CS 466 /666 - Aljor?ﬁnm Des.‘gr\ and Ana(jsis . S’Prinj 2018 . Waterloo.
Lecture 12: Ch eagec’s Ine%w.lih&
We  will Stuo‘\g Qll\ugu/s ine%\ml]% which velates  the second eTgmvalm o{ the LQFlQCTO\Y\ moatrix  tv  thae

Ceombinatorial ) @xpansion of a %MFL' We WAl alse  discss  %ame  roceat quq(fsc\ﬁms

G((xp\,\ QXPO\r\S‘\on

Recall that X.=o \\{ ond m\(a I\C “ha 3rat>L\ & digconnected .

Y

C\'\U&UIS ‘w\aa(ua\:%% Wil ghow  that Xl s cmall” f and oan W% the gf@k G e clowe” o disconnected.

Tiest, lat s meke pracise what it ymeans {Dr a X\'G\Pl\ I be Clh<e o disconmectad .
Tkzm Ode d\\\rHqut dlfm?\\\ws T measuwe  hoy  well gYRFL\ 1S Connected -

The 2xpansion s% N %MPL Vs defined  ac P = min i(s) , whete §(S)‘»: M B
< S

SAVIRRSEANr |

Hae  ratio a% +lr Number sf Ld\&eg cut to  the number o'][ vertieeS  in the el
—TL\Q Condunctone c'% oo gr O\FL\ RS d&fina& as Q>((_o = pmin dp (E) , \A/Lug kb@):: \&(8)\ o
- NV IR Vel (8)
volQ) = \ES Ng“} o tle cotio of  the nuwber a% 2dgac b o the  tole Mgru; in the sel

Thee  defaitions ace bag?caug Q‘isu‘tw\lﬂﬁ Wwhen  the grq?l\s are O'\/ﬂlgular C (= d@(s)}

In nm\—regutar 3MP%S, we will celate  4he %faP% conductonce  to  the Second efgznva(ma

Wa 305 o 3(0\\)% s o Q\(an\d\w %MPL\ Rfr Cb(@) < lwgl (Jz.& (b((ﬂ?o‘\\) > and  we Saé Ty

o sparse cut  f B is small. Note that 0 ¢CH< T Hor 2very Cev.

Bsth  conapls  are Ve wseful .~ A we have  sew Spasse axpandac EWI’B ale “YV\Q\JE\\@»(M ard have
o\\ScritMm?c applicstions . and  we moy alse o tlat \“Leg Can ba used n okgmndswﬁsmﬁm,

_Pmd]y\z a  Sparse et v wseful dag\gn‘mg d‘\v}okz—ami—w%wr M&uc‘\ﬂqms , and  have aPPl\mﬂms Th

Tmage gexmﬁaﬁom dato d\hgtu?v\j ) Commmv\\\ﬁa detection in Sodial netwovks , VLST o\ae\’gn . ele.

The Q?ufm\ ?w*\\\‘.on'mce A\&oti‘t\f\m
A \)u?u\o\r houtis®e  in -%mb\g o Sparse Al o pradice st \Cc\\aw‘m& gPu\\m\ \?m‘n‘*\%m}% a\kgwk\/\m.

@ CM?\AYL the Selowd Q\\&@v\vacfor X 9'{ :ﬂ C the z\\gm\vutor W\'L_&?MW\& o tle Sewmd \mgas& sz,‘\gﬂvw(x\uj;)

@ go(t the  vertices Qo tlax X 2¥52 . =Xy L\,J\MZY‘L n=Ul 1S the numbec "1[ \)erﬁCSLS>
® L s 2 Db 3 el
N L sl
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D L Sy EUTIUAY Y S SRV Y
S{Hw},,m% 7& isn/s

Retucn  win X fPCS\)H .

Throt'e  tle Q\Sm@w.

