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Lecktuce & Hmskmg

Ho\sk‘mg Vs net vn\é mgqﬁ\h\ h dastgmmg on  efficient data  Structure  for Smrcﬁ\?r\g obut % alse

o&mg‘gm,\S deta ﬁ\fmyh‘mg qunr‘rthmg ond n o(um\dmisqﬂm-
An TmPuﬂLmT cmuﬁ that  we uwill %‘(wké i He wnofin of k-wise ?Mta?muni vatiables

We will cee  apphicatims in data %ﬂmm?ndo Tnothe nevt  lectuce .

Hash Functions

A ‘P(‘\mma motivahion Uf O&Q&‘\&nin& a  hash fmncﬁm i< o obtwin an Lﬁtdent dato  Ltructuce fa\r Slu(c\zﬁwg

Wa  would, like o ochiove OU)  warch time V\g‘w\& tloe  RAM  (rowdsm access maching) model.

Tn the RAVL wmodel , Wwao 0OSSume £lal we Can  GCcaée on arblt{mmd postim in o atfon n OU) tme.

\We olso acsame tat the wivd i‘&c ic (&Y&Q zzhom&f\ and, 1t taker 0 Time fw o rvd opqmﬁm_

Congider the Scenacio that we would ke to store n eloments U\ans) f{m the et M:%O,_./w/l}

An ebuiows Q?Pgoad\ s o we an o\((rx\a A o’f o 2lements Ivﬁﬁm“g AL\ =o {“( all v, onmd  when

o kq,\a Ts tngertedk , we set ATIY=) L, and thic guPPWB Smmhhg Ol Bwe Tn The RAM moda.

Euﬁ&,eﬁ Course , this approach rsz%m\m; tvo  rmuch Cpace , when M >5n.
T z\mm\)m/ eormavdec the Scenario that M ¢ tla et ef all  TP-oaddrectec ond n Ts tle

Nuwmbaor @f P addresses \/Tg?t\v\& Wa tertoo pac d\m\g.

(Age—fu[

Id@ikﬂj wae  wouldh [Tke 10 wee m\a on A{fma ef ST&(L On) and <Bill S\APPWH Qurc\,\‘md in O +ime.

A wﬁ& i weed 0 mop the 2loment ¢ @f The b}g waveise ™ tle locationd ™ the small toble.

A hosh todle 1< o datwn Structuce tlat  Congists Of the fcﬂwﬁng Comprments

- o “table T with n celle  Indexed ‘O\a N:%\O/&/,.,/h»la , Loch cell can Stole O([DXW\> bits .

o hash function  h:M>N.

dek\g/ wt wont the hash funcion  to map dﬁ{fqruﬂ kmag into  diffecent locations.
But , o‘(: Coufle, b\a tla P‘x&amks\& Pr‘md\)\AJ this ¢ ‘\vv\{;os{\k)\l 10 ochizve ‘\f we do not know tle

ka’\ﬂg ia odvance .
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We Say tHeore T¢ o collision T\C Xxy bwt HLJO?MZ)\

Tnstead , wlat wo Can L\ogz o i o hove a M ef hosh 'f)mmﬁms, Qo that the number o{
Collisons 75 Swmall  with htgh Probqb?\ck\a, ﬁ[ wa Pkk o Yondom  hosh fvmcﬁkm Trom the fmm‘ta_

Wa ossume the l<u$s Coming afe ma@@n&m frm tle  hosh \Cmcﬁm« tloat wa choose (2.
thove ¢ wo “oui\msma " who kwows our internal Condemnees  and, cheose o, bad  Set ei\ kﬂng
fw oue hagh Tunctions ) .

We do not  astume that we know the k@\&& n advanw, . ( ﬁdv_ok\\\&, L2uen T{ wa  know the

krbﬂg W advanw . 1t Ts nom-triviel Yo okas\w&n o Qosd hash fw\cﬁm; see Fz(ﬁut P\as%h\g [oﬂ‘ar.)

