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Lecture [: Network Coo\ihg
Network Cod"mg s o novel method 4 transmit data In  a CMP\&QV netwovk .

Eaﬂiom\saﬁm\ moakes Y work  In a {u\l\z distobuted  manner.
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Tor SIM?kTQRﬁj_ we  assume  The Srqu 's o oirected O\ch\k 3”\3\“
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Tree Pagk‘mgf In  traditional Computer  netwerk Se’tﬁhg . Rach  ntermedioate.  node  Canw ba uged to ctore  and,
%mwa(d\ Aala . Acsume  that <ach suigz con  fromsmit ome umt a’{‘ data per STL?‘

To tnerease  the  transmisSion  Take . we need 4o find edge- dts:\o\nt traes Qmmzufm‘hj the source to all  recwvers.
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Tt e o CW?\,&aﬁm\al havrd \ammm 4o compute  the  moximum humber of  Suwch Qdkgb \sj\\t trees .

Algo. thece are ijks with ]r\TgL\ \\C\Nhu{w\f&n 7 fvem  the Source to each veceiver | but  thee  owe \/wg
Few onfz_dts]a‘mt egg Cwnecﬁn(g the souve o all cewlvers.

‘TM& 16 whnle 1% T Qas\j ,{-’W the Source ™ Send, data %mmu{& to  each ndividual feeiver | it bewmes

d\i—E%\cw\f J%W +the  Sousce o send data %u\cH\g +o  all  recelvece g]mu[tanwmﬁa\

&EW—WE_CDL"(%: The Tdea B{ netwerk QOJJV\S to that  infevmation  flow s ohifferent Trom  standacd (,wmd?tg Llow
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Wae  cowldh  do evxcodﬁw\g in intermedate nodeg Qo thoat the Twelvers Can dacsde  tle

mugaias
anck  tha %\Araugwujr 'S Yncreased < <
o ° b
(o8
L/ \\é / \  wa de Slh(,uli\w\g
Con Send two unite of 0\%(/ °© QCEMD Yno thYS nede
Tn Ron ta Hthiz sxowmple t) ool -
\ '&Wwﬂk v \\/ a \é\/ 13
by dolng encoding and detodin o o R N 4
P § $ 5 \/o/ S, \/(/ \)\/ this reciivec can  add
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@ o vEhmedc D?u olions
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over N \Qrgtr ‘F'\Lh}\ Cinstead ol Just bit~wisa Ovﬂaﬁws).

the data Sent om an erlgt s any {W\LHW of Tts precie cessovs Cnst Just XoR)

@mr?r:s‘mﬁté, the rtate of Aromsmissiom  Could  be S{gh‘w%cmﬂg im\)(nv&& T network codInS e uced.

TIn Tact. Tt con always achleve the optimal  rate for vmfh‘cas’m‘ng.

Thescem C YV\o«—‘m—R:o(mmJﬁw -flow  min-cwt  thewem )

I{  the source hac k d\ge/d\lsjo‘m‘c meb\& +o

each  eceiver , then the Soucce Coan  sond K unikte

of  dota b all  recetvaecs Simu(TAneou.S[pa/ with the wse o nefwork caohnj.

Rewacks ® This g dam\a n?k‘wm\. ™s TS an Qmm%tﬁ& casuwlt  that opans up o mew Yeseacch ofea.

@ There are Q,Xavv\?\&s Lov wiich  tha ¢aflo a{' the (ote achieved ‘oa netuor k C,‘ad}n& to  the

tate  achioved  withouwk Using netuork Qod‘w\g 1S unbounded

Linear Network Cod‘\r%

An \\MFD\-TW\T o\\gm?%\nm}c %mid‘\m DX «?‘md\ an  ophimal Qr\cod\'w\g and o(acoo(‘mg scheme L{Jﬁdznﬂn.

The  rext Mq"\ﬁor result s that Linear  netwsvk Cud?ng

i< QmmSL\ +  ochieve the om\:ﬁmm\ Cate f%( Mm[ﬁmsﬁnj

Tn Dneoe notwevk Cod\’mS) the data Sent on an aok&L Ve a\wmﬁs o lineac combinahmm o§ 1t \)(‘u}w_(_usbvs.
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;z Can  bo wﬁ%u.da datermingd, VA g a{— full vank,

Aetecministic Fv\\Aho‘m‘\ml Cime Q\iu(‘\t\nw\g are  obtalned To ‘g‘m& an

Detecministic  olgocitlm + Qubsaquently

opﬁmo»\ ('_u&‘mg Schema oy mummsﬁy\j Ve the coeffidente of  the  linear  Combiaatinc -

)
F\b\uz\/u, these Q\goriﬂ'\ms Wil be \{u\é d\\‘&{—i(_mﬁ 4o be wled In Xgro\d\\ca ., os it ‘(‘&%m\\ﬂl& o Centyal (’/\m{kwﬁ’a

o Lok ot the whele gm\;k and cmg{mlké choote  tho  coeffrcdents  ana fel everyone  how v encode.