Tt . Hlote s an clwest  lineac Bme a\&u(X‘hM Cw tavme c‘i Amb ¢ 9& M&L&B ‘o WV\\D’V»tL the
Cetond eiguavector of the adjaconcy rativ . Tt TS kwown ac the Cpower  method 7, wlhidh we
Wwon T s cnss ﬁowd Co , the whole Q\go(lt\/\w Can ba Dwplemenfed ™ neac linear fime qute
208y L%?uj\ﬁua o Yok W SEme rracthe mot cal Ssr%mo«ra (Lg MATLAR ) This T8 one Teasen
thot thic heuristic  1¢ QVP\A\QF.

Arothac Yesson Yo +that Tt pu({“MS very well ™ various O\W\?Qm\"m ,Lspxc?m\ln in imm&a SQKW\MH\%\‘W
Ol o\ms%e(‘mg L ank L was consideled o b(mk‘cb\m&k Tn image Segantnion abowt 1S goeos ago

The F(ao‘y a(’ QLm&@#g an%uaki%a woull ?wv\d\x, Qomae \)Q({mmmnu, gmmvﬁfea O% +hig Qkiur?ﬂ\m.

Norma\\ 2d  matcices

i W )
lo ¢lake C\Aezgq/s Tr\z%wﬂ?ﬂé\ n’\cek% ;o owe vl e thae V\Mwmh&u\ LD\?\&GM\ Wt whick  ollows s

o Yeweve the &apwd\mm,kg o e mosdwmuwm dagme of the Sm?k

Given O oho‘\&&ca,v\o\a makbnk A

-\ L
/ (W \94/: ,D“LAD e be  the normahz\u}\ 0\!}\\0\}2&“(/\6 oty , and (ot

ii T-#F be +tlo normm(%@é\ Laplacdian vt i whege Dods “ha o\iqger\o\\ et whose -t @\,\*\y\a

,% ﬂll 1 -\
the d\Q&(QZ ojy vertex V. Note that L= T-4= O (D”A)D = D>LD?

Lok NERAS ST AN 7L S ) o E\\&Q,V\VD\\\MLﬁ s{ \74/1 and ot MNSAh<Ei S An be the {[SQ»\\/Q\\/&S O/% i

Clawm V= 20 2 -\ and 0= A € X, €2

M W e prove the veonlt {o( norma \SQA o‘d‘k“a““@ ,and thae oot fD« mmm;gu\ La?\ackam "FUHWS Qadla.

1= -3 -y T - S
Note tlat O 3¢ on -z?gem\wa Lor L, as i(D 1) :<D L O (D 1)2 D L1 =0

To prove A T0o , we will show *hat £ s o Posiﬁvq gemiouq@\«?‘m matyix

e - R a3 (ks
lo see b, observe tlot x& x= ¥ D*LD*X = \( D Le D% = 2:\3% o \mﬂ 20
Wiett.  Lo= behg  That we dafined last time (G Le= J[ ] for 223 )

This  Smplies that  T-H F o0 , oand thue A1
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Whett Lo= behe  that wa dafined last time G Le=1[4T] for 37 )

This implies that  T- 70 , ond thue AL
~ T Y T S X2 G >><\ \>\ S

Moo, e o wite TCERR) = WX = S | G RE ) 2 0 (B ﬂ

) ond  thus 0(“> -1

e

ond Ehis Tmplies  that T+H =0

, and hente A, = -0k, € 2. o

where

Ckuger's \ll\e%ualﬁ%i . “l)—‘>\x < d)cé() < W} >\~L Vs the cecomd Smallest JLYSU\\/DJV& c+ 5&

For Q‘N\P\\\C?‘tﬂi‘ we  oassume  the %{o\?L\ Vs %7(zgm\ahJ in Wwhich cose Ji: :,\L. The %qnﬂ(rx\ Case S gimilac.

The Fest nequall S Called  dhe  eagy  dicection and  the ecmd ineguali Yo called the hacd olicection .
% 3 §

QDJY\AJCM(M\ZS we Wil prove the QM\'A directiom —?I(Sf.

