 Emwﬁ by -Pd) = dog (v ) TEM.EW““P“L

Urvuek VRSV

N

Whare  deg 0= K Wy 18 the wadghted degree of  vertx v

> -

Notice +that  whan (WITIVES %h( oll Qo’x\?ﬂf wr , this cCan L}g, W Otren 0§ E:Lq} whete | T the Lﬂ?[adaw matrix.
. ~ W o uwxv

More gznuo\Uj let L be +the WQ»&)L\tm LQPMC{M\ ot x where _

- LLA,\) -
- S deg ) M ouw=v
5@?{" s the voltage vectoc  and LeR™ o the demand” vector.
Then, Sqﬁs\%?mg Ohw's law  ond  Yrchholfe law  on QUU\J edge and QWH& verlex  Con  bs C@MF:;L@H%

N s> >
wiitten  ac Lé=b.

M%Mg&

%
To chmm C{) we Jwt weed to Sole o Lqplmm S&shm u§ | ineox Q%ths_

T\q‘\g can CQ(TDC\n\g bo gnkvg& A O(r\g> time LASKHS G“QVSQTDJ\ -Chrv\\\nc\‘HOn, ]DUX 1t T« now kr\m\m 't?ko\f tlwl( Can

ba olved Tn  rmear— linear Time . HOFL%"“H‘QS we Wil have ftime 4o oliscust this ip Some Olatonl.

Poouwdo - nverce of  a matax and  the Set of all <olutions to 1x=L.

Notice that L ¢ not DTC {u“ (Dml(“ and So 1t Ts not Thvertible

Rut \xf we 0sSume  without Lusg b@ Szna(o_[(%ﬁ thot the 3(&?% ¢ Connected . +hen we krow ‘F(bm LAt
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->
thatt nullspace (L) = 1 o it s still pesable to chatacterize the et of all  Solutions.

et YER"  ond we weke X= ECT\/I where s

1¢ an brthontrmal bagis 0& aigan\/v_&urs o’% Lowith v,=1

\ 1.

n n >

Than Ly = \Z:\ Cixivy = El GAivi as A=o , and So Lx i always  perpendiculac - 1.
>

go/ '?or LX:E to have a Su(wt\non 5 Yf \\g Y\O_CLSSQ(\G 't]'\at \9 RS Plr?uw:}&cm\o\( {‘"O l

Observe that this ¢ aLst satisfied tn the elettyical Llow prbHEW\ Qs \Z\/ by=0 becawe the total

Cusrents M]erﬁm 1o the electrical  nelworks IR Q%LML to +the total curcents  Yomevad ’(’row\ the network.

On tha ofher hand . W 15 Sufficent ’%b(‘ Eif w that Lx=b%b thas o Solwtion .

To o +hic , LF b1 . then b can be Wy tten (6NS b= > CRAVAY 'QD("

% O hal o % a _ Zh oz -§
Now. note that K= I:iTV; 30&15{(25 Lx= L( ?:1‘*7\/?} Iy by Ly = = T‘QNV]\ = \\:LO\\Vl =L
n " R
The linaac T(m\sﬁwmﬁrlor\ ) map \;22 ]IV o X = 2 &T\“ Can be \witten  as qco\hms_
iy =1 A
n
AW T
Daline  the PSewde - invecse LJT O\C L ag Lj = EI PYRANY
Th CL“ SE Jﬁ\/‘\JT (% W!W} = ﬁ ARVE b the ocrthonormalit ¥ \V} V]
PN 1Dy A VW = S U P 3 - ‘8 o Voo Vi
Th 2necal th do-) m% a | s e mabnax L ¢ defined  as R 'LFV‘U\T her
8 al _ 2 '\>5u o~ nvectie Yea Ljvvme e atri \ he ko ; _ \wher

INEENTIE N elgenvolues of L and the Vi form an orthonormal boasis of @l genvectort,

LJ( maps  ony vector b In thae Yonge of L to khe W\TGKM\ vecksr % Such that  Lx=b  ond XL kermel (1)

And  The seb of all  golutione gmg\‘FS{STnS Lx=b 1S 5\ ij + Y \ Ye keenel (L)WJ‘

>
Tn the electrical —wa \xdo(;am on o (Connected Srq‘Pl\) l_‘\ maps  any vedkor b L1 to 4o LAHT%MQ vector

> =
X Such that Lx=b and (171, aed the set of all solubions for 1x=b s f\CLJr cl \ ceUU]A

Co, the set of all solutions tv Ly=b 15 Just o Sshift” of DLL,

In ?mﬂcv(m, this meant that there ¢ a Vu\\u%uq lution Yo Lx=b with K =0 ,—Ebr instance .