A notucal dloa s O Conal deec the Rash f&\vvx‘\ L\a bﬁ“& e Qat B'f all ‘ancb\ﬂ\s ‘ﬁw M Yo ]\)J
oOnd  \wa jmsf p\\CK o Yondtm {\M\d\\tm h-M>KN as o hash %M\Lﬁlm .
Thus. the gﬁ‘m& 16 the Seme S the balle-and - bing gmttﬁn& it we }wst Studl ed

gupposz tlete ot n k@uds,

Than . tle 2xpactas. Rwm bec efg kuas n o locaiom Y¢ one , and the wodmum ooded location  hog
Qikagm /Lo&(u&n) K@\AS‘

We can store the Keys that afe hoshed Tnto tle Some locabion b\(’} o linked [st-

Thic T¢ colled  choin msm% , fov which tle expected search Bme T 0(1) , while the moeximum

Qeafch Hmk [N @L\o&\/\ /LD&LQ& Y\}-

Using the \dea of powec v two cheles, we con use e andem functins  h, and hy
When  we et o veldue v, e ook at the (ocations h&) and hy(X) and Stoe x n a  least (vaded
location . \When we Qeacdn . W Seaich both the  [nked lists Tn location  h, &) and  h,0).

Then, we ean  veduw the madimum  Cearcdh time  to O(\ogko&vﬂ while  nat \mums\mé the averags

ozacch Hme b\g much

Rondsm Hash Functions 2

So \CM <o %cm}\, but  we 7gnm/efi Ho  Veswmes m( o Time T evaluatz A and  the Spa ce
r{%\;\hw\avﬁv o gtore |k (So ok we Couddt CM?wﬁL hx) a&ainy-

TL\QTQ s just o wauw  we towld oo \JC efficentlu for  a random ‘puhc‘\‘\lon.
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Q]S

J

Consdor  a  fan dom {\m\dﬁv\ h-MaN. o Stwve thic folle 3¢ (Q%(A;\HL& ot laast  w \\:&h bite
2oclh eloment m%w\ms \s& n it to Cemembar e (ecativn | Thig vs aven  more thai L\D\V‘W\S an Mra\a
ef %:%Q m . \Withowt ws?v\& co  ywch g})ch , thove ¢ no woua ‘o CQMP\J\‘L heO zf—ﬁcfm{*[g 5 we

O(w\/T Quen  Kumw  which ‘Em«d‘\xo\/\ o (/W\Alnth; ond Qm\/T &et Conistent omswers T the Qﬁwlﬁxzs.

IA@@(LUA/ r{ we we O cells for the hash 4nbla where each cell ttores log m bitx , we weuld Like
tr stwe  the {Mcﬁm M:r\g 00D cells . ¢o Hat it cloes wot ovaske oy overhead, ™ gfmjz roguitemmt,

Thic moans that O(kn%mﬁ bis  can Yepretnt the hash function | whych MPLM& tet tle hach
\Cmma Should have ot woest P“%“M §M“¢ﬁws (instood, qﬁ n functios from M 4o N ).

For{mmmfd\gj by, ctmmgmé a hach funchm fom 4 small hach \Cmmata , we Can ehll acklove  gome of
e F(a(auﬁo_j &marthQM ba the vondsw  hash ‘E\u\cﬁcr\S» This ¢ @mliac w @P\rik o Mqrmotm‘.gﬂépha

bnt here wo do  that fw tle Sake D\L &fﬁclzm\a Q)L e ank §Paoa,

Tn ghork, woe need oo Quecint (LPrzmmﬁ:m of o hogh fuv&cﬁﬁ; A Suppsr T fmk Q“‘””é anch
Y@qsmra Ottle %fm"a&l_ Spac

Tovw tWis, wo intredue o Waoker Mﬁn7ﬁm ®‘f van dsrangst .

Porrwise Independance
FU{ o get o& n N&a?mﬂwt vomhmm \/r\nrla\o\es . we heve P( KQ\ KXRZI;\)} = ;Er\ Pr (%‘\:1;3.
D@M_Lﬂm, A get a{» fondom vaniables XKoo X0 S Kowice W\MPM\&@& \\f ‘@Y ﬂma Lupset LELLn]

with (TI<K ond for any valwes o Te L, D (N (X:‘-l:)) = 0 PG )

The &PQLTDL\ Cate when k=) 1¢  called {&rw‘x&z W\O{QFQMLWLC/L

To see V\M\a Po}«w\@ moLaFu\o(%t variables arte 2agter to §amo,/afa_ e tonsither o Zyamlt;ld.

