CS 466 /666 - Aljor‘rthm De;n‘gr\ and Ahaljsis ) S’Prin(j 2018 . Waterloo.
Lecture 11 - Qchtra( 3(q">\r\ ﬂ\eorg
We introduce basic S‘Fadmﬂ 3%{:% %Mor% fonj.

We Wil wse 7t n onaluzing  Yandom  walks and.  in other intecesting applications
"8 3 T

Eigenvalues and  elpenvectors
J 3

Given  an n¥n malvix A . o nonzero veckor v it an e?gehvacw o’}C A R—F AvzAiu for come scalar A,
whidh 15 called on eTge,thu\z associated  with  the e?j;o\vedvf V&

The Set o 2ipenvalues o A s ven b the set o solutisns 4o det (A-MI) =0 . the charactecisBe  polynomial.
g 3 4 Py

Tor an A With  det(A-XT)=o ama vechor v Xo in the  kernel /V“‘{{SPD‘CL of A-LL is an a<<oc) otedk Q?j@n\/ufor.

Real  symmetyic  matricos
J

Ou¢ %hvt?rxg Po‘mt a‘f SPQQJLYM jrqPL\ “H\ura Ts Ao \ﬂo([owinf gPedyA\ thesrem {7}\( real S’,L:]mm:d\/}c matrices .

Vheorem el A be an nwn real wamd\/?c matvix.  Thea thece is  an  orthonormal  basls o]L Rh

tthWSﬁv\j of €igenve ttors of A, and the CDY‘FQSPORIJ\:HS e?Sememu are  Yeal  numbers.

We will not prove  this  theorem o See aq the book ° algebraic ijk ﬂ\ur:ﬂ " L"G Grodsi | and Rau(z.
The abtve theorem applies 4o the deqcer\tj Moty co¢ a{» undirected qu?l\;, but et fov olicected Sra\b%s.

Th i¢ the main fzason that §k>u*n'a( 3(@}9\ t\/uz,o(\(,l S much  mere D(aue(aPed\ -ﬁw unoirected 3ra?k5.

n

leT V Vs,V ¢ R be  the orthonormal basis of @\‘feh\/ad\ﬂ'x qual anteed ba the above Spectral thesrem

with CnrragFom}\[y\S eigenuq\uu )\1 A, An

[id
Stes Vs [yl

A
LQ‘% D b{ ~tho nxn d;q&onp\[ matyix with  the (LiD)-th Ch{‘(n Ed:‘j >\f , hers D= [ ‘N . ]
“Xn

Let V bz the hyxn wmatrix  with the -th  column \omj Vi

Then the Condifiong 4\\/;: Aiv; Y1<i¢n can  ba C,umP.qu(Lj witten  ag Av=VD
R
Cince  *he columns Th U form an  orthonormal basis. s have \NERAVERY and thu U =V .

-| Al M ~\—
C_ we can tewrte  AVSUD  as A=uUDy = VDU = [J V‘M “ ; }
| An

—Va—

This  veprasentation 18 Ver convenmiant In  Computations.
F 4 ¥

Powers o{; matrices
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k T £ T
To compte AL we obseve that it s Jest A%= (VouT ) = uouDluoyDlupe) = upyT e Vu=T
k
A A
Cince D 5 o o’\fqgcml mecteix DK IS 2oy ) Compute L Vg D:[ Xa. X , DK:I )\f,_)\\;}_
S %
N - t N
Ths s \/m:\ wseful, anoh&‘mg randowm walks | oy P s the tyansition  ymatvix e{ the vandem walk oftec
+ Sleps where P % the tantiBion malyix  in one %TEF.

We will wse The eTgevwa\u> of  the trensiton wmabix  to  bound  The m?xin\g time In a Couple o{ lectures.

E\qen - decomprsiion

n
Siace  Vpvn ‘Fowm aw  Or thonormal basisc | any x€R con be wiittan oS

QU+ vyt + SRy,
BZX Orﬂ\unom\h[;f% RS FIV = <c\\,\+‘--fcv\\/,\) ViD= Qv v ot Gl vy v o AV v =

T\r\uo_&ww& ;s CXoud VLt <xouy 2V ot Aovn D Yy,

f

T T T
ViV Lox Voug ¥ -+ Uy X

T T
K\/LVV YUV

of

T
LNV v \ X .

