CS 466 /666 - Aljor'rthm Des-‘SA andl Arw\lﬂsis ) S’Frinj 2008 . Waterloo.

Lecture 9 ¢ Local \emma

Local lemmo. 15 @& Mqau[ ol in Pmbc&;l(]st\rg methods  With  various aFleo&ﬁmr_

We will gee two  bagic zxam?[esJ ond  then o recent br&aktk(oqgk n qu?hz the maethod  Consdructve .

Lovasz local lemma

et B, EBELLUE, be a set of “bad” evaents.

A {—wtml Soa\ n ProLaLIL:;GL method ic 1o Show that there s oan outeome With no bad  evets occured .
For example in Samm{‘mﬁ Ro\mszg j”‘?l‘g‘ the bod events are that  Some Subsebs  afe  monschromatic
" —
Our Sm[ ¢ to Show that Pr C N E‘-j SO , an oukeome  With ho bad euants.
=1

There ore  Some Situabons  when thic ¢ eacy o chow ¢

when  the eyants E‘,El,..,E,\ are w\u“vua[(a Tnfiz[;zw(pnti

n _
= Whon P ?r@éﬂ <1 , te. when Th2 unon bound oL[:F\res,

W >3
Local (emma can be Ceen ac @ clewr Combinabm of these . We can Ahink of it ac & (ol wnim bound. .

Wa SM{S that an eyant © i m‘ﬁuﬁ“gd Tno&z(}enouznf D% the evests ELE,, LLE, 77( 'FW Qné Subset Ig[ﬂ/

we  have P (E \ ET” = Py (EB L e

TeL

Py (Eﬁ d\oésn/k d’\a“\f( ho  hotter what hD\JDFﬁnQPL in EJ‘ Em

Defintion A o\epzmamﬂ §raph for o Set of events &L ,E, Is a SMFL‘ =08 with \/:Xb.‘.‘hﬁ

ond ‘gw €1 ¢n +he event E; is wwdu,mllb l\ndq_FQV\({Qn't of +he Quents {j\;j \ ((\J‘)%Eg.

Theovem (Lovisy (ol \P,W\Vv\c\ﬁ Lok E“,,‘) T, be o seb oﬁ 2vents Q\A?p\ok Heo —go\\m\ngs hold

@ Pe (EQ < \3
@ The  mosimum d\cz&(u i the d&?ev\&u\%\ Ts ot mest ol

®  aep <1

The local lemma Can b ‘mhertz& ol T{ the tnlon hbound opplies Locq((éj “hen thece 2xists a jaoo\ outc ome .

The Qcﬂow]ng s the or@‘ma\ ?rna{ ba Lovdsa, which Y non-cowstructive: It ohlﬁ proves  the existence of o gbad

outeome . Withowt  an <fficlent aljoﬂﬂnm—tn —Fh\u\ such o Qood outeome .

W wall \7(uwﬁf the Yecewt ngovif%m‘wc P{oa“f \oker ., <o tha br?f‘mo( Procf AN OF{\(MA{-
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2(00§ Qogﬁcnam

Wao prove by Tnduction tlat Pel0, %) >0

on the %:BL e’g <.
To prove the , tle ¢ an Intermadiate Sfb\) %\nwm& daf P((EK \ Tes E\ ) él'E
The proef Structure to bke whis Pe( 0 ) o D Py (| Qg:m:\—%‘} S2p
> 0 c- 5 P T-) s
Pr(\w&:mﬂE‘}N) 2 \FKEK\ T(;s DR '\) 1\3
= ..
> P T. < = 0 -
? \YQEK\ Q&\s\w—\h‘> l? > T (TGS‘-\Q:»\ E\\) Z0o
F\‘rs&/ wa prove Pr( A E> >0 OSSuw n the p{zulo“s etx?s ih  the choin are Provux.
Yes ' g
The  base case  when