EMW\E\&( Given o vankom it X.souXy ., one can &@mwzﬁk )bw Pa.\\fw‘\u Mo{LPgmdmt nte as fu/fws‘-

Thrumente  the ),‘D~ { V\wzv\f\‘)*\a SARAnd e% ‘i L, oy b 7] .
Tor anch cueh gubset S okajyinz N = \@S o, where @ denoteg the  wod) operation .
e

Thew b w Méa to g that aach LIt ¢ voandowm b\a the P\"mu?m a‘{* Miur@k deciion
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(TL\Q ?r\mdil?\l o% d\aq,curui deci<ion gaﬁs tlat  wo Can 7ﬂ‘|;< a bit ¥i wath e S . ond think o-F the

peocese of cLMs‘mg o {ontom %ﬂnk XL X, o as st daszdnmg the vol of otlec bits  ged Hen

C&QCW\\M& o value ‘JJ( il Y-bit. B\a {\IK\LV\g all otler Lir , cna Yi=1 sv O with Prn\ak\q‘vkﬁ"a ,\1)

Xg sl Q%\Jx(t\% \‘A@% ~ be 0 o 1.
Movs f\\wm\\vs, thic prindiple ¢ Swsﬁ Saying tat P ( Y= 1 \ al bty excapt ) o= J{ ~Eﬁ all PDSS?E{L

Values b/g +lo ‘(ervm\h‘w\% Wit \\m?l\m& Hot Pr k\Ygi /L\;J:L , and. ot {oﬂms {ruw\ (‘,r»\v\]ﬁs»ml Fro};aL\Lﬁé)

Consder two Subget S} and Sy . Lot Xye S-S, (B\a o E(‘\w\c\\ELQ_ o{ g(a-(grrd\ decisinm o S(;/

[
we can algo &(ng tat Pr \\/gL: c \ \{g):OQS EEN ‘ﬁs‘( Gng two valwes o, d € Xo,l?),
vl

Therefore, Pl Ys=c 0 Yo=d )= Pr(Yg=c | Ygod) Pelfg=d) = -3 =7

This pr oves e Paﬁrw‘w&{ No{af:omdwu.

EXO.ME[Q pX G[IV@V\. Fwo Ndz?gwkmf, VLV\:‘(V(W\ values ><L and Xy ever “YO,I,M)P*\% , we Can &rzna,m{*a, (3
ba gaﬁmg \(7:<><1+I X)\ vmciP f:w 1=o0, f,,‘,JF—l) where p s ?r\\w‘k‘

Fa'\rw\u. W\AQP@“MY\J( condmm  variableg

Aao»-“ﬂ, ba Aeferred  dacdisions, oS uvﬁforwha Cand om .

Toc Pol\rwisz W\o(a[;wwd(ank . we want 1o ghow that Pr (\f;:(x 0 \Tj:\sﬁ = \?x .

The ovent  (iza and \\/j:b is Q%M\va[aﬁ “+o QXJTXQMedFio\ oand (XL’rSX»)MM\) =b

Thete  two Q%MJYESV\S on fwo vanables  have o L,wn\;%(m solulion Qbacau P TS P@ma, ondh Mw\ﬁpﬁ@d‘ivg Nve s gx‘hﬁg>

Xlz K\’D“ 0‘>(J~\L ylMoO{F and X{ZKO\“ R(E‘Q) L:}~]\F‘> mod P

Stne thove ave p\’ cluoicas ff«’ X, omd Xy o ke there T DV\L\a e Choce f\w i=a  ond \f\‘J:L_D

Thig Ngmﬁes that Pr&\{;ta N Y\}ﬂo)? Aﬁ’; ) PWW\S the Pd\rw\&i W\M]pmo(ev\q.

Chebygheve Tm%mtﬁ% Tov ?m\fw\& W\OLQPQY\&JLV\{_‘ variades ;. we have  BELx X ] = EE\{]]EDS}.

T TmEh% Hot Coy C X“\ ) Xd\y =0 .