Coussu m\rg dwfqguv(mr)

N/
One nic ﬂw\g obowt  +le LaFIQL‘\an Mmatcix s that we know that the W@;rst eTSQn\/eC‘vbf s the allone vedw

(Cunlike for wﬂ\](xwv\mg, matix ), ond b\é the cbmdm\%ﬂi\m f Ny usm Rah(atjh quotient . wa have
Xy = xTix — U LX . win \ - G \< )
x1 % XTy %171 M X1t A 3:%\/ X3”
\

v—\/J

>
So, *o wppec bound A, , we Just need to find 2 vetor X 11 ohd

C,UW\FLKL Tte Rm\%\ﬁ&\\ %m%]qd_
To (&ef Some  Intuition, (et Qa\a PG = @(SE On b \S\ = h/;, N

We  constder  tle h bwr\a 7 colwbn N AR ve $
l - V&S
V-g
5 S
Since I6l= V\/‘L ) 2 XEY =0, and thus x L1, ull
Y év A
> ~
TM“ >\> = M = fi&i\’ = M& = lC[)QS} N Qa(L\ Qd\gg in g(%} an*Y‘\Buﬁu q‘
Ay oX S g
¥ v 3 T €S
Fov %—ZhQrD\L g) we  considkec  ‘the be\a Colulom = XI - <y
- \\:%-\ T ES

BN o\ ALy
Then Xif . and AN EM - \QLQ\‘( o t \v-s»\ -
- - 0
A TSG\/ X3 "\K\g\'\\‘s\‘ + sl m\x) A-tsl- -5l

This proves tle 205y ¢ action .

To Lurmarig T{ Thers i o sparse cut, then A, g

Smaill .

A C/m\sasgwmx(x 'g that If )\L is \M&L, then we know  that & has o page cut .

ThS  direction s (ASL‘&M tn odeteomnistie  conshruwction o{ expander %(QPL\Q.

T™he Hath Direction @ Intuition

L
.S NN o ” .
In  the mim mization p(u\obm mn \y/E(y‘ YS) , K{ woe Can onhﬂ Seacrch \CN \\OTr\o\(ﬁl Coluiong |
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T™e Hacdh Direction @ Intuition

L
. = ~ X3 R 2 N
In the wiam m\sqﬁnv\ P(n\sk&m min M , I{ waoe an OMZ\ search 'Eo\( \\fw\o\(g Solwions |

viT >
SRS
tlenw W Oy Qggmﬂma oyﬁm?gx‘,\g over the  Conductonces .
Uv\fywt)m\mz\\al we afe B?t‘\mTSTnS ovel o muwth LD\(&U‘ domean  (vtlenwise 4o \bm‘e\g,m X ol %m“ﬂa gOL\/ﬂl)lL>)

awh thote could bae  geoma \/ar% m-w\ma Lolutions Q\/Qr\a > amooth” \/ztfof‘); fw which 1t i

not clear how  to ’%\—\(\J}\, a %?arsl [vav ‘%b‘m it

To ge% Some WC&\W\&) Suppric W afe &\vu\ o 3(@1\ ke @ @

2
Observe thot tha D\Df\vv\\\jbgr tries to m‘m\mﬁsa the Owerage LXT"YS\ /( X\}+ x\}l>.
Tn this case . Tt ¢ wol ggud +o \\S?M 7 dhe  verS@s Yn a d?q{uw , because thoire are <o mang ngu
withn 1t Qo wa wonlh Qx?uﬁ that the valuee In 2ach C_lf%w_ afae \lu\a Similac > while the two
-
C“osmes would have JG%Q(U\T Valwes ¢ that x 11 Hence ~ we ex\m& fhat  the W\\‘V\\‘W\}g)w wowld

ool Very imilar Yy o \am«a vector . ande we can ea;{(z Lind o rod Cut With (S & A, .