Pﬂndom‘\%gf\m\ - \Wae P{ii&nt a \rahd\m\vbui \Jn\\amm‘\m\ time qliec\tkm +o %m}\ an oPﬁszl Qodfw\(g scheme {w w\u[ﬁcﬂsﬁnj.
The Prbof algo ?rov‘\{h& an alternate Preof ‘fuy the Ma\(ﬂTh{D‘(V"\%‘H{W\/—F(m min-cut  theovem and the linear CDJMJ thm.

Most mpwm\mg) “the o\\&on\w Vg very gw?u and ‘\‘DTO\\\\(,] o\auﬁmtrgm L, Qa \“i’l fmmq to be pmdw‘ca(.

reduction, we can  assume that the Qource has QxacHg k @}\jazs _ Qadn Ceciever  hag

QQJC%‘W\g B Bn o ?\wm?\a

QchHg k ]num‘m% edgzs/ wheece ks the zdge~cu\mzcﬁv]hﬂ ’%m tle Sourte ™ the receivers.

The Soure would ke +o send & messapes Xy, Xgo ool yecetvars.

M Pick o large enouph (prime) fretd T
The Qource  Sends Xy e, on 3t s o\dgo?r\& U\gzg, X3 ow  its  “th omfgm‘v\g QciSL
Follow o ﬁpolngru\ Wd\:u?y\& VES, Ve, Ve o the directed mnc\?c 3“*PL‘
Tov  vactex  vUp L, call the incowing  messages Mo M ing.
For each mﬁﬁa?vxg td\&t e of vi . c2nd o Tondom linear cowbinabion of g, mg
@ (2)

2>
Te.  Send b\m,+...+qu on 2, Whare 2och by s on ?Adz\;endenﬁ Yondom <lement in F

i\

Global Qngozk‘w\(q) vecktor  ond local ev\mdm% CoefRetents These  are Tm?wfwﬁ definttions  for the o\na(((jsfs_

Tach 2dge s sending o ltnsar Combination  of  The Qourw WRLIES L OGNt X L Which Follows

b\j Inductm o the h?nh&?cm\ UYd\Q(\VV\g,

wWae call (el ) the gkoha\ Qy\qoanS vector on  this :Lo%al that actual \inzor  Combinatism  tlat 1ts gmﬂm&.

Tor each ngq e , +the (randow) CM‘E{‘\LTQ@S \ot\u,\cig),... are called the \ocal QV\Coo\\wnj C/“RH']C\\QAT&
The \oca)l evwwd‘mg Qagﬁ%dzﬁs are  the doedasiens thel we noed o yoake (which we dedide to wake \fmxdhwha}‘

Once all the local thbd‘mg C/omf{\‘dzh‘h are fixed ., oll the Skobo\\ encoot‘mg vettors  are defermined .

k \ncmﬁx& tdiai, Lt the gbba\ Qh(ozkinj ve ctor o{ Tte

Du,odm\;l&lﬁgi Tor o rveceiver £ with
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1-th Tr\cw‘w\g Q(K!Sa bao (Q“,Q\‘i,...,ctkﬁ and the -t MLm‘m& MJLSSWSL e my.
Then , whethee € coan  dtawode  +he m?g]ﬂal VV\QSSD\KQ d\;l\:mr\ds svw whether

the K ?ncw‘mj gkolaa\ zr\caoﬁnS

C[\IC\I/ )C\k_
Vectore  are \Ir\em\z independent . ov Qﬂgm:\/mlﬁnflla whether  the kxic madvix C= {C)V,Cn,, G is

0€ 'ﬂ:m\l fonk | oY @?A“Vmun‘ﬂ\a wheothee OklfCQ\ T O .

