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l.ecture 10: Random walke

Random welks 1s an ‘\MFNJCMT ‘tzckn?%w in random QO\MPHV\S, anch al<o  in A\LSFSMAX {ad’ o\lj;uTH\Ms.

EQSM the geemd part of the Csucse . wherz wao  wce

Theough  the  Study  of  random walks. we il

Rneac olgebraie Tdas o o(ag“\gn and o\nmlagg ql&m‘\tl«\mg.

Tmian¢ WL Wil st See Some \n*{uaﬁ‘mg QFPNCQ*HWS u\s?nS mintma| Efkceraund\ knouLng.

Overview
Given o &(&PL\ R

& Yandom walk Sturts \C{m o vertax , at eoch e thP the walk moves to a uﬁ‘ﬁwm(a

Y ond om nu‘&kbw ef the turrent vertex , and rzpmt.

gma af the basic  moathematical WSHMS e

@) What ic the fim\\ﬁh& oligtyibution of tla rondsm walk 3 Lgtmm\ra A etribution )
3 (m?x?r\g ﬁme)

<

) How [w& does Tt take bafma_ the walk amyrouku tha [lmib‘ndi ol¥strbution

() gtmﬁ“& from a vutec <o what s th axpected numbaec of steps 1o Trest reach ti (h:ffm(g Hime)

3 Ccover HW\LB

I8Y

(4)  How LDY\& odoes 1t tTake v veach Qwua verter at  lesst once

Thew are tws  walin aw(ouka& T Quattiond (D) and (D Gne S F(obc\bu‘\sﬁg and wses the iTdea o‘f

another ¢ gPadel ond uses the Ja?gzwa[wf b{ He olol]o\uma matvix

\\Ceu\)\\mg " e Yandom Prowasses .
And h‘JP‘Z’{‘A“a e

We will Stwdy the g?ec&w\ Q\)P\(n&d\ 4o Seme o(avﬂ\ n tle casnd port Dﬂ? this Coucse

will alss have Himae +o e the Cwm?\‘w\g MK\AMEM n G\ho\\\:\g\v\ \/v\TXWnS Time .

Questisns (3 omdl () ore best  oncwered b\ﬂ \f\zw‘m& the ngL\ ag on  electrical netwok L ondl e WA alse

Qﬂfha this View Pdm’f 4+ Ssme oku\ﬁl«\ in tle  Secomd Fmt b{ tha  cowise .

Tod\q% We Juet atume & fundamental vesult  abowt (D) and  ser some Tv&ormﬂh{g opphicetions.

Mackov Chain

We mnvaA&z tha &wum Probt@m of Candsm  walk o o directed gfmFL\.

et
U Ny

/_\) /’5
[ Loach vertex Cw(u?ond\,s N oo stute

N
|V 7 O o Covlesponds T the tyansition peob. %m ctote 1 o Shfmj,

®
V)

ya

B
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We can  algo ‘}CINML/L[F\TQ the Prub(zm 6s 4 mabrx Pmblzm

o 1 2 3
0] ° L/4* o 3/%
{ T R S VA
2 0 o \ o . e, P\\l = ftrangition PML- from  state 1 b Sfa\ij.
e o VA Vg Vg

let  Xg  be the state ot time t.

LQt P,CLU Lo the F(o)aa‘oﬂ“’g 0{ kgq_\w\g at Stote 1 at  time JC
For example. ﬁ,\.(l,o, o) i the walk stacts at  state D at time O

S 1
oo pom (W LR W the walk stacts ab o randem thete sk fime O.

n-|
E\a the deficdhion . & {u[ng that Ff“(p = Eb P*(?)-?;/j Hj _and we @n Wote T COMPa\cﬂg
= 0> ( > D h
g F’Hl = ?{ 1% and  mare jﬂvxszrakg Piim = FEP _ Wherve ¢ vectors ore  Yow Vvectors.

This  vondem process s aalled  a Markou chain becaunse it \CwSa; about  €he Pm%,f.t

Pe QXJL: Qe \ X%—\:qt*\ . Xt»m\'“t—lw-‘/ Xy=a, XD:O‘Oj = Pl Xt:o‘k\ th\:o\t»\v = Pa

Stotes

We will astume ol Moarkou cholns are  findte in this  Coucse.