Thie v true for all %, and  hence \/\\)T&\Jl\/j—t\..f ij:]
Mw{ﬁVlnmi\ botlh Sydes \OU A we gzﬁ

Ay = {\KU\V?+\/L\/I&‘..+\/,\\/;\X

()\\v\vf+ SV S WV VI B

Thue, A = X, ViUl € oo & PRV
Frally, ue elain tlat AT vl xS e TV MED for all )
becoaus e L>\1V\VT I WAVRVALD (\T\\/\VT% ~»\+J)Tw\/nv\j> = vl v v I 2 L
Loter on » we Wil

wie  thie Yoo to c)\a,fy‘mz tha \\quw&o”NverSL "

A ¢ ot e—% ’f\u\\ Con k.

Positive  Semidefinite  matrices

This s on TmPurTo\ﬁ defialtion _ an OW\D\(()X of a matrix ‘oe‘mg
_Yoct et A be o readl SLJ‘MMQJ_Y\\C matrix .
A

Pcs?t‘wm szld&{in‘&z ,otee.all Q}&ewamu

® @ ©

n T
For any YxeR . we have X AX=2o . te all
T n¥n
A=0U Hor wme matix UEeR™.
Dyont Rocall that a vral Qummotts ot A can
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V\Dn—thaﬁvl .

—The 'gau‘nw‘ms statements oare Q%U\‘VQLZV\Y

Mﬂ A are hov\—nz\gnf\\/n_.

guadcetie forms ace non-nggtive .

he vkt occ

Vs VA



@ A = UTU for Wme  matrix

U c Rr\&(Y\ ‘
M Recall that

o veal QL&MMLJWTC, oty A can  be  \urttten g \/D\}T.

. N ST L
®:3® Qnce  all ijmum\uu ofe hﬂ‘mha\gq(“\/l WL Can Wtk A :Q\/D SKD \J ) where D> ic the
XN o)\?qgo»\a\ ot X wWith D\\,T = ﬁ; .

A
T\wxa—%we, Bn \,Uti‘\r\:g U=\D>

T
. wae See that A Can o wattaee
B0 TAx-

as UU -
b
xTou™X = U uTx> = Wixl, 2 o
We

—gmr D\Y\Z} XGK“.

Prove the Quh‘fYAPDQKt‘\\/Q . 2O > 1®

. T
I—% Y s oan Q?zen\/utof whth hajmﬂ\/m thequm, then VAV

Wae  will

MW = NG <0
fur A

iS5 a Pog(h‘w_ SewﬁdaﬁML

wie ‘H\L I’\Djfof\\nr\ A % O

matyix .
This ic the bastc of \\gew\)dqjﬁn\{z Pfu&](‘ﬂmnﬁhj ” o \)OW[\"{WA\ %U\{rc\(f\l)o\ﬁnn vf [ineac Proj)rc\mm‘mj.
Uhfor‘\‘mﬂﬂ’ehﬂ) we will not be able to <ee Tt In This  couese .

Trace =

Sum of ©lganvalues
N \)

Toct

Lot AL hL . o An boe tle Q'{&@\Avc\\wu 0’§ A

Ms

‘TL\U\ .

A3

i

-/

= tvace (A)
A d\:c?"u\u}\ as the  Sum b% d\TG&m\ql entries sﬁ A .
r>(oog

whove  tNace %
Concider oot (AT-A) .

T yoslz are tle ;mgq,v\\/a\uxs eyf A, and <o det (NT-A ) =
Note +lat tle C/w—\%‘damfg 9«<

bl

AR o O-R)
T N

My O - An
On the othor homk , gk (MR = deet K

Qg AOan ‘0\1,\}
Oy Qua - = A-Otan

%\2) o kmx?aws\\\m\) definition o\c the determsnant /Jd\v\_ c,oa,%c‘\wwk o{» >\V\/\ mk\a o\??ea(g ™™

T=\

tle Term  (=a)Or25) o Ch-aa) | wlhich 3¢ "?: At
Thecofore, = AT 24

> AT Z :::’Wm(h» a

G’((\yk SpectCum
L T

gFLL’HWt gra?\a ‘H\uy% Rlotes  tlo leg\)no:tww\a! PraPerﬁa; o'[r a %rszL\ 4o fL[ ,&z}\o)erxvo&mu o
J]%g‘r\\/ujﬁrs o{ b aggocioted  watyix (1.%. O‘d‘j‘qu””%‘ ol L LAleTan mqﬁ?x)
Lat's  losk ot come ,@&&Lm?lz& ovnd Qom\vﬁe, thac g?@d\(mmg,

Qo\m\%\mtz gf“$L

2

)

what T tle Spactrum U% o om\a\am %m@\ K
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1% G T oa complete qroph then ALY = T-T | wheae & danstes <l all~one  matvix.
Any  Vector  Te aw o3 genvector of T with eigenvalue 1.