—Fov the Tndactive sz,(;, without (ogs of 3wmr+la L we  oSSume S—Rk 2

[Sl=1 1s casy . s

Pr (iﬂi (-Pc(ED) = l-p >0,

R4
Lo & — -y
Then . Pr (D[ E[\) = lex Y- (E; k 9\23\3 // conditional FroLc\Lf(T‘ré

{ —

= TTL ( 1- FFQE; \SQ\E3}>
L

Z I, ( 1- 7?) >0 . /o inductom L\jPDH\Lsg

Next . we PFOVL P( QEK ]~ f\

To do 4his o we dinde  the 2uents Jato two tj\’“

Q=4 teg |

[Si= \gxk . then

¢

So

\eq

E‘\j 51? QSsu»q‘mS +ha E(‘{Lu\\buj %tu.\é& in the chain  are proven.

bagedh a1t S MFM&\U\L(& on By -
QuoeEl g S=fhes | L &EL.

Pe CECL O E )= PeCED <

. Ondk ware done.

L owe ossume 1SS 1S
Lt Fo= Q% - Fo= D% and Tt D L s that Fe= T aFg,.
Then, Pr CELVE) = PeCEATD o Pr CEe 0T, ) Fo, ) Pe(Fe) Pr (Eed Fg | Fs)
Pr (T Pr (%, LFe) Pr (R Pe (Fe, 1R

The  numer otov \s Pr (Eg AN I N I (Ek H:&) = be (By) ¢ P ka Tndapendence.

The deomintber 16 B (R UF) = he (O F L0 By
=\ - Pr (TUES\E.’ jeslgj}
> - Es, Pe (E: g;glfj} /. wmon bound
2 - Eeg 2p 7 induttion hypothests - as 15, < 1gl
Z 1 -2dp /] e dapree @ssumption ©)
> L V4

O\QSLAMF‘HBV\ @
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P\wg them back . we  hava Pe (EK\FSH < b /(L],) = 1P This QU\N\FULt@s the Tnduction S‘f‘ﬂ,};, o

Applications

We <how  Twe classieal mem?\u o% O\\?Y[.\Cmﬂm o{ local lemma -

(O _k-saT

Given o boolean ‘Fnrmu\(m with @xagﬂ% kK variobles n each claue. we would Uke to fnd  aq  truth

O\Qs‘wgnwvﬂ( to  the vartables  Cuch that QUU:I clawse T SaBsfied . wWhere @ach clawse Ts a rﬂsjw\&fch o{ k variables
{.E_ RV B ()?\VKB\/Y@) N QY\\/YL\/ *gw n C YZVX%\/ %%\ ona, =T, %,=F, %,= T, Ye=T T o So\f\\sfﬁj‘m(f a;s?fnw\emf.
Thic PMWM s NP»Cm?utL in ﬁev\um\, but we can provs that T{ ach variable oppeors an not too mm\zL Cloauses

Lhan  thece 1€ always a gfﬁn‘sfj‘mf &ssijnmuﬁp

Theorem If no vaddablet  ina k-SAT  Lormala Appear in more  than T = 1k/éﬁ< ¢ lowses

thoy the formula has a Sm{w‘r{zj‘mg ms?jmwnt
?rco& Considker a  Yandom q&s\,gnmanf where  each Vaadahle 15 feb B true  with Pro\uabiﬁﬁg Ves ?nd\zyuokutfj
Let Ei be the bad evant that +the 1-th claute i not Safsfied Bn the  Candoms (X(S}\?V\mpn‘f.

k \/ark\m\oLLS . this event \(\QP\)QV\X with P(bbo&ﬁh\(’\a P: Pr (_E‘D = éz

giy\gL 2ach clawe 15 o O{TS}AV\U{“M cﬂc

Note that the event By 3¢ rvm%wx[(a ‘w\dmyewdev‘t with  Okhec euants  that do net Shace wvariables with E;
. R k .
gb, the Maximum o\rzjru d n the d\Q?QY\d\J’ZV\Ca jra\aL 1¢ at most LT < l<(7—/¢+{<3 = 2,
k~2 -k
Since Qo(P < 4 N2 D=1, dhew 1€ an  outceme with no bad events , hence o Sqﬁffb‘mg Ms?gnmuf a