Now , Suppose we alz 3\w;m o &ro\?‘n (ke o—0o—o—0—00—0 ), -tha w&w:w?scr Com do pwuch botter
%\a ‘(\N:xk\\nokx Qouch ngL vary Short , while the volwes  Aecrease gmwcﬂ\h&, %rom 1 ko ~1, ™

which case A, << ¢ (&) .

The kea b{' Q\Mm&u}s NQG@A&U%& e Yo Show that >\l camot  be mwin Smallec  than (i)((q)
In other words, Ay i 9mall , then we can extract o Somewhat sporte cwt %ow tle \ngszvxvtdﬁ’.

We can think ef vhe  optimiter “,w\)u)\g“ tha &mPL\ Mo o Ime , While  west U\&u oare  cherl.

[ A

!
O =0 —68—0 T oo

}w \ ! o \ I

Then 1t Showld be the case  that some  Threshold QYues o Sporse et (JE\S\ Yow  and  Column a(&umuﬂ"‘tj

The Hagd Dicectipm P(Do{

The First guF s fo preprocest  the Second e(‘fznuzdmr o that ot most half the entriec are NEn0CD .

e wonld %va&u 1ok tlo w‘ipvxﬁ et S gomsfies Ish € \Wl/a

Thie Qﬁ,\) i< SMVKL.

Withoat o4 c’ﬁ Senzm(r{»a WL ossume there are fewer POSIHVL entiee Th X +*han v\mgmh\/m entries .
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Lemma

Conader il —Qo\\suiné vecbor \g‘-

b o § 0 e

Daenvte the RD\kJKQ_‘LjL\ iuotfev\t bg RGO = XT£X /XT
Claim Rta\ < R .

~ %4 < - - X‘ . ~ N
M (i\p‘\ = /]?NUB di R JeNW) 7;—\’ SRS A= XY for al T with yi>o.
Theeetfore \a_{ﬁ \6 = 1\/ Lﬁ( - (& \63 : < hi_\bo}\lx 1 = TN %3

: : , v(c\n\\i the clonm. -

There ¢ & very z\mgw& argument  to  make the coovl bW Ren precie \
C‘[QVU\

ona Y there 2t ol Swhel

Q¢ Su\)PL\aB Quch tlat ¢Q3> < \§ 2QL\6> , whete

Q\AP‘)L\,&) :? K\ \ \QC\)*&'O’“B )

We can astume tlat D<uw s

< s L fvoal T by

Sga\hx% Y K V\lussw\a .
l)\vx‘\'{’w\, ot (Ownokuyy\ .

LLJY te LO)\’} he chosen

et gt“ A \ \j JC’E lan Q»\, < Supp (\/(\3 \()\% construction .

Wa O\V\a\u&z tleo g,xpufe,& value o+

Eﬁ(\gﬁgﬂ\\)t \‘\AS&E [?r(%\% Q,(L&L s uﬁ)}

=z M e ey )

\&LS@\ ond  tha snc\xd”ui\ volue Owﬂ \Sf\‘

\O\A \Tn u«TT\a B’ﬁ L&Pedﬁ!ﬂﬁw

)
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Qm‘oih\v\& the cdaim  and the lemma proveg Qhujgr’g Tng%mh‘fg
And  the Pruojy thows  that the Q?uﬁa( ?o\rﬁﬂov\‘mé

mlgw;t),\m o oves  tle ?Lrﬁvmr\u. %\Agro\nh&/

becawse the output  get S¢ s o M Harethold 7 get

that  +tla a\&m\\t\r\m has  Senrched ‘Fur.

Discuisiong

®

® Tha Frouwﬁ Can  be Sehu%(féed\ ‘o wniglz\fek Y\W#ﬂgdar graﬂms with  Suitable ‘muzﬁfiu\f\‘m\s_

Both sides Of cmgug ‘me%m(ﬁg ave *t\ght) 2ven  thae constents are J@‘Jphf.