" n
Tt \CDH\MS Hat Varl E X;] = EL \/mEXﬂ {m PQWW\\SL Dr\dm(;wi@wt variableg .
V\S: \/a(fﬁ(;] ,G’( X: i\ X\

O\_—l

APP\\XM& Cka\o@sb\w‘g “w\z%rm[?{\a c%?\/tsf Pr(b(fEDQ\%QB < \/a@r\})@ -

Univecsal  Hash Functiong

D&;{‘m\j}m Lot U be a wnivege with L0200 ank let \/’X\O,\,»., v\fl]y A ‘FMMB e{* hogh {umﬂw
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H frow U t U o savd t be  k-univesal T\( ,{w ony distmct olements 2,0, X, and ‘ﬁw N

hagh thcﬁ'w h chosen mn‘w{nw(\a at  vandsm {{m H o, we have

P (hd=hGd = = ha) <
heH

|
N

\ﬂutdw\,)%Keqbl\)_“/v\v\q] and. a Tandrm

It ¢ sad to be  gtvomoly K-uwiversal Tf —fm( ary valuas

haslh ‘{:\m\(,ﬁm IN —EYC"\I\ }(, ;W have Py LQ\
her

ms:@f\LhLm:v@m. . nghu@:%g\ = Afor distnet ;.

N

We  wnll ‘gom& v Y-tmvoesal  and E{YDV\SL% Y- umveigol {amilim o{ hach {MV\cﬁm,

L-unmyugal  omd gﬁmng[é ) -universa | \Qmmlta D‘W\M
ok U=\-= %D,\,n, Pw\jj \A/LJZ(L \> DESEN P(Imm numbec

L,QJT L\Q/bLX) = an&b) Mo d JP

et o = § b | Oﬁaﬂaf?»tj].

Cloim j{ s Sﬁvng(ua N - v al .

M We need o @ovg tHat Pr(u\q,b(lﬂi%g (\LL\“}\“LJLQ:UP)> - 1Pl &w SN e O\w% \dwt\u )

ch&‘\&{—\ﬂ‘m& \’\mb(’(\\ =Y, ond a6 :\{)‘, meand (Oxlﬁ\c%mnd\t) =Y, and (ﬂll+ b) mod p= \Qlk

Gﬂ\/evx XLJCI,%,, lﬁ) , tlese are two linear @Wﬁmg With  dvo vemables |, amd tlere ¢ a L/w.\%m Colwtim

o= (ypmud (ymsty) mod P oenk b :{\6\ ~a,) med P

m .

Henee tlere ¢ mn one Chiie efV (a,b) ot S‘f FL Foss‘.ﬁ;;[rtias gmf?&:‘m]wg thete  Condlifime P(D\/ﬂ/\f the clai
0

The above  comstinction onlg definec o g\\(w%\«& 2-wnivegal  hash fwm‘vba whan (Ul=lVI Tn applications, e
V\SMJL% wert o define a mapping fom @ lavge wniverte fo & small range .

There ¢ an 2asy oy to extend Ha ahove Comstruction o thic QL%V\K\

(ot U:{D,[J,WFK—HJ and V= QDJ\,,.,P»\K for some Tntefu K and prime P

k-1 N
;5 i
os o vechw [A:L(AD,\A\,../ W) whaere Oiu;iP—\ ond, > U"IE = U

T=o

Iv\tqu,t aach element wel

T othar wevds | MJ(M?M,JC “w as o “F—mau hember.

Tor Owua vedtee EZLAW..,ak/D with OSO\’\SF% fm’ o<t k-1, ank ‘Ev‘/ ony b with OEL)S?»\/ lef

L\a?ybtaﬂ: (:? a‘\m‘\&b\)maiP o Let H B g‘”%,b\ Déq?/ESP“l ﬂ%( all o< gk,\% .

Cloim = H ¢ Sfﬁmg[(v) Y-umversal
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ool We ned to prove Py (Q[/\(i‘u(iﬂ :kﬁﬁ a (\’\315 Qilﬁtaﬁ)j = % ,
Assume Wio® Uy o Then thece condilisne are G.E/w\l\/a[ﬂ,wt to

-t

DoWio + b = ( xﬂ‘~{ijl o\jq“j\ ok P oand Aoy 0 s < (%}L‘ »S o\ju\ﬂ)mué\ E ‘

=

Tor %mw Qo s By s U, ,3?%\3“&) L bl v qgaw “wo e%w&‘ums with two vanables L\A\ﬂ‘v\jﬂ o L,\V,.‘W Solution.
H—”—V\CL,’EW “QVG/’\a Ay, A tore % szm,Hn v Cho 9‘{' QL\O,L;‘> owt 0{ fPl PUSS?%:\ITDQA (&%?#\ij the Conalihiong

0

Tk@m{\wa Pr ((\/\E’bﬁ\fﬂl ‘3\3 o L\;‘,L}(:Lﬁ LUwV}\ E l? ) Ffw?ng te clam .