@ E 0\310. - 0\‘\:\%0‘"\& Pa the

Ghan o S(QPL\ with k \:»cdrg §(S_tﬂ,(%tﬁ,.,/(sK,tK\S o We vwowld (ke %nv\ o path P; Cavwvecﬁ“j
Si and £, Such that the PQH\S 1}?1,?1,_}(5 are eoth o\‘\s]o‘m\‘.

This ‘)ru‘okew\ s alse NP»cmvlﬁa o but wa con e local lamma 5 Show that there s akwmns A Soluti »f

*tha \)is\\:\Q_ Povths do net Share too \(VID\'\% Qdiu with  2ach  other.

Thesrem For each  1sisk. et () be a  cellection of L porths Cmnuﬁv\f s and T

gx«wo&z 2ot \?aﬂm in @ does net  Shace Qoszu with  more that  C Patl«g In @j f\w I:&i\ ook 8]((-/1,51,
Then there 35 o woy o choste Pié@\ 2o thot  the poths QPK,.,.’ PK% are QOLSQ»(%]s“JD‘mT-

Pros Constdder o vandom Qx?u\\vwenf “‘ha 't ‘EW L <hgek _ e choose o Candom ?m{'k ?*\ 60),‘ C,onmnﬁ):s; ST andh JC)
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et &

A be tThe bad euvent That P] oand Pj are  not Qf}\gl OUS\JD\U\T.

Sinee o Pmb\ n @: Share QA;SU with ot mesk C Poctks n @)‘ onck Theve are L PML\S Tn Q); .
we have  p= Pe (E1,5> < C’/L.

Cnee B3 s mitually independant with all events B} When ‘mg{c,“\f@ ond. ‘J’H;,‘j},
W have  the  maximum degree A In the (XQ,EQV\&JU\US 3m\?\ﬂ T oot west 2k

As Qd\‘g) < Qkc/L = | \a(d due O\Ssum?b‘ﬁ\/\, the (wecal (emma ?W\P\TES that thece 8 0w dutcoma

O’§ the uangr\man with no bad events. henw an zdxﬁyotTS\JoThT path Coluwtion . D

Thare ate mony ]mTL(ist‘\ng and.  mon—trivial o\PFlkm‘%ws D'% local 2mma .

Sea €< bY ’Ev\r o QM(P(TQ(\Z Cesult In \M\ct@*\‘ fom“mg.

E{fcient Algorithme for Local Lewma

How to fnd an outcome (q&. a Sm\s{\ﬁ,\\g as%?gwmw‘t’> whose Lxislence < Quaranteed ‘oa tha Local lomma $
Tw {o‘dJ Sinee the F(ahﬂlo‘\t\ta cowldl ba \/q_(a Swall , we dﬁw\/% ,Q\(Pu,t that o fondom  oufveme Wil Ao B

ond Tt <eems t be a W’%j O\T—H\‘wlt algm‘w\m:c fosk  Uke \‘fmo\w\& oo nudle W a Rangmgk”.

There 7S a lw& L\ish\(\a abowt \Cﬁd\?ng Qﬂ%\dant o\\gorit‘«\ms ‘67{ local lemmo, , With a yecnt bfmkﬂ\oﬁh.

To Vdustrote the \»cims, o Smgt f’uws on Thle k-SAT Pro\oum

M’ Tt Ts noncenstruwctve | &‘v\/‘\n& no Thea how Yo \Q\"d‘ Such awnw  dutceme .

