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We have <een that QTW\EM O\W&Q,L;ra\‘\c Yoheas wsed in }\mgl\‘w\g hoave  ariows OLFPHcM]WS_

Torima we Wil Cee  otlec S\m?ta Oxlgebm?c Sdeas  that  are chml in okcs\gh\whg foxst and. me a\gorlthm,

onol net Fime  we will Q?P{g tloce deas to +le Aagﬁgn o# netwsvk Lm{‘m&
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a s’w\m\& wse oJY Condovanese ™ Comput atibm.
g\/\\)?‘ogﬁk O C/s\m?avxu(\ o nton s W\AH‘TP\L une?z; ojy e Tawa \/\\A&:L olate Sz\‘.

TCom e o Bwve t\m& wont by clack  that  the  copies oce gtill tle fame.
Think 9‘% o Oute et

s an w-o % St\(‘\hg ,{@( Somi VX y \acge N

Problem = Alsce ha¢ & B\mo\vg S{V\‘V\S Q) Ay woes Ky @DL hos o quma SJﬁ\mS b, 101 \OH .
TM\A wowld  Lke 4o check whether haie w‘mgs are qum\ . with as {zu Communt coimt s FoSSTbLQ.
Dotocminishic o\\%uvitkm& © An obvious ngoﬁ@xm 18 WQN Aice o fend all hee bite o Bob . then Rob con

check  and  tells Alle e answor . But & rz%w\ru ntl bt of communt cofions.
Ac %ou W\igL\’t Twaping |, thare ore npo  better wm\,ﬁ 4o do Tt

ond 1t can ba proveck +lat  tlore are

no  deterministic q\&b(ﬁ?%m& thot con  do  bettac . m‘wg Jmc%n‘v%mu Th Chmmunicshom CmFlzx‘dﬂ

Rawdm‘\%u\ a\gm‘\thms: ng{‘ws?v\ShAJ thece s oo (a“d\ﬁw\\gad\ Mjov[ﬂmﬂ {,\/ ~thss F\’nuzm Mngj m\g O((OS n) bk

Thete  ore o feu ways o Colue tha Prbla\gm Lz«&, %asl\.‘an.

One NMA 18 o ecomsider  Hee Polghom\akg AGOY = E a; X' oand B(x‘):E‘bTX‘

Al ?’e(\\t\r\w\ :
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Bob cm?\d‘u B(e) . ond vetuen S eensictent 7 1F 0 Al)=BG) ond " ?hcm51g+znt)/ ﬁ( AYx BC

TROLT}S “he a\Sb(Tt\r\w. K}\JQ V\UJ\ 'to OLthJS& \L-E& Sulcels Pro\pmlp\y(ﬂrg

!

Analysis - 1{‘ tle Awo s%\(\“«\ﬁs afe tle Some , Tlen Tt WAl (x\ww&g ba “ws"\&ﬂﬂ)

Se. whan the al&oﬁﬂ«m KQ\AS S Tnconsisted 7 T Wl nevee make o mistake .
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Rt oMo ith m oy ok mickke  when the fwo shongs 00e et tha Sowe andk Tt Says “eongistent”

We would Die i wppe bound TS (o \)\’obm\o?\ﬁ\%.

11( Pl wn S‘\\(\\\&s afe wot the fame | then

ACD & B bwt we have chosen ¢ gat. AGD =BG

What Yo AWs  ocrsr P{oba\ﬁ\t% j\, 1t G\r\\ka Rahnns whew ¥ 2 a (ool 9‘& (A*%)(X)

QW\UL f\b() PN %bg afe Pohay\om?o\ll Of G}\Q.g\'u at st n L <o l\S (A*E)C\().

Thele o af mest n

oot o-ﬁ o oka_&‘(ea n Pelx@nw\m\ .

Cine we P?Lk o Yandsw Y, the error PYDL;QL:TLH'\A NS at most V\/IFL,

If wa chose  FI% tovon o then tle  accor FraEa\oﬂﬁn s at  wost .00l

And +le a\gnriﬂxm WLZ) nesds o Send O(Lo\gﬂ bite !

I—F wWe wald ke to decrense +He  ercov PML“L“HZ ’fmrﬂvb”)

the Standard \,Jma i 1o \’a?zqﬁ the

algbrT%km o ‘Fu,\; Tes .