A Mackoy chain  Is  ircaducibl \{ thae Unmcha‘w\g N rected SraF\\ is S‘t‘ronﬁg connected |, e, there i
o dicected path  from TJ@:) ond Krom J to 1 for every  palc of  vertices Ly eV,

In other words . Ao every \"\j) the  wasts  { Such  that- Pr ¢ Xegp = Q\‘j \ Xb197> > 0.

The ?Qﬂod\ m—§ o ¢tate 1 s oto_%nerk s &(S;):t Xco\-{ t \ P\f{ > 07}

A state g w‘ T{l dCgsy =1 .

>
A Morkov choin s opediedic i all states  ave O\Fzr?aaﬁc 5 otherwise Tt ¢ peciodic. fx is periodic.
Se %

Ter Qkam?kl > tondow wWalks on  a \oT?mﬁ‘tﬂ_ 3(QPL i apedodlc  ag Asd = Iie V.

We  Wse \(fz&ud\;l\i‘hg and c\’\mr‘\oo\id% +o gu; +ha ‘?Dum]y\g F(o[u(%\a,

Thesrein For oy faite . Trredudible . ond aperiodic  Markov chain,  there 2xitte 1 < oo Such that

QPY);;A >0 fox ony \X fer any t =T

g{‘o&?or\mq Aist i bulion
d

> )
-A S%aﬁmm«% distvibuliom DTL o Hackoy Chain s a ?To\ao\\afkl{é Mgt ibuben T swdh that T=T1P.
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=
M
=)

Ih{vﬂwmut& . % is  a ® S’Um&ua /kau\(t\ov\mm | Fixed pornt Y stote . Qs Pt ’%h\( &n% t=o.

In{‘uﬁ\\\l‘lkﬂ, j\uzn any *%V\RL, irreducible o and aparisdic Markoy chain a\Chw we Yun \m\g zv\oujL)

then  we will cmvuma {wg&f about  the h‘\ﬁm\a and \‘Qm\vu&tl Yo the soame  distvibution .

=

Given  Hwo Probabilityy  distributions ?zipwpl,‘./po and q=<?\,qy...,<ﬁhd . the _total vagietion distanc

ojy g ond ? 1s o(ch‘hu}\ as OLTVLP,ﬁ) = _7% P \\?:~ﬁ;\,

=

We Soy that S,C Converges to 4 IR \.‘7"'\00 d‘T\) C \;}—f) %) = o,

Ong more d\e{-?n\\‘ﬁ\b\n : the \r\TH‘mg +ime _Q(D‘rvx T 1o } XS N&—‘ynw\ oS H‘\,‘ Y= in E\ 121 \ Xt:g\j L K= S;E.

The 2pected  Witking time 1S defined  0c  h

5 = E[Ha,ﬂ.

The -?o\[ow?rxs thesrews 18 known  as  the  FTundamental thewrem o‘f Mavrkou Chalng.
Theorem Tor any %n\\‘fi . irreducdible | and o\?u\od‘xc Hackou chein ,  the {lotkw‘mg; lhold
. -
® There  2stc a S%oﬂh‘uv\arg st butiom -
>

>
@ The  distyibufion P owill Converpe H W as  t>w

@ There 15 a wni Que. gbﬂ?@mrg AMstvibution .

@ o= b POy =

£50 A

We  wont Prova this  theovem hd\cuﬁ, as  we il do  a SPQL{VM anc{ nqn a SPqu{ case  \atsc

Rbmg\,\\g Q«geak‘mé,‘ gty brobabilistic Apy< oach goas  os Follows  Two Yondew walks  are }wo&‘\gﬂ%n&m‘\sLmbLz a{tar
ﬂxﬂ\a ek’ at He Same verlex af teme e STQF. ( Thic ctotewment cam be made precise \o\g
4o ‘\OD‘AN‘“& ” Q(S\,Vmem > B\Q “the })(w\ms theoram \As‘mz \((@\uc\lm‘m-g ond o‘ﬁ?qr\\ozﬁc\ﬁ’g . the e
Candom  WwalkS will meet with  Some pocitve \jmbaxb‘,twa aftec T Sleps Mo matter whaes tug wals -
This  would imply  that the dwe vondom walls Wil meet  with probability  one e\/qﬁmltg, awd 1t
—fol\a\,u +hat ﬂuz\ olkd Converge o tle  Come STMIWQ% distyibution . ond  4huws +he uh‘\%uemcs.