Computin electical  Flows

Once Lo hove Qow\?mto_d\ the \Jokzxgzk‘ thon £ ¢ 4&53 to Lum?mjtz_, the  flows. l.e. —QLLA,\A?\AM(QF(MM{J(\))),

et o Weite down o mateix \Qowmkmtto(\ “For bur diccuscion later-

LQ‘& B bQ, an  NYXm  mat(ix whire each  Column ‘Dav ogeoctatad b an -P_d\g(, Kt\\:); \,\;\r\U“L }:)Q_ has +1 in

the T-th antry ond ~1  Tn the Jth em‘rﬂ ond. 2200 ©therwise -

Lot W be the wwxm okimgeho\\ woatix  where \AJL&i\,\;L . Whare we U6 the onductone of  the Jlo{ftv

> T
Then , Tt 1 easy To checke that £ = WR

=

Note thot L= EE \"-‘¢\°1\DJ = E\UBT.
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>
go) b:L

S

>
@\,JETQJ = B{' L which can alss be checked O/Urznﬂa —Grom the dgf‘m?ﬁon

Effective  resistance

This is oan intqresﬁv\g concept  that  comes wp in differint  pleces.

The 2ffective reststance between vertices g

and t Vg defired ot Y- D) whan one  wnit 0+

e lectrical Tlow T gent frem ¢ st

Tor axample,

R b
JL{-_{_ s )= S
| @ \ —

bo=s ©—— T 3 - ® ® % e

Yosvstoy

—
Cbt:D

We con think of T+ ag the Yesistonce betwaen ¢ anok £ Whan the While nebwerk  0¢ o S."mgll Cesigtor.

We  denste  the elfetive Yedstonce b% Egﬁ CsA).

To CONPUVJYSL Rage Gt © Lirst we Compute.  the veltage vector of on unt electiaal £low Feoom s e T

=y
E% the wmatrix {%rmuloilbr\J thic s the sSolution o l_({Di \Dgf,\,q\r\lfb ‘Ogt s the vactor With ¥l a4 the

Q-th ,vafra ond  ~| Tn the +-th -Qr\fr&&,

NS $: LThse . ond Regp st = -0 = BQT{LJYEM-

Once wo hove Lj, we Can QDM\;\A’U; Rlﬁ YD) %ar all  wu Qagil\a.

E““%g

This s o \\m?wTo\»& concapt obout  electrical  Llows.

Rl ‘%rOM '\Fk\&g\,gs thot the thr%\é oligsipakad  in o Yesistoc neteoork  With  eleck cal $Luu %Lu‘uﬁ Yuu s

~ U
defined oc )= u}&E J%lku,u) Cory

= 2 _ 3 > _ ~ T T T
Noete that €)= }&{ Lty Tuy = wiﬁ CO-0W) /iy = 2 W (PUI-§) = ¢ (V;z[{ ww},w@(p =4 L .
Inh{ﬁt?w\:&, }{ w2 think o% The whole network a4 one resistor of  vegigtence R%(Si) frbm < Yo t,

+han Reg& ) = (@Cg)—d}kﬂ) /{(gﬂc\ = Q(i) \\% -% e a one-wnit electyical flow from ¢ to €

This can  bhe proved {rmma\(% oS Reff ¢t = \nglj ber = (L@TLJV(LQQ = (@TLJ{,qK = d)Tl_qu = QCJ?}) as
Wi easy ks wvaagy thet  LUL= L

To Summaride,  the affedtive venistone  befueen g and T 15 the QM(&K 0% the one-unit St 2lectrical QLDM_
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EY\Q(%% Yv\“n\lmT%g‘Hon

T{ 4urns ouk that the electrical flow

Let be o one-umt S-t (stondard)

? {Lﬁw,

%% the above dlefiattion. the INTED 0—% ? -

Tlr\o,o(tvv\ LTL\D‘M‘FSOV\,S W\«dy\m) Pg% A <

>
oo Lot f be the one ualt s-t electrical fow
> -
Cong\ e C:?ifg .