M There 8 & Promewsrk  developed bg Rock.
Lot me Just Yy to give o very basf Ydaa Kera See MU 68 Hr detwls.
oo thye fmwawwk o wok, o Sﬁmw\&u Comdition TS astumed © 2och variade apprars n oo wosT
1= ldk lauges {w goma 0<x< 1 ynstead of = 1k/4k \)
The q\&nrithm has  Two phaces :
O Tt o candom “partial” assigoment (anch clawss with ot lzagt K/ variobles fomain anasdpred ).
Um& the local lemma Treelf with the %m\{m oSSumption (T= 1‘“) 0t can be proved that the

Pactial Loluion Can be gxtended tv A \CM golubirm . This S%e? bed @vsa T—f % Y5 Swgll ﬂmmjln-

@ ﬁ-ﬁer the  nitial pmﬁm Mslgnw\zn’r . Peove tlat tThe dﬁ?zwdauia gyo\P\f\ 7s broken by Ywall pieces,
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where  gach plec hag ot et OLLn& M) evenls . S 2och Clavse has kK vodiddes, we can

do oxhawsbve Seacch in 2ach ?}Lu in Po(vdr\owﬁa\ Bme o fﬂu}\ o gaﬁsﬁ'}’\g o\ss\‘fnvmw whose

Lxistence 1< gmmnt‘mA b& tle local (gmma in PKM @

The difficult Pavt is t chow tlat 2ach p?:zu s a'{ g?sq DUO&M) y bxa a cmtfu ouunﬁv\d mguwgﬂ;

Recent braokthrouph by Robin Mocer.

The ALSorT'tL\m is Sur?r‘xs‘mgha %Skaz. Tt wos Known v the QX\)QrTs but v one knew  how o m\q(asm it

Al gwlt\/\m

Ticst \Cw‘x an &(dzr‘mg o{ the clowses  C,C

2Ny CW\

Qolve~SAT Y the main projram
Find o Yoandem assffwme»\* of the vartables.
Tov 1€ sm
TH Qs onet cott sfyod

ti\( CC{B

Fix () /4 Subroutine

Subsbtute  the variaghles in C  With

naw Yondew valwes

Wil there 1 o clawe D thet Shares  varlobles wWith € and D is net Satis fied

Choote  Suth & D With the Smallest fndax . Fix (D).
Ana\k\{m\s * Note that once we called  Fix (G and Cotutned 4o the (o op in the meun program C;  wil]
Temoin  Qatisfied  oftec  2ach  Fix SEDIIRY Finished  n the o op foe J > ‘b& tle Yeluarsive

’f‘(x\v\g natuce  of F“\KCC&).

Qo)\,ﬁ\u\ the Main koa? s Tnished . al the cloawses W be io»ﬁr{ﬁsw{

But Tt Seems that the program Can vun i an Infinite leop  and never Finished .

Brd. Tt Seems Very Lffentt & am\hﬂgz this %(Scrltkm with  2udh o cm?mmm Uizk)zhduncg) Mructuce

I(*!Lmi MuSQ(" Came m? w\\tL\ a rnmo\rkquﬁ/ ?\{'sb‘fv HL %L\DWL‘?\ TL\O\Y l\‘F fﬁ\i\, a\ﬁarfﬂr\w\ Aoel nat T&lfm\mﬂd‘ﬁ,

in o reasonable  amount of  time . then we can  Compress  (ondom bits using fever  bits
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winch  Te EM?DQSK\;\L \ (%ee MU (‘J}\D\P%Lr S

_Randow bt - gmp?vrt the o\\gcrit%m rune vt g’nch but net successful Yeb , how many Yondom bits  sed !

Th the ‘azg‘mn‘mS Cwe used N random bibs {vv the 1niBal ass‘\ghw\em.
“Then, —(lw eonch  FixCQ), we wed ¥ vandow biis {lw thee cloause C.

ZD) tha Aotal number sf fandowm bits wged g n+ tk.