Tr thie coate, hvwaver. o better wms I g\”“\alﬂ By Fw‘ck o (avgb {—:etck g\‘g&; ey \\{ \Fl=n

Han the  Lrrsy Fm\aalo?tmg $oat omett TR L Wkl we skl wfg

: send O((oj)h) bts .

Polunomial identity testing
A N J

We v o &\A\/ILV\ o multiyohale \Uo\xé\m?‘m:o»\

T

P %, -, )20

O‘% owfse TJY tha Po\xémmml

PL)(\,..., \(V‘> ok tLL S\OSa_LﬁVL st dAdtermne x\f

the Pokar\mm\ s S%mbb\?ml\a Qﬂgo\al to tle gq(o \kany\m\‘qy

23 6 2
is Sw‘vzn JLKFI?GT% (_Q.&A PLX‘,XVXE) TOX XXy A Xy XXy > , then  this Frob\zm

i< SWD\\&»\Y‘?WWD\(\&\, bul the P\)lav\w@o\\ can olso be &;\/Cn Qm?o\cﬂxé LQ & PU‘)H,XB V= ( X\~ X; )KX:*X?).-.(Y?K;>,

X\

or PUG, v, x) 2 det K" xj}& Ys«lh )j ovd tle ?(ob\zm bacsmes o\:ﬁzum.

154

N
Ay Xg WXy

Tn gu\um\, tlete s no known oeteemintstic Pokay\w\m Hwme o\\gormﬂm ‘Fw tlis P(o\o\nm.

On the othec hand, tlece 1 a

STMPIL (ammT&w &\Sariﬂ\m f\y this P%obum, b\a z@v\mvo\,\\‘&\‘v\g tle Toea tlat

Thore Oce nof mana fovts in oo low okagru Pchavxhw“.o\\.

Tn the {ouowh\g‘ when wa talk obowt %\q\\tz Felds , \ﬂcm Can jwsT think Df modular arithmetic over F(‘\ma.

Lamma C Schuarts /ZIPFQK Lemma)

et Qx,...%)¢ Fix, xa) be o multivariate PDLE}"M\‘M c{ total c}\agru oA

Tie oy {‘\A\m et ScT . and Lt v. . be chosen \nd@\)@xdﬂnf{j and un\{wmté rm\okm\g from <.

&

T\r\Qh/ PY{Q(\",,U,‘G): O] € <l T% Q g not T&emﬁaqk(a Q%mv\( ‘o 2¢vo
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C The d\;agrxl b\c any teem g the Sum o{ the xu?onen’tg . and the total de&(zz 1S the maximum d&j\“(m.)
(00 We prove L\A nduwction | The bage case  ( S‘mg\{ Voviake Pckn“wkﬁl Y on=1 g discussed Blﬁ\(q‘
To Q?P\B induction,  we g7 owp the terms D\C Q.. ) based on  the d\ag\’aa of x, o obtain

X, Q‘\ (o, Xa)

1

Q) =

Tk

o

whevre k75 the \w\&mst exponent of ¥, and each Q{(%,..Xa)3% O.

Wao  condition on  the event that Xy =YL, X;N—VB,..‘, Xn=Yn.

d-k
Cinee Qulo,..ox )20 and it has  n-1 vacioblas | \93 Tnducton . Pr (Qpx,. ., v)=0) < Lol as the

“total d&&(am of  Qk s af mect d-k (sthee ¥, s of hegree K in The farm Y; QK(KL,.,X,\\)

New , &Ssum\mg QpCr,, 00 F 0, then %LXQ: QLyg, vy, 0 1S & non-zeco okzgmzm k S?ng‘e, variote ?o\anam‘\c\(.

k.
Se. b‘ﬂ 4the base case | Pr&%kﬁﬁ:fﬂ < 191

an\\v‘m?»\% . we  have Pe (QUr,,.cord=0)