S 3
As both f€ de% SQHS&a Llow conservation

’G(um R 4o t

1< the one-unit fow 4hot Minimizes the nergy .

Sq%‘.s{ﬂé‘\r\g the qQ(pw cowms ecvation  CGonstvoiat  at ;L\/ma Ver tex.

>,

2
2N
QLK Y= e Yo -3 .

)

= N
Q(SX {:br O.na dne-tni T S,JY“ {:[ow 3 .

-
on A d? ba the LOr(‘Q,SPDV\DUV\S \/Mtagz ve ol -

-
Qonstyaints . T can be checked that  RBE = \%§ = bgp .

=
as the v-th antry =f I}% v E\/ K~3(u,v3\) ¥ z\w (%(\M’J\\: L}AU&E aLu,\)‘): g (V)
wy e WV EE
= > —
Tl\q([h(Ql ‘%é = g(—{‘—ﬂiﬁib s which Tm?l\‘zg that Py C cwv,w) = 0 ‘(%D( all v
Arwvee
D= * v o= 2 Yoy Wt ClowY
QD, ELC\S) WVCE AV EL(AJ\A wen W, Q’g v Qu \AX
= X uou %LU;\S_ X ~ Yuu %Lmv) W) + = Yoou QQAN% _
wute LWVETE LUER

5
Observe that the ficsk tem 16 LD | and

7>
the lact term 76 posithve T f X g

Hence , we will complete the  proof that ‘5(?3?2&?) by sb\omng that the middle term s zero.

To Sea thigs &E Y fluw) clund = L&i‘; (- PV clu,w) \at(zI Ohms | aw
- = + )y c
e ( PLY el ¥ P clu,wy)
- X d)(_uﬁ > C_Lu\)v\ = o
we\ ViuvER a

ml This P(Oo'{‘ N Qtlmzv\tzxn& but

There 75 an oltemative  proof  based on

The favxe(rfm jcvmt%ror\ S Convex and 1t 3%

MIni MTBQJ\ whion

o & very ?Y\S\\f\nf‘?m\\

convex D};ﬁm?saﬁon .

the %rmdiin‘t D{; the Lag(c\ngCam 15 29V .
Ths ves o Short P(oof be the T]’W'V\})QDV\)S ?rindp(z.
Effective  vesistance a5 distance
et s tra to Se% more. intwtion  about @{ﬁ&?va resiskances
The Ra%m‘tgkk monokomcity  principle  Saqt  that the effective  vesistance  comnot  decreass T we  Thcczase

the Tosistance of  Some gd&q
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S, s .
Y'2Y be the yesishoances.

Theorem (R“‘g\“gk’s s notonicihy '\yr‘\r\d?\mj Lot
Then, R}L%\L?/QS,%\ 2 RL%’%?(S,E} , whave RLH?(§/t> cenotec the affective vesistanc B\rvu\ resistances ?
Yoo Reeal]l that 11{{.\3(5,{5 s 2Ll to The znecgy n’% the 2lectvical  flow Q?L{).
-, - > >
R to prove the theorem, we mneecd o Prove that Q?,L{lﬁ z %?(rr>/ whare —F ovnde ?' e

< > =,
the electeical flow wnder resistances ¥ and

/ ! s
To tee this, nste that E\f,lfﬁ ES %;7 S as (7=

EA - ({W as € m\mTw\?SLs 2nargy bé the ThOmFSBV\IS Pf\.ndPLg_D

Ihjtu\\ﬁvz(u\j, \qL there s a  ghort PO‘H‘ betwean S and t.  then the k{—%ut\vm reststonce between & and + X Small
Alco . T there ore  more o\‘xs\lo\n% Pathe betwaean S and &, then the effective  fesistonc

s Smallec.