Henee tle Sipenvalues Bf A are one lace thon  that 0—% 3.

Swee T ¢ a—& fank. 1, *lere are n-| @gem\mu s& 0 .

The all-one veder I8 on e‘xgzmuﬁo( o{» J  with a?ggy\\/m\ut n .

S, B hos one e3gonvedue of n-l, oank Nl evgenvalus of -1

This 15 an qxaw\?lo, With  the latgest  €lpenvalue §op between  the \ac§L¢ xrganuqmt ond  tha Second (qrguf.

Com?\g'tg b\\?«rﬁ'& %YQL_ what w e gvu‘trvwv\ ef% o C/sw?\@u b:?mﬁh %(w\;k KV‘«,V\ i

Tha O\_U‘\lmcqr\ca ooty x 9& K, w  Looks  \3\a  thigt M%[\iﬂ

Tt < s& tank D o there are nem) Q)\guwonlm orf O, ark two non=3¢(o mgam\m\us Ao ks

nAW
¢

Ac Nz ‘b{mu,(é}: O

, we hove A =~y Let thys  velue be K.

]

Thes ‘ CX@,JC ( %I/A\ N /\Y\&VV\ ~ kL }\(\%V"\*l‘

A K
To determine k; WL wnse e Llwmstma) O\L’%‘m\\ﬁm\ 9rg~ Aetecminant 9’% <(j\)\m>
ntm-n . /\
AY\\/& Term  that  contributes o A st ol R O‘\‘\a&m\&\ owtiey
oand. thae \(am(x‘m}“% Twe ertries vuwst b ‘0\;5 oA o '&N Soe T,]_
Thave are WHVA M Such Terme L wlove tle g:&\« e—§ gackh tarm T -\

go/ KI:W\V\ . Owd thas k= Wﬂ

To  Conclude s *there OXe nim—) g‘\&{v\w\wu e—& O , and ona gz‘\gey\vcch a"{‘ Srn , awh  One 9”f "WY\

B\\v‘a('\:\\'l ?)10.?& We cow Q\\mmrfwﬁ% b\\)&r\%*t &m?\/\s LJ\/A o g?mfwv\my

Clovvn I% CT oo \;\?c\fﬁw, gm?\/\ ondh N TS am \Z\\%QV\\/D\,\V\J\_ 0& A(G) with MMHPHCW} 'S
Hen =N T2 om etgenvalue o4 AR with y\mm?\\a&v& <
P fooit Iii G w o h\?mﬁfq grav\,\, lew we can \)uww&z_ e (ows and  coluwmns D—f AlH) 1o

otz tha {orm MQ\:KO @)
R' ©

gm\??ogfm (VN (X\ ¢ an @‘\gb«vu\%r 5/& A(%) with yj&ehmhL N
9

Than ((;T %O} KX\’(\\ = 7\&%\%\ whyoh MP\‘\U BTX = >\V<\ Aanch %vé\ ZAX .
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Than K;T i}&xﬂ\ikﬁx\a\ whvch T\M?\‘\u ET\(:AVA Aanok T%uaikx.

o CH AR N e BT

ot T lae (izo Te an eigenvector 5+ AG) with up_wg@mva\m -N.

k k‘\r\mr\\a \\Y\d\LEZAAQV\T eiSeNgdou withh &?XQWVRXM >\ o ol %i\/p k Uﬂmr% Tr\okLPemka,ﬂL

with g)\&ev\uo\\m ">\, hence  the clamw . O

The obove feswlt  shows that <le i;?adwvwv\ ejy a \o\\vo\vﬁtg %YO\'E\/\ 15 g\:\ww\ﬁ\ku owvound  “tha Dr\wg\lr\\

We now prove tlot the ommuete V¢ alee  truwe .

Clodw 1—% the nowyero g?ngvo\\uJ

Prool Lk K bo an odd nwmbe .

K

\

oclur  in pairs ANy wath M =oAL then G e \oiFmﬁﬁ.

n
Then E‘ I = 0 , Eu} tha Sﬂmmqﬁa ‘of +the SP&d\(um.