= P (Qle . py=0 \ Qylr,,.,n)=0 Y Pe (Qelry,. v)=0 > + Pe (Qle..ny=o ] QK(rl,\..,anO) RGO E 0>

d-k k . d
< R

Determinant ’(nsﬂng

To chack whetlee  tho detorminont U{? on  nyn mabix 1S \\oka,n‘h'mkka zaﬁmk 1o 320, wa Con pick o
L!MS;L QnomSL\ peime feld  of i‘xsz O golytnd) This will ensufe that \Ath high waab?\ﬁa that the
ko tmnant 1 <R noneco i this feld Cif m?grmﬁ\é Ttois hwszm). Thon . we wan jmst
swbsBibwte  Yomdowm Deld glements ™ the vorables ond Compute  the numedical value of tha
detetminant in Po\vdmm\m( fime . B\& Cchwarz- 2ippel, H{ the deferminant T hongere . then the

(cuccass ) Fmba\y‘\\it\% tlot the numerical valuw s nongere g very ‘nzgl«.

Bipactite matching
+ 5
Given @ b]?qrﬁh graPl\ G=(0.NVE)  with U:{u,,.._u,\g and \/=§\),,.,\/h§ . the bipartite Matc]{mg Frok\am
s A fek o mexdimum ca(ok‘mqk‘ﬁvg Subset 0{ \/Q(flkkdx‘\slo\h& QJ}\&QS.

A ?er{:uf W\o\#d\‘m(g i oo Mcd?dﬁmg o{ n {o(ges.

whoce X5 1< o variable .

Theorernn.  (Edmonds ) ek A be an nxn matix with A\‘J: 3

i XS HC W‘VS et

0  otheruise

Then & hat a ’\)ar{act me\g T—§ anok wla \l% det (A)2 O e, det(p) s o non-zero Pc[:&mm‘\q\.
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(00 Recall thot dot (A) = Rz
?umwﬁm‘w o

n
g‘v&nk@) : Aj,m&) Ao - Aoy = ?u?mrm‘ms‘ %?jm (a) I‘ A

1§y

Notice  that o ’Pgrmmm‘sm dofines o \o‘lSecﬁm botwaen U omd V , and o 2och \mrmﬂ‘ﬁ\\w Cotrespomds

4o o ?ﬁenﬁm\ Per{ec’% ‘moﬁd\\mg betwsen U and \/ | Ve {U\qu, VL Ve o uthu\)qk
A Pzrmuﬁm‘\\\s\« T Cowbibutes A none2gco Term T det (A) \\{4 %‘U‘\\/Q‘(D/ ,uhv‘ym?] s a 'Plrfyz(/f
mﬁm\mg Tn tle %WP\A G

go/TJy thete 1S no ?Qv&uf mofvd\‘u\g in CT , then e\/er\a tecm s zero  ond +thus  det(A)=Q .
On +he other hand |, T\E there 18 @ *Pgr{u% w\szcLﬂng N CT then  Some Term  Ts  nenzeco Cince  eoach

term wses  a dfferent subset e{' variables . these termt Will not coancel out . and 8o det (A)FO. °

?\Lﬁm\@\\u&, Vi Vi V3 Vi Ve Uy
w, &—o v, Wil Xy o o Wl T e o
Uy 0L—0 Vv, wo | Xy Yay % Uil 23 2 \§
Wy vy Y2l O ¥, O Ml © 6L ©

USTV\S Edmomd’s theovem ond.  the Eclnwart1~2?FPz\ lemm o we Can Obtawmn a

“gimpla” Candomiyed a\imtm o check o bipartite gm?k has o  perfect matehing 0¥ nol .
Tha O\L&o(iﬂ\m 1g SWMM o plck  a \qrgav enwgh Hald T .
You Con S‘mn?\% mnk ewﬁ cAw‘mg moduler  arithmeR e over o \a(gm ’\N\\MQ P

Then . Tov eodh e&sg WiV ek, get 1 o boe o vowdsm elemeat a ¥ (z.g‘ :o,-n/?-ﬂ) ‘\no\QFqnd\an\ﬁ~

Compute  det(A) owee the Fed T Refwn XES 3 and only £ det(m) ¥ O,

alusis i{' there ¢ no ‘mr&ut moﬁc\n‘m& n G, then det (8 = o alwans,no matte e what we  subgBitwte .