We con Wwse  the Raﬁtsﬁgh's mmctomdhé P(\U\(_\k\?\ih to S\\\/L oo bound on the effective  vecietoance .

Claim £ thuae ore K zd\gew&isgc‘m% \7&’(‘“& Lrom s to t, each of length ot mest L
Then  Reff et € Rfe agsuming that the vedistance on  <2ach edpe 18 ene .

oo Trerease  the  fesistances of  all othee adges o lmf‘\nricn (oe- gquivolently, oeleta all other adges),
Eé the w\m\o%m\\c‘m(j poxnGple,  The effective resistance of the vasumv\g network.  Could  wot be smaller

and it 15 at west K/ by direct Calenlation .

Ellective  vesistancas P(wk&l on alternative \NQ% t+o0 measure  the distanc ol two nedeg In @ grQFL\ B
Sometimes  more  WSeful than The Tyaditional Shortest paﬂ« distance
Tor Instonce , one could use +the sffediive  resistance o dictances +o Mmﬁqﬁg clustess v o Secial wetwork

As o San\t‘h{] check &HLCtrUL rests tancas Smﬁsfg the #r\lm\gu Ynlosw\tffj‘

Cloim QQH_ Co,b) + Refp (bood 2 Regr Cacd foc any a,b,cel.
- > -2
roo et Cbn/b /Cbb,c , Ct)q,Q be the \/oWaEQ vactors o{ the one—unit 2lectercal flow %r’mm atb. bt o,
onhd a to < ruPuﬁuUj_
Then qba,\o =L (- EPQA: L (X)) Loond Oy =L (N -%) L owhece X eRY i¢ the vector with
1 Sa the -th anré ond.  zero  othecwise
- P + + >
go) Ci)a‘lo + @\7‘( = L+( (XRJXQ,) + L L,X L“’Xr) = L (’Xq—'XJ = (pq/a-

T S T 7
TL‘V&J RG{—f (o, = Q/Xo\’q(c_\ Lbo\,c = Q{YQ7(XL> (Z)Q/l; + (Na-%ed Cﬁ\a,L'
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>

S > = - > -
Note thot (Yo~ ‘Xc\T (DO\,L, = d)q,b (a) - (ba,b L) ¢ CPM, (o) = $a,g (b [oX3 Cba/la ) 2 tf)qlhig) Z (f)mb (L) e,

T 2
= (K- Dag = Poff (a b)),

g‘xm?lo\(hal the Second Term ¢ ol wmect RL{{_(B,C> _ omdk hence +he claim 'Fb((owS- o

Th the {—ukbau\w\g, wae Wil talk  about  the Connection  between effective  vasistonces  ond Lﬁfﬂr\& Times

wWhich Wil Qive 2uen moce  ntultivas about sing ¢Hedtive  Cesdstances af  dlistances.

Random Wwalke on  undicected gtaphs

In an undivected yraph. the transifion nga\,mg P = ‘/o\(@ Vo wu eV,

The Mackou chawm 35 ereducbla ee tha 3\”@@% 3¢ Connected .

Also Tt com be checked +hat  the Markoy chain i apaciodic - and n\\a o the 3”?1’ is hmn—\o‘lparﬁm,
as on odd dea can be used to show that UJLAQJC>O for a Larga Er\nvvgl'\ t for any  Wyeé .

Ty = AW 2m s a

US‘MS the  Same FYOWQ o in the Eulerran  dicected 3‘(RFL\§ Lo s Q_agxa t check that

STAGWWJ Aistibution . S5 we  have the 'Eo“ow?w& Yasultt '\c(mn the ‘puv\dmmevﬁf»[ thesyam DJ& Moackoy Chains.

Thescem Foc &“3 Connectad V\ow\o?wrﬁtL wndirected 3(4‘)1« .0 Yondom walk  will C.Ohvargg to  the

distibution IV dxlv)/lwu \rlgmdlags of the Inmitial  distibution , where m= |B(E

Newt., we arte Intarested in Sb«d\g‘mg the {*‘cuow\ng C%mm\“t\vﬂag .
@ Htfﬁng Time hoou @ Commute fime Cuy = hu + hoow 3
@ Cover Tima : +the Plest time whan  all Vvertiees oave visited ol least once.