To fee oan .KXO\MPLQ, where  +he hard  divection i (olmasﬁ3 Jr\gﬁ > Consider o C\de of Lgnx{»}\ n

One  can compute He Q?adwm of tle uddo, (LszCf\ka« but  we wel do It lhare.
Recal ot o= mwm XEX

>
XL1T

<o o 31\/& an uP?Er boum)\ [3a¥ Xp
KX

we jmst need t demmstyate sne vechy
ComQdec Y= (1,\~J5

A L \
s V},,-,il—f‘/\;—l/‘l%rn/“'/ O/V;\,-" 1>
‘i s
Tl\ﬂm >\ SR bﬁ’yj\

NCo R 1
2 ._JW:OQ_%),O(MA_

On the otlec handk , ot s lo\ga +o \/Q(({"% +that the ,szansTon e»f o C/(:](,(L ve \Q(

-
TL\erL—&yQ Lon b

n

QKQW\P\Q\ J d)(&) st &Qﬁv) .
Nou w\aa 4hnk tlat Tt s an artificial JmePlg in which tha

Qocond, 23 gu\\ml% dmda ndkere st mecte ¢
e axpansion 5 but  Lets conidec  the {vllow‘mx relaked

JLXQMFLQV
Two kacku s—% LQV\&JCL\ n and Hae 38 a Pdr'\(ad Yv\odvﬁfma
hog \/\/Q\\.(&L\,b \“/x

\ B \
3y < ight 1
N . .
4 B - oo
RN \«/u.\gkt
2 4’/

s

botwean the fTwe Qﬂ(,kzu _ whece  2ach exig@

Q\&m’\\a, tha o?ﬁmal Sparse culk e tle Fa(‘gut w\a{‘d«‘,r\g ,

with  4(§)= o(75)
@v\ J(sz DJCLQF

le Lepad g‘»gahvu{w wouwld  ¢till

hoawd - one can  Show that

be tle Seme ac
the oqdle sxangle  (with oo wotas in Hla pacfect mateling Tdertified o one noda ) .
Thetefove , Ay 3¢ sl UQ&Q) and  He value s (evrect , but  tle o?ﬁm( ck s st ani
2very +hresholdl  cut s bad .

“The e Qkam\;\u Zhow  how Cko_ager)j Th?%wvﬁ‘f‘a gaJ( chootad both “in —termg GWL +Hae Walue ond n

T 20mg o&» tle acttual ot ceturned .

@ Cku%u’s T\Q%}&L“’VA %:vu an OL%‘;)‘QYV(GX\\W\EA\W o\\goﬁﬂ\m ‘Fo( Qﬁm?m\%g @LGQ whem N e \wgl)
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then Tt ¢ o ”\qur*‘r\g &enok O\\ayro{\m\w% N Buk- >\1 towldd be as Swall Qs 0&4\\(\13 ,  andk go
Tt wuwlh he an Q- o\\vvmx‘xmﬁm. Tt doesnt %m‘\’m sszla\\ the &Wx ?Wmm ™ ?mch‘u.

Thevre are Some  vecent 3u\ua[\‘3aﬁnv\ that  addressed  This %ngk\\bv\‘

@ The Qocond Q\Sa»\m(m IS c(omha rolatod 5 the m‘lx‘mg e eﬂg Candom walks  and g Qbuzgar’; \lhe%u\m(\‘%%

va\ou_s o tembinatoriel q?pvcmck bound The W\v!\‘\hg Time which  we will fee Tn next lecture .

@ “ha Pfoo‘% Can be medified 9 ghaw Hut anry vactor  ith R%La&h Quotient % N, could be wsed
t Ffodmu_ a  sparse cuf e}t condouctane. OCIN), le. It doQSv\)C have to be  an g?gewamw.

This pont 1S wsehul in gome other prosfs L but we Pro\m\a\a Wont See In this Course.

RQSQTeh(QS Cource  ngtet of Dan gp?dmo\n and  Luca  Treuisan
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