A
Tt s Rosw to See that T hy , ac the overage fetuen Bme s hin

R =
_ no matter what s tle Initlal  distibution Po-

Pagﬂ.f(}m‘(
gmpposl we have & directed jm\P\(\ d\&gd?bh\g tha ‘(do\ﬁmSL\{Fs betweon @ Set o{- ud:?mfu,
Te. there 13 an  oxrc %m page v to Tage 3 ‘wf{- thece < a link %mw page Yoo page j

We  want  an MBD(&MM to “fm\ky how TMPDM‘(MJY o Poge ic .
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Iv\m}ﬁwha, Q. page be?ng linked b\(X many other poges BS “\m\?bf‘tb\“t, ond  Qa Page (inked b! an
\]MPD(TQV\JC Page  1g T\mFo\(#a“‘t.

W v
ThiS  motivates 4he "En Hbu‘w\j Tterabve ra%ngmw{i o\Lior’ﬁc%m .

Po\gq( ank a\gor\\t\nm

- jh?ﬁoﬂb . Rach Pagt hae ngmrank voalue _er
- In ecach ghq;) eoch page divides  te Pageronk  Volue Q%Mui o ate outjo‘mj link.
and  gend  thase Q%L&M shaces  to +the pages that Wt Pb‘miﬁ ‘o .

Each page m?o\oﬁm s new ?c\gLU\nk Valwe 4o be the um n{— the shares that Tt recelves .

“/1»

/

>y o« L
+he c_%m\\\‘\nkuwv\ Pagl\”mvxk values .

/
@ 2/\3
\

U

4
Yo ®) is (© e

/ Vis Y12

N
s (@

TE e ot Ifficult  fo Ree  that  the e%m\\(\ov\uw\ Poxgz,(owk valueg are Q%wx\ t  the ?rubab[‘(‘\ﬁu

o% the S*mﬁﬂ\o\ra Aist buton O-f the Yondom Walk when  each ‘U\*\w% P;ls P < E%um[ “+o

\
d\:zomk‘\) . whare dx{&mht&‘\) is  the ovdtd\ng\/UL ef Vertex 1 in the 3(‘“?1\‘
3
Thts 18 betaunse the pagmrmxk Values awnd  +le Sfﬂ&w\mmé \)(o\oabm‘ﬁm Eaﬁff\a the gome Ugma‘h‘s\ngl
- ~
\)m&a(mk (p = \S ?mgunnkﬁ)/ d\zgoth> L Lhich 7M\>ltu that ngumh = PD\ij‘an’:P . and

\: ‘\SGE
= . N
thwe Fmgu an 'k, Ts a S%ov{‘wm\an% A tributton oqﬁ ?

Whan  tha g\’mp]r\ te fBatte . irreduable  and aPlr\dec, +thic s mm%mﬂé A fingd \ocu\ the WC\,W}«M;V\T«»\[ thm.

TL\WEJ’@‘(Q, wae know that T tle grw\;\“ s Strongly  Connectod and O\?U\\DOUC, then  the “z%w‘.r}br‘wum v
pogeronk  valws  are M:W ve&amusg of the nital Avstabution.

In plactice . the difectad groph  may not sotis fy that comdition , and the fallowmd: modifiad  Process
e wsed  fix a number ©20 - dividle s fmcﬁw of its pogecank valus to it m?gkbws,
divide. =S frwﬁm D‘f ts P{fumk ™ all nodes gvahﬁcvj.

Thic ¢ qumiva(znf to tho romdem walk that ith Probab?[?iy S JOD tvo a fanolom mz?fl\bw, and
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with Probo«b?m\a I-¢< @D Hoa random vertex . Than The Cuh(ﬁvg qu]a% XS Shmglﬂ Comnected  and
apeciodic , and hene a Mhl\%/b& smﬁmma s tibubm  2xisTs.
qu‘m(gz o L/mT%LML “4%«”]l?brium ’ JDQXMM% value  ghows that the YD\V\[C\\I\& ow\la c«t&]oeths on  the ijk

Stracture, but not v the inihal Pa\g?efm\k Valnes.