@ M‘w\(‘mg Time + how fast the vendom  wolk C\mvwgu +  the wﬂ%w_ Uw\{ﬁng sty bubon

Ihfk(u'{‘?hghﬂ, thece oce Close  Conmection<  beotwean  The ngmtib\zs @*@ and.  the (‘_DMLQ,FTS in electiceal  netwevks

Theorem Tor (Mka twe  vecticas ¢ onok the commute time Cgot = 2m RQ% (s, %) whare M:\E(Gﬂ~

?ﬁ:o& ROMSHLA SE(ak\\hj s tle Pvu(ﬂ‘ qoes ng Sb\nw‘vnj thot  the +wo c%wmnt\“tus Sqﬁsf\l the Loame et s{ a%(m*\mng
Fiest, lets work out the Q%uc\ﬂans for P\Tﬁ‘u\g times.
Note +hot  hy = Hl@ e, C1TRE) o ony veV-t L with hyezo.

Ll'\u{*\'\wb\) %Ov vel-t.

Thit s Q%M\/a(e»\f 1o du) = deud hyy = a::\meg hoe = \vaet

Ohgtrvt that dhic g QSSCAJ[?D&\% aQ Lc\\ﬂ&(jom g\aSth of Unaor Q%uaﬁhmﬁ»
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Once

To cea this . congider the =zlacteical Llow Pmum Where  Le w‘r\d‘ad‘ Al untte ofF cucrents o eoach

VEV-t ond  (amove 2l waTts o\L Currents {*(OM t.
Lett due be the Volteage ot v In thic electrical flow  with Pre=o.

Then . wa wowld like to claim  that bue and her  ould Socﬁg{»g the Some 2guations.

Tn thys electrical '@Lhw, we have d‘t‘q:wi - %(uw) = X U{)\/f '(Pwtj
ERAVAW[CR=Y

e bg b\n‘mj {aw ,{»m(‘ \/&\}—J(

.%
LQJC l(){ be the domand Veckor with bkL\JB = d\(.\/) ‘FD( v eU-t ond \’JJC Y= —2m+ d\LtB .

= >
LQ,JT Cﬁ: \31 'H\Q \/qg‘h( with fbtK\!\ = ¢Vt-

> N =
Then . the volues (but go&‘(S\L% +the LQ’\)(RL\LOW\ @%QVLW\ L@t = bt With q)ttﬂ =0,
e =
Cince G T comnected. e know thot the Set of  Solutions i -:l_\:t\’ ¢l lCéR\ﬁ.

go) there ¢ a ym‘\%wa smhﬁm\ with d?tt:“'

Snee L\VJC also Smﬁgﬂé +he Some et o{' e%mﬁms With  hece=o LW st howe C#Vt = hogy

N - >
o, we alse have Lhe=he | where  hp s o wvedtse With he ()= hoe Vv,

,,;
%Tmi\m\\ﬁ, let be be the demand vecter with b Cu) = dev) {br veU-t and \93&37 = —2m + dCD
- > i > >
Then. as above. (o Ry ba the Lwﬁ?ng Lime Vedosr  uith he)= \'\\}g ond K& =hee = 0.

= -
Then, ]:5 s tha vm\%u_g ¢olution to LL\Z = \”S with g =o
> >
Now, L C ‘\f?g>1 \Z{“\"S :1M(’Xg*rxf\ . ond So U’\t’f‘g)/lm: L*Q'Xg-'\(\t\.

.
L
LR -W) < < N
gc) 1,“(?\)(’ s is the \/D(tmg{ ve Ctor when  one unt t 'o{~ ele ctyical \wa v¢ Cont }Crom < to Jv

RS = > > > C
Than,  Regr o) = (emae) (57 CRehs >> = 2 Cheto —hed - heto + RKem) = 35 Cheg + hyg) = % .

we have  ostablished  the connection to electrical  networks , we can we  Tntuwttons from P“S““ o derive  bounds.

CorO\\Mgé For oma lecja welk o Cuu $am.