N ot ‘%Laft >\\\(/ >\;/\.\ , >\'\k ov e &’\\—l Q«“&-@“VQKWQ‘S 9? Ak} \DQQ’Q\‘ASL T—g A\/\:)\U\ JVL% AKVL:}\KV\‘
Qo e Wowe JYFM:L(Akﬁ = ;§ }\\\K - O.

\

Obsevve ﬂ,oj(

~

)y ™ C;T (135 Wndmdﬁmsﬂ

A\(I'S e e nwmber c& b&v\&f‘n Ko wolks {(m\ T 4o
LL—E G has ow odd cycle of- length K, Flam /»\i >0 fw Some 1 and taw (AT) S

o, Snee tvoce (A)=0 CT st have ne  eddl Qﬂc\u ond thors \a‘\?mkﬁg, 0

aplacian Madrces

G(WLV\ on  undivaected %ra?\,\ G

n

. +t\e Lag\ac‘\avx vmﬁ%ﬁ LCCW) S oMLf\\nuk oS DQG\\‘A(&\}, where
o,
OlG) = ( Od\l,_od\ T oo dhapnal malyix with dy = oeqre of vertex 3 ™ G

\AJ\'\Q‘/\ G’ T O ‘ﬁl_xu\\o\f %(QP\\ , then D:KCA(‘LCAD\ ond L= D-A
0 \\c)\

JZ‘\KQV\\/&\\AL N

AvwzX »Q;\g@kuf\“/ @—% A LAtk

o J@&a“\mdor °f L owith LQ‘\SL\«\/&\\AQ with {T&L\A\/m\u Ck—/\, PN VI YS BRI
So  Tn thic cose the g\nd(um\g GJY tle o»écdwuw\uz\ walvi % and.  the Lo\\v\u‘\m« moalt Y arve \QAS?C/\\\\I}) Q%M\\/qum%

but when & i v\u\r\\rqg\dﬁw it Moy nst be easy 4o relate thary gj%ev\vamu.

Lot'e ﬁ\g T wndergtondh. wmw e abeuk  tlo SFQC%(MW\ 8'% ‘o \‘aeko\z)(xv\ watices |

- >
et 2 be the oll-owe vector . Then 1% caw b Qo\sl\(g checked  tlat L1l = 0.
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Co L hos O og an z\v\\aqu\m.

Con L have & sSwaller z?&@n\/atu& b

call s Lg
LL% ng\‘ be on _QJX&Q ™ CS\ \\//

7

) Y
Then 1 can be \/aﬂ?ﬁuk tlak \_(@,}: LL&_Q\%JKK ~\& = L(CV‘&)%LQ - L(GVQ\ *{QE L)

U I J
Lot &:\‘S' let b, be tle column vertr with ha (-th peetm = &1 ond the J-th L omdh D oHheewise
N T
%Ué Mduckion , we an wite LIG) = QEE \_e = S O, b, .

QT:\;XG Gy

L@Jf E = (\L \[n - \okw.\ \DQ_ %Lg_ maix \,\MDSL %Luw\v\& are x ‘DQ\ E&G 7] . T)’\QJ\ L = B BT .
| \

This Shews +that L g Positive  Cemidefiatte . and  thue 0O s the Smallest Qifgnuo\lug,

Connected necs

Cloow A %m\)\/\ < Connected T'% Gn an\a ‘\1\‘— ) ¢ an Q\\&e»\\/o\\mg o{— LL(%Q wikh Mmlf?Pl?cH-g 1.

(06 1% ﬁ T o\t Connectad ) tlew the vertex et com  be Fo\rﬁﬂnr\zd\ inte two  Cets S, and Sy

Cuch that “Hhere ore wo Qﬁ\gu betwern Hhom . Thew LL6Y = (LU"D& }} ok So
0 G

\

. 0
(“\ and K?\ ave bokh @Tg@v\\/ed\NS e% LlR) with Q,‘\g@v\va\\u, O , henw W\MR?\\C\“ 22,

4]

\

— 2
U G v comedked , Coidec xTLx = X\@a L%X ) ¥T<S<r "a\ﬁe}( :sgjeq Gty 2 0

1&» x is  an Q‘\gem/utow with Jageh\m\w O, then LxX=0 and thus X—( Ly=zo

e

Te Xix = 2 . Q%\\'ﬁ}l =0, we must have  X3=X) o every &J\S{, ek .
- > 3
Since C’\ 1S connected , At MP\YQ& ot Y= Q-f {w ¢eme  C Y. A W\MH%?\Q Qf 1.