ki, B o G

Wis Gt Geda

hn, CooQa, L, G % \ m,
VV\‘:C,\\‘(\*...*C\KXK\; / ... \3 m, - Ca, Gasor s Co X % Xy -1 m,
~ /Mw G vt QX : : : ‘

o+ M Chu, By o O Y, <

X,

A‘NA\?S\\& o We need to o\wm\\ﬂgc the \)ro\mL‘LL‘\ba thot det (¥ o \\-% we choote  all (ocal Couﬁ?c\‘avﬁs \rm\dm\\a_

Think 0% 2otk local Q_Y\Lod\:\hj wefficiest as  a vortable  (the dedsion vanable D)

Tach ev&\n& o'& a gLoLm\ Q,v\(,odfwxg vedbswe  1s a wultivariate \)o\nmmm\ \nuo\v\nj the ol thodimg ue{%&eﬁg

Claim * For vertex Vi in the ﬁpc[ng]@k uo\zrh\& %{ 2och o\ﬁgomj u(ge e e‘f (VNS cach Qn*wa ) o{*
s Sﬂoha\ QhLOJ'\V\S vecter 16 o wulbvariote Po\\jhw:m\, o% tle local @.v\godini L\:z%ﬁc\zv\ﬁ o{

{otal dxtgru, ot most

?iogfg S Thie Follows {“{m a

-1,

g]m}ﬂz Tnduchon .

\:]:'H.\Vns}ﬁm\
The bose coase 3¢ clgo\rk% trur , with  vector (0,0, .

,1,0,.,0) on the -%h o\dgb\ng zdge o{\ S .

- > > >
In 2ach S%L‘;, we jwit add dajrza one 4o the ?n\hnw\q{ , Q\X;j‘\" Ce
> ° / x4 -
)’N\a‘*‘ ‘+L\K QK/ L})\Q\#_ s \ol\LCK
A \

En the clam, each entyy I a vewiver matix C ¢ Just oo multivaciote \m\\\,}nw\m\ ot tle Loal Ju\cothg

0s& chown 1n  the FTat\mL .

n

Cocthicients of total dagrer ot most .

This irnplies “‘hol  detCC) s o mulbvariate \;ol\anmiml s{ The loa| Coaffctents ojg +totul Mgru ot mest kn .

T{‘ (*SL{QQ\%O/ than b\a the Qc]r\wo\r‘tzgl\\w)g\ lemma , the \j(a‘o&hi\ﬁ‘a +lot

Kn

det (Y=o whea wa ?\ﬁ n
at oSt =

v andom  yolues s

2

w

R\a dr\oo&‘ms \FKZKY\E o s onlao\kikﬁ'\a ¢ at west

fb\( oONne  Yelivec .

\

TPJ\E\ e  union  bound Q\/m(\a (eceiver 1% o'% Bl coank with FrDLmLﬁh‘ha ot loost \*T\_

Tt femains 40 Show +Hhat oot CYEO Weing oul  otSumption that thete arce k Miuobx]simf paths .

Clodim I—? the Source §  hag

k QJ\JSZ,“ oUsSn\n% ?oﬁYL\S o oo fecelvee T, then def (V2 0 where C

s the  vecelver wodvix of  the St%q\ thod“\hﬁ vectors.
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(o (-aditimal gbmm without Coding )

Juet wee the k Lo\&L~d\\s\ka‘\v¢ Pq‘tks from ¢ vt b \\’gwwm(d\“

the kK megsage s S EX/\\J[\[]
\U m
10
i)/[]
%

0

The Yerlver motvix vl be oo Td&nﬁha ot T l\
v

o

\J

—

So, theca s sne Cholce a—% locald Qntodﬂn& Qoq{{—\\c‘[av&s gt OUL‘YCOAED) C,,a

whichh MPLK es  that det ¢ Q 18 oo von—re(o ?ijmum\\oﬂ b
To S\»\mmw\xge, 7* +here  QRre k Qp\gk— &ngn}ht ?aﬂ\g betwsan *the Souwcce and  @ach  tecelver. thea  Ttha
deteeminant  of  wach Yetdivar matvix fs & nmwe2ero ?a\\ﬁv\w\m\ of The local er\cod?r\j Coeffsclent e,

The determinant ?D‘\Av\m‘\o\\g oo 01( Lsvy d\zgvah , and So Qd\wwt}l?\a\ml ’\m\)\iag that randsm

Sub sBtutioms Wil work t© enswe that all vecelver waatvices ace of full voank | <o thoat we Con decode.