v

F‘maltg, tle above Constvulhm Can be u{\(wwcoufu)\ " . Cmna tuhle §§Ea and Y6 ¢RI 2-unmiversal
Lt haped = Clomtbdmad pdimod n - and - H={hap | 1€aSpt, o€ b patl .
CLOJLM H \\S 1*(/1»\\\V(L(S0LK_

Y 06 Txesdsga . Ceo Lamma 12.6 9{ MU 4

MO'tQ that theve To o PT\WV\Q hetwaen m oand  Om '67/ c\na "xV\'tQ&L( % b\a @utrmm}\/s PvSJ@ALoA‘L (SQ!L \,J?I(T)

ond So the abwe 'g{)\vw\\\na wovks o oy moomd Fwd cL\ODSFnS A plime M p M

Alco sne aan olgo o(zzfn\e, hesh fmm\h‘a& —Fw otler {‘do{sj e.;(, {Lz(o(g with 1K wlements |

k- unwivasgal 'FG\-W\\A[,\A\ of  hash jcu\vxcfims
[

Pick romdom  0g,a, o, €30, 40,1 0 Let hata) = [ e s X T vt s ay) med F) mod 1 .
Then it can be ghown that (= 5: he | ©<a<pl . O£I<F—17j ¢ o k-tmvesal hadh Functinn , and

Th {o»(ft Very cloge B o Sﬁwgta Kevnivecal  hash fumcﬁw\.

Hoshing using d-universal families
\J \

Using o hoch family IC= § hae @ | vsacpa, 05bep1) where hgpGs ((ax+b)med P> Y
OV\Lka need B choose o, bt Select a hash funchion . o, we can  stwe this hash {mm‘m [/LifL\OE
Ow\a 0L cells  (reeall that gach cell can chwe (ngm b»‘h> Also | the hash valn caw be
2ualunated very guckly wsing oMa O00) opovations on (ogm%bit wovds

Qo) these lash functiond  gatisfy  the Small Spac Yegirement  omd also the fast evaluation roguiremont.

Can tkmg\ %\va tle come qumhhu as  condon  hagh {umﬁm&z@

The gxpected Seardn wme of cham hashing cam SHll be  ouacantad .
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Lomma  Assume w 2loments in S ore hathad into  an n-bin L\Asl,;mg table h\a m%?ng a  (andom haslh -E\A,MHUV\

{(5\{“ o 2-unvecal f%m?t\a, \Fo\( Oon Qv\o‘\t‘(m’a elgment =, (et X bQ, ‘L’LJ, \A\A\m\pn( E\ﬁ Ttoms at lovin L\(_X)

Thew Ty < % *\:/EM) w\f X &S
n i xeS

Pro% let  X;=1 T{ the Y-th 2loment ejv C s thn the same bw as X and O otherise.
Stnee tlo hath {mmﬁm\ s ChoSen (OLV\OKM% ffﬁw a D wwiversal \me‘,ta/ vt {—DUW: that Py LX111>1 t/V\

Therafore m\:g EOGY: ™ ad x& S and 1k 04 wf we 00

Howww we Can ot g\ha(m&o.m tlat te maximum load b hows O( vaw/Lv&ng h) balls .
[y X‘Q:\ T{ Ttemg X and XJ ore W\Q\‘DKDO_& to Yhe Come {ocation .

et XZ\S“ YRS be the number s‘f wllisims  between Pa\fs 0{ T tems .
{\AJEM

Lo

N >n

Then E[X} = ? EEX\J] = }; V((\r\t\(ﬂt \nb(\j))

> |

Bud Mo boy's TM%ML;% L T I

R
m

g"‘\)?”SQ that the mavimum load BS X, Then Witk P{o‘o > i; , We have L\ZBET B whwodn MF\\(’A

-H’,\O,jr \< < W\J 1/1'\ . \/\“\Qm m=n +he MO LQQA\ ¢ at  mest JlV\ with P(@\o 2 J;

Rﬂw‘af\il TD gv\mw&u i Losd, O(Lo&h/éoj(r:&ws p TJC IS €Mu§L\ ™ Wi o o(tvgh/(oﬂ “j’\)'W‘TV”“VJ
hash \an}[\g (wkg?) bt votice Hat  tle avoaluation time would  also £ wp ‘o

O(\o&m/mihyﬂ word operations | which oy net be o good beaddeodf.