Tt alco Shows  The  Yelation  betuwsen The ng{rka value and  the Hﬁ\g 4w

Perfect Motding in Reqular B’.\?a(’f.m Grophs
r 0 J 1

Tha b\?arﬁta, YV\OLTCW\V\S Fmbum g to f‘w\ok o maximum num bec ”][ vectex o({g“lv‘m“r a.dg&s in o b:fo\vﬁtl ng]m_

%8 Halls +losvam o \D\Puﬁim W\qnh‘m&) 1t is well-known that o YZSULLC»( b?FarﬁfQ gmrh Mwans has A

Perfuf matcmg Gz o rmgmkm bFParﬁtQ KMF% wth n verbes hag o moﬁrcbﬂ\né Qf S\SQ n).

Thate s a veeent (oswlt Shmmg how to fr\d\ a Pufu‘t ma\’tch‘«rg in Such graPM N O(n(oﬁ“) tima
Note that thic ¢ Qublingac Pme when the &MFM has  much mive than h(ogh Aokfa (rzg. .0 ‘“’&K“)

The aljor‘.t%m and  the ana[SgTs afe very Uﬂjaw‘t-

The N ad b ona ! QPP{OQCL\ s to (QPG_.@TM% fwnok on D\\A&mwﬁh(r P(AJLL\ to lh(&\’\gm tle Mod\ck‘vy\(f.

e T 2 R

Cunxsonts w\nqu\(\& awgw\u\t?v\& Paﬂ« \wgar \'V\DC\TD\/JV\S
An augment‘xn<< path I o path  VimV - Vg cwhete Vs mVs o Ts on edge not Tn the wmreat
mM\cb\Iv\& oo Vs =gty TEoan Ld\gsl in the eumrrent mmtch‘mg ,oomA Nyoand Vg afe unmatched vertess.

Thesrom “The current N\A,-tcb\?r\(f 'S moximum T—/ omd m\la »\f thete < no Qu&mzhﬁhj Pqﬂ\_
toof toea.  One direction s @sé- Lf tlere s an c\u&manﬂng Pmb\) than we can un 1t to

zvxtarSL the Mc\tcm\é .
Anskher ditection e to  Shaw  that 7—){ tle  cwrcent mm%h‘\vn& M s not maximum, then there ix

an qmgmanﬁvxd Pqﬂn , b& cms?o(ulhd; the wunim ﬁ[ a [arjar matchin H¥ and. M . a

Co, the mavimum b?Partim match‘mdn Fﬁ)bum Can  be voduced to al moest n Qubrontiwes 07[ {Sndinog

On o\mgmmﬁ“& Faﬁc% _ whch can ba ome h OGm) Hime béﬂ o BFS ( braadth frst <earch ).

The new idea s to fl})lqca BFS bé vandeom welks. et ma illustrate  the a[cjoriﬂ\m Lﬂa Pa\cmru,
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<

-2 © Q o O\N
Vil o s e ([[faerg
G, G o@/ / .
t 32

G, o the m‘\gw\\ wndifected b\Fmﬁm gmr% with o Mahh‘mg M.
CT1 o tle  directed &w\?h whece  2ach Qr}\&!L ™ot matds v\& M e Fo‘mﬂné mem‘(L . while sz\/ma
othec 2dge Cnet ™ tle mo&ch‘ms) s Fu‘mﬁn& odswnward .
Gy s the directed graph obtamed from  Cr, bg cﬁmcﬁhg foch =dge o the mmmé M nto
out

A Single Ls%\um) node . Tha Soarce < has oL WD gdges o zvug unmatched vertex V

on JWF L and Qvara unm atched vertex W in  bottom has OK-M(UJ M\ges o the ank ©.

And. T has 0(’“&) zo{&u to S.

Tt s not d]'{%lcu\(t ‘o tee  that
© G, has an omgmev\ﬁn(? Paf]n

& @ Gy hat o directad Pm‘h frm A WF un matched yvarfex to o bottom unmatched vertox .

& 3 Gy hos a cyele feom P S

itoTs ool o fficalt o vmm tlat &5 soan  Ewnleran  obcected ngh (te . the D\cka\gw\

TS gwr to the ourokzgfua f‘w zvmra ver tex ) \qﬁ CT\ s a Ya&u\qr b‘\Pmﬁm SY“P‘!\<

So, if wa do o rondem walk ™ Gy, then the oxpacted Bme b {nd o oumenting  path ¢
le o the QxPuT&D{ h:fﬁng time  Heo in (5.