Yoo

TL\QD(QW\ TL\L Covey Fime o{~ (o8 Connected 3 FG\F\'\ RS O\f
Prob

Considec o \walk that qos 't%rm,\gk T wWhere cach ed%L Th 118 traverted

The \/oﬁmgt o‘\\ﬁmmc betwoan W and Vs ot mest one in o a one-wet Llow H’j Ohm Law).
o

most 1mn-1).

Let T be o %(mwfw\g ‘vaea o{ (,7

onte. In <ach  Airection

Lo}
N N . > —
Then +hig ¢ a  walk thet wisits euary vertex at  least once. ’\(/O/
1 NN
o, the cover Time i bownded bar The  expected lm\&ﬂ\ of this walk, Q]A

L14 Page 8



Then +\lg ¢ a

f

walk  that wisits evwxa vertex at  least once.

7)
@
%

L, the cover time it bownded b? The  expected (m\&ﬂ\ of this walk, Q

which T at  most MSCJT <L\LA\,+L\\:\A\ = \’?U\ﬂ' Cuu ¢ Cn-O2m

whovre +the lack T“Q%wa(lﬁa ‘Ebkka\,\;: F(DM e QQYOHIMJ_ o

For +the Lowldt grq?k with n vertices. the cover Hme it O(Muﬁfﬁ (wlma ) . but the above 3?\/15 O(h;)

The {ol\o\u‘mg 1€ a much better  estimate e{» the Cover fime.

Theoream Lot R(G) = max Ry be The  recistonce  dtameter and CCE) ba the Cover Bime o{— G.
Then,  m-RG) € CLE) € Le mRE) Lawm 4
Proo& Leb RCEY = Ruyw . Then wae know that 2mRuy = Coy = heo L\\,w

Therefore, Clg) 2 wax {kw,\r\vmﬂg Z Cuv /2 = mBy, . henw the lower bound .

For the Uupper bound , note  that The maximum \r\:’(ﬁy\% Tme 15 ot most 2w RG) . {ggard\[ug of which vectex

Qo L the Yondom walk  Yuns For 26 REG)  steps | bﬂ Moac kovs ‘\r\QqswaH'n, o veckax T net covered  with
Py m\oq\M‘\%A at most /3.

X—g— the rondiv walk  tuns for 7,8% RLE) Lnn EJ(L?&, then this Prokalgluha TS at st [/hg_

%ﬂ wmon bound . Seme veetex  TC mok wisited  in 22 m REE) fon steps T ot mott Var

When  this happens - we Just wse  the  pessimistie bound that  C(g) ¢ ne .

Combining > we have QL&) € Clog) 2dmRE@ Lan + 15 0°) € 28mREan + - g

C‘[rap W connectivit t&

Tf we wont to Test Whebhar thera s a path  from ¢ to £ In an undicected 3m?l\) We  Can s’?mp(g Yun

A& Tondom  With 1 ﬁq:gv

Sinee the  Covac time 18 ot vt r\;J Tt Rueeseds Wit h Probalﬂlt%a at lgast t/1 bLa Marken's fmz%uq(r{j_

This akggrlﬂw m\a need< B wee OLLegr\§ Cpace . and. ¢EYl YunS Tn ’Pb\nnom]o\( tine .

_Plon

Tn our original plan. We will tolk  about Spectryal  Spacsification Qﬂa eftetive Ms}x‘mncu> anok

heoe  [Tneac ~time L&FIQLTQn Qu\\/ers.

Due to time Umit, T Wil talk abouwr the MM(HFLF@TTV% Wit MP&\DL%Q methodd  next time 5 and
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that LU be Hhe lat locture Tncluded in the Faal 2xam
Then, T Wil talk about Spectyal qu(g‘\-F}mffor\ > %o\v?ng mowcimum  Flow msing elzctvical flow , and

Loge Lagkmim\ Solvert ja  the rzmo\\\,\;v\s o?Hovm\ lectures

R(izrlr\ces ~ lecCtuce notes on \\grqpks and r\mtwarkg” ‘o% Dan gpia\w\an.

CL\G\P\‘L( & Of h ranan\5<¢ o\\&o(\x‘ﬂmms i ]OL& Motwont  and RO\gL\R\JQ‘/\»
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