Ov\ Jtlxcz oJﬂ'\zr V\and\l \\\C 'tL\?,((L s 2N PQ(&&(K’ YV\Q&Cl/\\\r\g Tn G‘ o “H\xzv\ (}\QT(A\%O \93 E&MWA/S ﬂwmnm,

Note that det @) s oo multivadiate polnr\w\a\ o{ total okszgrm n.

%A Cehwactz- le;pa\ \Lrmma 7{ e pvﬁ Tn Yoandom voalues nbe the varlables o—§ O how22¢0 \)Okﬂmﬂml\ql)

+ha \)ru\ya\:‘\\‘\%g that  det(A)= 0 is ot moest T?F—\

N TWC we SebE o '%?dok $i3e v bhoe at least (oon Ca peime P ot least lOOhB, thon thic Fraloahitﬁg
'S at motsk ﬁ In othee words , tThe ov\gm‘mm Suceed S with Pm\oa\otktﬁa at least ©03%.

Tinee Complow

The rmost A { R cult &%;LF EES N Compute the  determinant

Chtnce e Puﬁ n octual valuas |

tho d&i‘lfm?r\avxf Can be C,GW\Puilr}g in OU\;> Nma b\g Crouusg‘mv\ Q,hm}nai’ﬁﬁ\r\.
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There s aleo  6n O(r\w]“ﬁmﬁ {lagt modviy mu\{%?\lcaﬁm\ o\l\gmﬂﬂxm With L x 23]

-ﬂ\ursﬁ\\@\k\a, thie s the  Fostest  known oﬂgur?tkm /Ew b?yar*ﬁ‘f@ mq*rc%‘mg When Ak KMP% s olen Se.

Remack © Tt g possible ds vetuen  a perfed ‘(V\ATC\/\\H'\S in the tame  O(n”) ﬁmrc,odtkouﬁl\ non-trivial

Aso, v the maximum mafclr\‘\v«g problem . we can compute the vank o determine the sRRe .

Non—\o‘\\?arﬁ‘\‘m ma\’(ck'\t\g CoPﬁwo\\)

Thete 15 aleo aw algt\ara}c fmrv\m\aﬁm ﬁ\r w\a#dm‘né Tn &MMKM SMPM.
Given o &TO\.\)\/\ C?:(\/‘E} , we cmsicer tla -Eo\\m,,?v\é; IXW T et s A cuch  that

{:o*( 2ach J?_d\&l Q,i\\j . wo  hoavae A“

) 2 Yo Aand AJT?‘YQ ond  other enties o ba SUD'

v 240
VMo ~Xa %y 00
2] e 0 Xy 04y
% ‘\(\3 %30 7<7ﬂ,0
\ 4 0 0 %0 o0
S

O X¢c 0 o

Theomm QTL&{”L} Cj hos o Pq(‘fcut vv\o\fc‘(\\r\% T{ ond m\\a \»—f det (A %0 .

Wa wont g‘xvm o fﬁm\a\ prood hete - The Vdea 15 4hal  ench term n the detoomnant g CUTFQSPDndTr\g +
o Collection o'{ ve ctex okrs‘Jo‘mt c/&c\u whote  umon coves e whole vactox <et.  The kaa Fo‘m s +lat
thoce Collections with  odd uﬂdzs work  Show up . becane *LUA Come il peiies (bb(x ‘(Q\/US\‘V\S an odd OLAL@)
ook H\wt\ taneal fadh otler  ( becsusa a{ e skew- S\Ammfwé o{ the signed otk ). Qoo all
torme n the delerminant c“wuwm)\ 4o uen CK:SCLL tovec ., and %Lza can ba &QWPDSM Inte o
?a\'\ﬁad moﬁc\m\&g , ondhk ona Can  check that “H\LZ\ work  Cancel oWk each  othec

Demark - Mom\a Combrnatoeial o?fwvﬂsoﬁw PYoHJLmS have an aljelvroﬁc fwmu[aﬁs‘n.