Encuo\"m%w Now. we Show thow o Comprags thete  tondowm bite ;{ t 1< largg EnaugL\_

The ldea s to trace the 2kecubion of the alga(?thm,

T—‘:‘;ﬁ - ® Tix(C,)
TS /"?\DL’ E\MCQ /\él\ <
HEREY 4 R
m@jb@'ﬂ ;xxuﬁs . /\Q D\\’\“x e
/ “ D,"o‘ JANG /\7 ond. & B

Tl v .~
/N

C o 4" ]
Fxlq TG

- Y

{2cur sisne n —X:]XCCD Yelursisws In ‘P(\\(QCX) Y2lursigm ¢ 1n FI\X (an

Tha Qr\(,ooUnS Qcheme TS o -gouowg
@v:a 0&kugim bits 4 Y2present 3o‘mS {\fm the tTosk  to o clowse . \Wwhart the (eglm bite 0%

wsed  to Yepresent whidh  clane o Ao .

@ Uge D+(og;lok bits feplagent (SD\MS f\(m thae Current clawe 4o omother clawse Tn the  Yewrsion tree.

\:J‘Mé kogld\ bits 10 enouwgh o %?Qdf\g which clauce 4o g + 1

RBoconste cach clauce Shares vyvoariobles with at most b othee clawses . So wa Just nzed b vramember

which  nefghber of the current  clowse That wa 9o to.
@ [UNT- S + ra\wruzv& 3(:\,\5 wp - the back orrow ' the  Tecucsisn oo .
when we See 1 &t the veot . the O\k&b(\ﬁc\/\w\ Toeminates .

@ \When  the o\\goﬂf\/\w\ Tarminates & e (emewmbec  thae w bits In the vartables.

CDW\E(ES,QW Tt shwuld  be clear '{:(om the lhcud(n& WL @awn  Caewver thae execution of the oxtguviﬂm\.

Hevo ony Yite  have  we  wced 2
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As tle moin  veet oh\g calle  m clauses Ua\& the  pravious argument that Ci Yemolned sabefied

Oonde

T (G 78 called D) 5 we wsed gt mest m( Loglw\‘f 2D bits  fer ®+@

Thece oge t %bﬂns Sn the Q\gcf?&%m) o at most t((ugl&+1> bite ’g\*«/ @‘L@
YW“DLH\&’ n \D\\TS ’%’( @

Tl’\l({’{“w/ﬂ_, ‘H:\L ’hfo»\ Numbs D’f bite¢ wsed Tn tha vacsd\?r\j ch\QMIL \\g Qb w\ﬁs%

muaw + ) A t((aﬁyd +) +n.

gupyngq we  Can  Prove ‘that the orig‘u\a\ bts  con bo ecevared “ﬁm the !@htf)dinj Cihame .

Unee  Tandowm bits  Canndt ba  Compreseed |, We must  have

W\Lkvgxmflﬁ + € LLD:&;OL*“L) +n 2 n +tk = wuc&,vaj 2 Jckka\u31ok~ 2) .

g‘)/ “% d\<7.kkl/ thon + = D(m(og>m> S which \MP\CILS that thae o\\%w‘\ﬁ«M tovminates %uﬁ(hhﬁ.

DQ&&\V\S T -E‘misk the ?roo{» L wn Bust nezd 4o Chng how 1O Yewve e the roandowm blitke ﬁmm tTha zhwd\r\\gl

&)

N R W B @ W D) W) w)
let  tha or‘\&‘mod Candowm bty That  the o\L&ur\t‘nm used  ha LY Tl o

A/AVISRAVARINR AR RPN cHVE (PR PN SRS

[OPRNY)

N . . W)
Whatt VyUs.un Ore the Tandowm bits  n the  imtlel O\Sgwgnmm& ond Y,

G N N
Y, ,.‘,\Q) are the K vandom bits Tw i-th Stop.