Recall that Re gz ‘/vs , where Wo v the P{b%c\b\\\\&\a Sf bu“& in S in the ghﬁwwa dvstibuwhion,

Which T¢ wa + cmrm ™  Euwlerian Al racted gm?l\s.

okt

T N AW
Cloim T owm Tulerian  dicected KVQFL\) +the s%och'mmd Astibubon 1S T, = ’—“MV
EW\ZITQ»’\
d\uw w) A v ot
Yoo TTU B o \>b\/\l > S DA \ - VA) - By ) - T\_\/
wwe® wiwveE A () ™M ™ :
(}\th\/) ) \ )
Sme > Ty = S - | ‘i ¢ the unlgue stokiomar st bukion
v Voo ’ ¥ 4 a

T\r\ogm_fm’tj He ¢ = W/ d\OWCS)
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- wt .
In the T-th Jteration When tlete are wta | edgse ™ the mmhmdp, K7D 3 (n)- A asuming

CT\ 8 a d»f&gw[ar SfQPL\.

g‘o, in the I-th Tteration, Hg,g < dn/dthﬁ) Y\/(V\fiw.

n-|

\’Mnn?mé’ Hwme 1S ?:O Ny s

_ﬂuﬁv_fﬁvz) tle Total = O(h{o&n).

WwWith aFFroPr?M‘v, Aoto. Structures, +la total Ow}ylgx\% Df +he Aljor?ﬂnm hRS O(n(ojh)

O?ﬂf\ Pw‘n\em: Can You axfend thic approach  to V\S\rr‘(;&w\a\/ bipatite i(av\«w?

Fud of {ist pact

Ty 4those lechutes. we have  ceow +he  bagic

Joole  and Tdeat Tn the dzg‘lgr\ and wmtacis DWﬁ rand\om?geok

legm\\ﬂmg ~ omd Sewma \\hques{\\ng qw\\ud\w; ?mmmj sublinear O\,\Sor\\tL\MS‘ Po\rodld C\kgb{\"ﬂ\mi . it buted o\‘jm\ﬂum, ote.
Thete are  Soma  hetable Topies thatt  we have wet eoveced .

On the o\\garit\nw\‘\g Nhe ,  OimenSion (eduction o wiove %szm\\% et i Jcm\gszokot‘mg hoave  voaviows ‘\m?w‘rw\f

QW\KWV\W& ond beawtiful  mathemeticy S‘wm?\w\g Comprestive &ms‘mg s onotlac "wﬁuasﬁv\g ol .

On tlo u»w\}ku‘ma Side . intecactive pm,ﬁg anok  PCP theorams ave \/ar\g ‘mh(d?r\g vesuw e woth P{o]ﬂounok

1mpll cationg in C"”“P\““% and  hatdness ejy a?\)mx}m%ﬁms.

% s

owe will moeve Yo other topics

In the <ecomd Part b{ the courte, we will %fuoh} inear o\lgmbro\‘vc TQCW\‘\%MS T the DMQTSA ondk  anal

od a\gof‘\k\ﬂw\;, Tivst, we will  Continue  owc S*\‘\w’xa of Candsw walke Then

Basies DJX random wolks can b fbumzk n d\szﬁu 7 o% ‘\Proba\,t\ﬁvd oond C/wP\d\‘mS T ond C,LAPTe( I8 ojy

~ (O\V\(im\.\b:u}\ ox\&\(\\ﬂwxs "

A {\,\\\ \DYDOJX oﬁ The {wmmmh\ Tlaestom e{ Mackoy  chaint  Con ‘oo jtﬂw\i Tn e Shert boslk

™ %\ATTL HMackoy chalne and o\\gmmm app\‘\cﬁ“ov\v \c\% Haggsi‘rm-
Tha Yagm\qr b\\\mdﬁw_ W\oaLcL}mé m\?(ﬁc\m s f(m tle  paper h PEVJPZLY W\RYLL\MA Tn O(Mn&n} ime
n mgm\c\r bipactite &m@«xs ! \ové C:roe\l‘éa\)mluv and  Khaonna .

ngumk 'S {rw d\miﬁu ‘4 Oﬁ Y Netwsks |, crowos , and mackets ’ \o\a Eaglav(} and KLQ\"\LMK"
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