Hence , the ‘Q\\SQV\\/QMLL O hag mmlﬁ?\\‘c\ﬁ\g ong . o

(\cm\\é\, +la proof  Can Yo wnseh to Prove e \Cc\kow\\g (oxercise ) .
Cladm Tha LA\?KD\L\CM Mok LLG\\ has O as ke Q\&a\n\m\\m witlh vvxm%?\\d*\\% K T—g andh 01\\% \vf

Tha %rm({b\/\ G hos & Cewnected m?omv\f&

&xzng(o\hgg‘v‘mr\s
So Lor we have QM% wSedh  the &m?k spadvum  to deduce  geme SImFﬁz Pm\nrt\‘zg of  +the Cngh‘ Sudh Qg

b‘\?wﬁk:&nzsg or  Connactedness » Which ar Qmsg +o deduce \okg 0tHaec  methods LQ&, EP&}_
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RBut tle wi %’R\m& obout  Tthese gvad{o\\ Q}\o\(mgtu\%o&?uv\s s that #kza tan  be KLV\Q{WU\EZ‘[}\‘ hDhH'\V\MH‘O:

“close” h discomnected  (ie. exictenc of a “@Po\rm" it ).

= A g Yomall ? H{f ot ira?% i
- >\\< NS Crva ! v \4% the &YAP\'\ o @ cloge RN howt gy b Conmectad Cm?b‘nuﬁs (e, k d\?sjb\mf \\SPMUL ! et S} )
- oy, g Melote” 4o —ol, (,Ld»lq(khcé matyix ) »{{» the gra?k has o Component “elow” Ay b?fnrﬁJfL

We vl prove  tla Lt Tem  and mention the vt two temg next Fime .

Rma lgigh Quotient

The wovn tool  in ‘(Q\o&iv\& Ql%zwum\ms ond, QT&QV\\/edwg to D\yﬁw\\\&m‘yg\,\ \)(o\o\aw\ v tha Qg%&gigu gégvjﬁ\\tﬁ,

whidh w5 defined s xTAx R Rl
XX

LaXt A be o @l uwmetic medn with eioenyaluec N2 A2 2 A, , ond orthonormal oloenvectot Vv, .. Vi
VA 3 v S vV, 0 Ving

-
Cloiwm Ay = omox xR

> X Tx
Yoo Lot w= QU * GVt ¥ C Vi, A% Ve, VUn {mm o bass

T
Then XTA\( = (C\\/\t . CV\VV\\ A (C\\’\f‘” * C“\“‘\

SR QRVIE SN VIR U (D VRS S N WV SO chxwvhj

n by
= E\ QN ( becanse Vi o ,Va Qve W‘E\«oV\D\rm\B
T T S o F
%‘\m‘&w\vd ,X X = (c\vm.u+cmvh\ Lew +..+ Caun ) = \a__‘CI,
w
y Ra LAY R
o, xAX . Z N < MRS L A
PR 2 o 2 o

-l

v

v
N

Qine v, offeins the  mosimum . tle  claim {o\\ms. -

\

Thit caw bo odonded 1o c\\umdo/ﬁ&m otlar QTKKLV\VQ\W&.

Lot Te be e sk a’{ vedoes ot ove mt\/\oﬁvml P VLV Ve

<
Clodw Ae = Mo % Ay
3 >
e e YTy
‘oo Let we T, Wt X = QU it 04 CuVn .
RQLG\\\ ’%LDK C\‘ FIRE YNV g}v\m K(f—\‘g,v W \/\O\\/(L C\ZCL‘,_H: C“_\:Q }
< D L n ~
Thewn, X Ax - TEK LN < >\K 2 G5 N
XTX »E C:l ﬁ C‘\L
= e
— Vo AV
Qe Vg € Vy  Omd ﬁ: Ne . tle cladm {uﬁkms. o
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T\I\Q odsove Yegwlt %‘wms o c]«mu,to,v}saﬁn»\ ef Ne > but 3t (E%E\ru the \éMW\Qo\&(L D‘i the P{Q\i\oms Q?&z»\\,utws

T\!\(L vosult below %\vu o cl\ﬁ\ro\da{\&aﬁw without kv\m\v\g e aTiewuedms , oande 16 move \Asl‘ﬁ\«\ ™ x‘\\f\v\& baunde on e‘\&avwrx\mes.