Pecfect Hashing
N [

G\\\/em a %xai Qet C L we wont  to buwild a datn  ghucture to %wmth ovxha Caovcin @\)Qﬂﬁ‘\s\ng
with  2xcellent  wowvst cace %\/\,C\T@V\t‘a&. L;LJ( m= \s\

Thie P\’ob\gm < V\sefm\, fb\r Slmm?\m n buﬁ\rk‘m{ a stabe ok\\ch\omo\(a,

A hosh —gm\cﬁs\« s guiut Tf 1t tokes A conStant number g-f ng/(qﬁm; (on Qo&m\*\a?& WNOLS>
fo Lok an tfem oc defermine that it doesnt gxist.

wﬁ((t) ConVince Lacmulf that ”\J( Sonot a4 Divial F(abkam , Q.& d\dmmg o “gﬂtar)\ ” {m\cﬁw WUV\}Y
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wivk  becanse Yo Qﬁnlf evaluate the \E\Av\cﬁm Qﬁwﬁct uav\omg\/\«

Parfoct \'\&SL{W\& T 2asy Trf thee T sufficient space.

Lemma T hedH & o condom hash fundion fom A Dounvueal famly  wappng the uwniverss
U rte Lo n-t], then, foc omy gt § of S whew  m < 3n, the probabi ity QWL h
\on& ?Q({mq@,{ C i¢ at laast Ys .

Prool . The proof T8 milas to the onalyas T madmum  lsad

Using ke aboue nobitin and caleuldting, the svpactsd umbar of collisms ¢ lest Hhan NS

%\6 Markou's n\awm\a/ thig iv»\?\?as tat Pv&xz/'“%) < %

When  nZm , thic wmeans that  thie s ?u{aﬁt (o collisions ) with pwb%:ma oL \eagt \/1.
=]

To &mr}\ a PM{O,U[ hach {MM\HW\J We Can %c/vxa,rov‘h Yondom  ach ‘E\mcﬁm "F(M Haig %ML\G ond
CL\eok whetler 7T 1 Pu—{\a,cf Thie XA Lu&*\/tgo\s Q\Sm:-qum , Oh ()\\JMA&Q wa m\Lé mu.o{ v chaeck
of most  two  hash ‘met\‘ms,

Howwe/, +hve sehama (Lﬂg&i\ru L\k{w}) bws .

Us‘w\& o two-lovel »\Mm& Sdheme , We Can o&zs?gm a P@({u% L\Mk‘m& schama  wAth ov\\a Olm) loms.
Tist, we wie a hech funcin o w\a\) tle elemedz Inte o toadle e\l e

Ac e have Leon, the moadimum load  Gould be  O(Im).

The tdea 3¢ to wie a Sewmd hash  twble {w the olementr W\awu)\ o 2ach o .

T a b sk igem, by the aboue (esulb the semd hogh teble only neds O b,

Cow\%‘w\‘mg those C,Q(Q‘ﬁ\m“a Wil g%\/a o Paqﬁed hash -Fm\otiw\ with D“LZ\ Olm) lons.

M‘Q‘m The two- lovel aw(oqc[/\ ?v«u a PquC% ‘«\as(n‘w\& Cehemae fﬁ{ w1 tems Vhﬁy\g O(W\\) ome.
Prook A< shown obove, the number 9}[ Golligms X 1c at megt ™/ with bebm\a\ k‘\{\a ok least 1/
go ‘&( WA, TLQ_ V\&A/V\'\L)U B—f (/vu\LSEMJ ¥ D\‘% W\“St h Wit P\'m&)&\d\ h'k‘\g 1/1‘

Thig \Q\rﬂt level  hash ﬁmcﬁw con be {ommd\ ‘O\a JCNQN& o\ C/lf\u@/\% Corndim  hach fmvxch\ws {YM tla
"QWW\‘nk\g . Derh Bl avmagt we Dn% need  te check at s +wo «Fwncﬁwg So that  Fesllisione < v,

Lp/f C, be e vumber 6‘1[ Ttome ™ thae il b Then TS:( ch‘\) S m o
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We use o Seimh  hash ‘\C\Av—ﬁ\"\ tlat Si\/ts no  collistm VL%\W\& (G Sfo(qu{;ﬂ acch b with O]Pf.

%\6 Ao above lamma  wo com \C\MA Swelh o {mndﬁv\ \O\?I '&\&W\& o mect Y vondsw hash \Qmm‘m M O\vamg¢
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