The d\um{mj algorithm Wil wdintein v vadiables , the Current O«SS?fww»\f) THWTa[ﬂa V5 VeV,

The mlgoﬁtkm does  not Know the Valuet of  these \/a(:D\L)\lS n o e L,gg]nn?nf) but Tt will t(\a o 'fw‘r\t)\ out b([j

*\Fo(lnw? n(f

the @xecution that the thudinS alfoﬂmm has  Stoved .

T{— the oxlgo(‘\ﬂw\ —f?xls clause 7) SD\U clowse hag  variables X3, Xy,

Xy, . then 1t means that the

Cu(rupono{wnf bits ViLVig,e Vi i the  carread ass}\?hmﬂ‘ must  ytolate  the clause 1,

The  cCrucial point s that thece s n\\a dhe Paﬁs‘\\atk\%& of  ViLvoewVie T vielate  the clowse.

ga/ \o\d knuw‘mj thot tha Dxtgoﬂﬂz\m -r-?x.ad\ ClowéR 1 . Wwa er\ X B\\fs B% ‘the QMY(EV\T O\SS\JSHMM\T_

— N . p W [
Then, we know that the q\gornﬂnm will rlz?\c\q the  bYTS \/1‘\)\/7 AV 2 '

o e b% Y“,Y“l,.‘,‘('t 5 ornl So  wa uPdeQd

“the cuvfent 0~$$Tgnwmn& (C+hat wa Qre bﬂa‘md; e “%\‘nv{ DU-JY\.

Wae \"n.?a,s\t £his peocadure L(mm/‘n& What clawse  that <l OJSDMLM s %Yj?ng + {r,‘x Uog\j {oltm‘mj Ehe exewhiom Nu)

. N Gy G W -
LQa(M,\g ko byte “W[ the current a&S\Xnmmf, ra?tac‘ﬂ&: the k bitc E‘J \”l),\")J)‘_,,YK‘\ In thoe noxt %f{?,

Wa stop when the alpocithm Spc . omd o wse the final o bite stwed b veover the rzw\o\]n?nj variobles .

Q. we con recovee ol the  Condsw loits bé \AW\S the entading that we have stored.

To SMMMQ(\ASQ, tha kug Fo\\nt e Ythat  Qach gbLF we used K yandom bits , while \we Con (‘“K’ track of \og Lm(ln(f
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m\lb Nchld byts O which V\ﬂglﬂ\ow o Bx) . So. when quzi <k L owe have o Contradichin .

MicusSion * Moses’s  vesult Spacked  aq Lot of Sv\bsautwmt wok.. T% Yow e intecected L Tt a %oao‘\ F(n&gd h?)‘c .
T4 ¢ \/UL3 iv\huu,ﬁr\g hat ?(D\Bm\a\\\rsﬁc methods  Con be  Turned o L—fﬁciaﬂ* qlga(\\t%mg,
So. now eal lowal 15 hot mly o powachul probabilisic  method o but also  on powecful o\lforitkmc tool.

1& We hove HBme, we Con See  Onbthee Q\cqmylg o 4N liredien - w\akMS ?rb\om\;lhﬂ\\c ynethod o StrucBve .

szgfq ente $

The a\?\i\v\a\[ er& L He SXMP\SJ\, oxw\‘.@&\vv\ o Bacls ‘Gamo,um\( e —%m\m Q‘\q’?\kﬂf b cfy MU
The o\\&b(\ﬂnm}c \Dyw{ 1< —Q(m the Talk n*? tle ?miu A Congrhrctive 'Pyotrs» o"{' (/D\/cfSl (om[ [ 2rmma v bg Mosay.
Thee  ora gemaializations of the beal Lmra  that  aw wseful  whon  events  haw A ffecont Pv%ab]ﬁﬁﬂj

and 0{7%@( ot duz\uwdumd@s_ Read the ook \LTL\L Pro%&;:ﬁsﬁc W\rfkook// \O\A Alon and g?enuzr fb\/ meYe
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