'E-H-Ic\ev\t’ T nud‘m&

Cons’yd\u Tl \)(o\o\zm D!V Tm?(ﬂmenﬁhg the szod‘mg o?groﬁﬁm\ al o node V.

guwogx Qach vectyr g oJY d\*d?an&“\m\m\. Thare oafe n ‘w\(‘,nm‘mg vecksy  ond n ovﬁgb‘mé? vecty |

Then 2och om‘v&c‘w\g vector coan ba C,mkad\ in OCdn) tHime , onde ol D\ﬂ&n'w\g vectors can be

CMP\KU}\ in OC d\r\lﬁ Hmae

Con wo do 3t %ms*m( 3 Observe thot +tha @vxwd%é Coan  bo  deme qStn\cUa T{ No}\}z&ru S Srall.

Se, it would Ye &Dod\ \\W( tlece s a Jt{o\v\s‘fw«mcd\?m to (wdue the d&&(u while P((LJJU\/"W\J w(mad}v‘.h(,).
A S,_mj@ﬂ_cmm Lomes o YeScue  ( Seo nodk lechurs for s Construction )

Jbuoo AV \W\C\)‘fvmxg vacteeg

\‘\ n me\v\g vectors
\% M
Rv S 2odn verkex o/{ Csnstant oka&(u
¢

T'v Smeu»
/i \\/ n O\JKDN\& va e ¢

Com Cantrator v\\xa Oln) Vverfices

Voo L

w amt&o\mg va by <

A Smpa(c@r\ud\uﬁw Coa dicected o\cndd}c &mPL\ with n Tnput wmedes and  n owipuk  wedes | with  0Cn)

Wnleinal hodet zach With  Constmnt Who’\e&(u and @\/\T(Aa&vu
An Tmpoctant propechy 1c thal any K iapudls  can Cemnect to any  k outputs by vertex didiewt pathe, an
b peer 3 ? 4 pete By jomt P 3
Thus , the Cmm&\v‘d\a ‘f{m the Wwurw to o CLeawer wowld net decreace

Therefore , we can first opply the tansformation  bofore cim‘m& netwock  Coding.
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Aftec tha trancfrrmation, Qach vartex in The cesulting geaph has Constant indegpree
o, +tho fu\ud‘m& in each vertex (all the Du‘t&v\\n& z&xm) Coan be dena T OCd) Hime.
AW the vertaes ™ a Sw?mow%*\\{mm Can be dme in OCd.n) +ime . as a veckex with Md&gru
nooic v@—\ﬂmeo\ bz\ oo gm?uow(u\ﬁ»ﬁw wWith n um, and 3t hag mka On) Vertes.
Henee , the  vectors o{ tha Ovﬁgo‘mg Slokgu @JY o voertex in the b\(igh\q\ gro\?k Coan be
Computed in Oldn) time . fastor than the strightfoward  Oldn) time algoi the.
Note that +hic g optimal , Since mt(\j weiting down  nowtpul vectoes  Teguines Dldn)  time
In the howewsd, yow will be asked to use thic Maa fo degign o fost aljprithm for  Computing @dpe connachivities.

ThS Ydeo com oalss be wused o dhosign Past alpoxithms o CGW\?um\ni ot Cank (ger CSTI6Y).

Rcfm.\u,g and  discaassiont  Thevo ofe  2eveal S\,\wwdg about netwerk c,ad‘m@ . One could ale tmke o lodk
atl e tactbook jw&\mmwﬂm H\Qwa ond  netwevk Qooﬁhg g by, \Qm\%. The a\gor?t\AM e mattx (enk
¢ on tla papec T Fagt wmativ Yank rx\gmtkms ond  applieations i

There, are wive ond e Vesulty mg]y\g oJ&Uomig technigues o dL/zs“&w ’faﬁ ( sovetimes €Xf>rmzmﬁa\>
algrithms (g, faster  Hamiltoman oyele . & fetart papec " Shotest ue digpint paths in prlynovtal tine”)

PD(nh%\va\ \\‘J\anﬁ‘ha ‘U&‘k?\h& ¢ also \/ara u\u,](m\ In okas\,gmng Qﬂ?c‘\m\“ﬁ M interactive Pmc g// ( cae 0¢Ab1Y

More g!LY\JL(V\H\A, Tondovemess 1o very weful “cmck’w\g” Thinge QH{UM“W A prime Lxample VS Ehe

Celebrated bce (_Pm\mkthsb\ud\a Checkoble pYoo&g\ Yheovem.
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