. T T
Courart - Fischer Theoram Nez Wox owiwm XAX o mosx % A
de R el \JX SR xe “
A (= Aiw ()7 n-k

M (_OPﬁov\m\B e {’ws( Consider  the max-win Fem .

ut Q\Q be tle -oimensonal gu\ag\w\fﬂ Q?O\V\V\Q&\ b\a Ve Vy e is( \ ® = Cyr o Gy {g\( Some Q\,.,,C\(’ZJ~

T & = =
—F“( {7\,‘/\\3 Xégk XT(A\—X _ (C\Vy*»_,*Ck\J\‘\ (\{C‘\/\{.;.+C\(\/K3 ~ 2\ C‘\ /\‘\ N >\\<. E\C‘\ B 7\
2 - < - - ’3 Q - |3
A (Cwix o CK\/K\TLC\VLm..«CWk\ S c»\1 f c-\"‘ :
T T=y
o X win  XTAY s XA
7 Qek %e S 2 % SARLLR.ID S ¥

o Sy € Ky €Sy Iy

TD ?(OVL ‘U\Qk TLL AKX M Cannot be g‘(é_m*u{ H\Q.JE >\Y\ , DBQZNG_ 'H\a‘ﬁ O\V\/A \<~ ()}(\an,mgim\ Q\ALQ'\)M must
ntersect  the  wktl  Mimensional S\/\.\)S?O\UL Te S anned ‘O\a “{\/K,\/K‘(\,'--,VV\'H.

~ \ 2 N .
Fov oy ve T, xBx o F OGN

U)X = e
=
Co g\co“: e " Ax . éncm; Tk Ay < A
/ = we S = < T = k-
A ()2 xTx ek, e ST XX o

Ficst E\?‘Qn\:o\(gj__

LeU A be e Qﬁk\&a_tawc\g watyix o& on wndivectad &w\?\m Let o) be T\s \m&mt ;zTngq\m

Claw o € RAmax L white  dmax  Renotel The  waosimum d\asru ™ G

{50 et v, be om Riguavector Wit !L?&ev\\/o\\bi \,
b ) be tla verkex with o V() 2 v G) o all T
EVA A ERVIVATED IR NS S VY = deg () € d V)

L) e T\ e(&)

T\/\Qre%x@ , Dﬁ\ A g 0

1\(\ 'fq;# ) \\% )\\‘— d\My 3 f\,\e‘,\ “+le abowe H\Q%\,\o\\?ﬁﬂ-& muwst \/\w\& oS ZWKI ties N - \/\U\:\/\Li\\ ‘%5\( SL\/Ua
V\{Tgkbw ool ) and o\c.&%\ = Ay . E implies that when G te commected  ank N® dpay ,  then G(
wust  ba d\mm\;ro_%\,\\a( and  tle uzT&zvxva\u )\‘ ¥ sﬁ mu (B ?\Wci{\g 1 , Since tle szjg.kum& {w\/ N must  log

N

0‘5 thae ’furwx c-1 ’{lﬁ( Sewme  Genstant  C.
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The Pacron-Teoberius theorem {W V‘““'“Q&M‘\ve watvices  fall us wwre abouwr  the {\\m
Theorem.
@ the {T(S‘ e?gly\\lrx\ug XS §,£ Y“V\W\‘Phlﬁg one

) Lol €« “Eo*r all

®

JL\\&RV\\/G\%-

\ot CT be o Connectzd  undirected &ro\\j\ﬂ. Then

o\l ewicies BJ( e £?rs’( Qixew\lutor oXe  won-2e(0

and  have the sama s?gv\.

We vl wek prove T in clags NP C}\thr 1% oﬁ

Gw (‘k%\\’Ro%\L fﬁ{ \‘)\(oogﬁ,
ELEQ]LV\(—LS

Xow ove rafeced 4o de  Couse mnotes o “s?zub/o& %m\ﬂn {l«mﬂa \r.)b Dan gp?ﬂvvwm {:or moee bau;&row\v&.

The book ™ Alg%w\?c gmyk *H\ew\g Y oko @ &oad, (@;gammz.

b\% &DOK\»{ ond Rokﬁ(e ¢

The course  notes § ¥ aph Pm(t\«ﬁm‘m(i ond Lxponde cs ! lm(\, Luca Travisan g c{a&ehér celated.  and wel wotten .
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