Pacallel Alggltkm and  Tsolation Lemma

Another o\dvan*\“c\gg o\L thig a\ge@rqtc QP\UVOQLL\ [E o d\eg\wgh qcms’v PO\(M\Q\ o\l\for\\t%my

The mais reasen 1< that many q\gcbm‘\c pmb\fzms Csudh as cmw{%n& detecminant ) can  be Qomwirzo\
e{%\umké in paralel uing @ divide - and- Conquec  Approach -

Theotorm The  determinant o{ an n b\g N Mmabdx  Can he Ls»v‘?\&u\ in OUogrﬂ time us‘m(g OQV\L“L) ?Yaczssw&
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CDV\'\\)?V\\W\& this thesam Wit the oﬂgd;roﬁ@ W\q\—d«w\g o\\gov\x‘tl«wl thete ¢ an L/E{‘fCTQV\T PMMM Q(Sorit%m o
check  whether o gra?\\ hat o0 Fu\ce& mo:tck‘mj o not CYES o NO .

We  will 2xplain below how 4 Tetuwrn oo Puﬂhd vvuxfch?n& when  there 18 ome

The. O\T&ﬁuﬂ&«g n d\lélgn7n£ ?mq\\d a\&zor\t%m is 4o Coordingte  the Procassors 4o Search {mf the Some Mzﬁd\m&
There are jY‘aPle with zx?m\zﬁﬁmlté Y\'\o.v\\a MQ+CL\WHSS,

The isolabion [(2wmmo F(ovidag a gmrpr?g?ng omde dnga“t \,Jma v resslue  this Tccue.

Lemma ( Tsolation Lemma ) Given a  get gﬂgnm ™ Q Srou»\o{ set of n alements

\\[ IS OLSS?jn @ \,\/QTEL\f Yhd\Lchd\u\ﬂg and V»M"fmrm(g rm'\o(wlg L rom Tia ) an E,

then the onL}mH(IfH that  there 15 a Um?%w. minimum \,JUSAT set s al least —If

n
Remark = This s %(,ﬁ’fo_ Counrter- intuwitive . A <et Sjgflm Cowlddh  have (2 ) <ets.
n - 5 . < 2
On Qverage, there are ﬂ('l /(11’\3 Qets 0& o Qiven wﬂgkt , as the maximum \,dztgkt s San.

But the Tsolotion \amma Qmjs with 8000\ Prs\otﬂ::h*"g There 1 Or\(\a one Set o{» inymbm \,\/AYS\'&,

Prmﬁ et F be the <ot &Laghm. let v be an arl,:&\rma eloment -

let Ty be the set of subsets which comtoin v Let 71; bo the st ﬁ subsets which dont Covtoin V.

Consider +the %(Amﬁﬁa oy = min w(@) - min w(R-v).
CeFy R E€Fy

Note -that i «, <0. then Vv deec not Lmlon& to any  minimum wﬁgkt et , as there s o
subset S Which does mit eoitodn v oand it Weight 15 smaller than the walght ot avery gubsets
that covtains v (even Df the walgkt of v B5 nol  comsiderad et ).
Mot accurately . by o Similac veasoning . 3 oy < W), than v doegnT balong o ang nininum wiipht  set.
On the other hand | }\C oly > wlv), then evary Mimmum wﬁgm Cel muwt ceomtain V.
Wa Say  an element vV Tg _amblplouc f v=wlod.
Note that oy s a agmnﬁh& \W\dV—PILY\d\ZV\T o{— W) L and wly) is cheten mn:’ﬁwmha ramisw\\zj Arom g\,i,...}rﬂ),
T\nam&va, the Pro‘oalzlkﬁg +hot v ¢ Qm\ﬁgqoug s at motd _117
%b union  bownd _ the Pro\oo\]gtlﬁ’\a that come element T mv\lﬁgwms S at mest Ji

F‘ma\\lj, observe  -that T? Htwo  diffecent cets AL B have +He minimum wﬁgﬁﬁ then O‘Mé\ 2 lement
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n P\*E * (i) oand B’f\ é’&@ Mt \’)Q O&W‘}?:Sunuﬁ .

Therefore, we Contlude that there are two differest sets with the mintmum wz?gﬁ TS ot wmoest

For the Moﬁ\‘d&mf Pra\;(zm, WIS tx(ﬁgh 2och Qo&fe_ o \\y\ckzwno\(zvﬁ ¢ andom wntg\ﬁ ’{lrw -{’\,1) - ,)ma .
Ej the  Tolotion lamma , with the set yStem u‘m& all possible Pu\lut mrﬁtk?nfs . there 8 a \M\Y%u
MR mum \MLT&:W\‘ per ‘EQQJY ‘N\&J\‘d\\mf wWith Fru\o ml;ﬂﬁﬁa at  \eagt )

3

go‘ now  our Sm\ e owtput thic um‘\%uk mIinimam Wm‘jb\)r per%u{‘ vv\o&c\q?nj,

MTY\;W\U\.VV\ WLT(‘(\-t PQY{'QL& Mmek?n?

wle)

Tor 2ach aokgz 2, \oe "\)V& the VUolue 2 o the wvariable xg .

2

et the w\‘\%v& paT wdgﬁ Pu{gcb w\qtc%‘mg hove \,JQCSM W <€ 2m .

(W}
T‘(\R.V\J Ohlxg ome  Term in the determinant has volue 2

/

W . \WJ
All other terme n the dheterminomt  hove value 2 Tov \,\J)>\~J . an Rfven hnumber Times B‘\g&u than 2.

Cowxp\,\t‘mg the  minimum wa‘\dka
T

Quen \\{‘ K<\
We can cearch Aov tha  Winimum WQ‘\SH n PO.(O\HQ,\ ) \,\g‘mg the {:buowh\g observatiom ¢ det (A R odd  If
'S

B ot l—g k>Ww
Wao ean find this k in pocollel | ofkec Computing  det(A) in pacalle| dinisibola

K=Ww

Note that  det(h) can still be  computed Ucfﬁ‘dﬂhﬂg L 08 2acdh ety has ot moskt 2 bite 5 and thie 1%

Where  the Tsolation lemma i useful  n that 1t dhees  the Su\o E\J omla \,&mS Small \N@“SHK-

?Md?y\§ the  minimum WQTJM perfect w\oﬁrck‘m?

Tor aach edge @ in pacallel . we wont v dheck whether @ Bl\ohis Yo tha i g rinimum  parfect mm‘ck‘mg.
lef e=zw, oand G, be th yraph obtained Arem & L“d delefting the veefleas w ond V.
Then, note *hat  e=uv is in The Unique winimum m:&;m perfect W\tcmi nG Tt oand M% Tt minimun,
walght  pecfect in G, has Welght W= wlw) -

This agoin  Can be chetked Tn pacallel mh«& diffecent procassovs  for diffacent Guv > oand S5 Tha  minimum

welpht  parfect moﬁdﬁni Con  be  comstvucted &H\‘Q‘Ja\ﬂ\é n o parallel.

Remark: In gav\uo\l, other q\&or?ﬂw\s boased on a\ge\um‘\c ‘memkaﬁws Can be moade Parm\\zl.

P\&fumuds: Modenal  n thic lectue s ’frcw\ CL\A[)ﬂr 7 D{» \\Rm\dmigd NSOMW\SH L:\a Motwan! and Ro\ﬂmvﬂv\‘
Oven uection:  Given o ovaph whae 2ach 2dse ¢ Colsved Yed ov blue, W wowld LGke o detetming L
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Reforenues s Mool n thic lectwe s from chaptec ] of “Rmm:g@ NSO(KW\S“ L’ZS Motwan! and  Raphavan .

Open %wzcﬁmni Given o gmplﬁ whare  2ach m%@ T Coloved Yed ov blue, we wowd Lle to  determing I;
tloce ¢ 4 P@({ut Mamm& with axactly K cad adges. IS o Qood  axerdiSe to ghoy that there
Coa \(c\mis\m\xw\ ?m\\av\m\m Tme k\p&mm ﬁr “thg P(ol;\zm \As‘,mg the Q\\SQ\OU‘/\\\C approach bt
it has been &n open Quaston whetlee tlee. ¢ a Aetermmistic a\&mem fnv tle Problown -

Open question: It % a major open Quaction b find o deferminisbe pacallel alporithm  for mmmg_

?chv&\\j, there & Qowme ihﬁ«asﬁmj ?rogrus in d\mmmkmis?ng the  Usolabon lemma . which  lsadks

lop n) .
t a Parallel akgo(TtL\M MM‘? Y\O(g Mc\na processors - Nice %mzsﬁw ‘o think about .
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