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lecfue 23: Balls and Bing

Balls and bins iv o basic tandem process that  undechies  Coveral  cowmm  phenomenoms.

Tozkmg Wi gmoka sowt  Ctandath  Quegfions  and  ome “mﬂ(gs\‘mg vaanl Yefocred o the potsac of Hwo  chotces.

Nexk e wa  axe i@n’mg 4o Ceq oMme q??\;m{\wg Sin L\ash?hg

Rolls ond  Bing

We hove o balls omd 0 bns o Badh ball T theown foa wniformly Candon b independently
We wouwld ke to Shwduy what does o %w\m\ SDtuaton  look (ke .

Thare  ave oy q{ub‘m ome Can o5k o wmdacstand  the distibubon  of tle bLalls wto tle bins.

We start from Sowme 2oy calemlations .

Expeded WNumber oF‘ Balls in a Bin

Lot \3;/& be the indicator variaple tTlatl ball JoTe ™ bw
™ o & . - S
Than BT bale in bin 33 > Tl %:' E\“‘j‘& = &z‘ EE‘%\J} = S?:‘ Pr L ban RS ‘] = %1 " e~

h Pos Bomlac, when w=n , thle 2xpected number e—§ balls s oo bin T ome .

Do wae !LxFacJE that  moest bins hove about ene boll  west of the Hwe kS

What s the Proba\n\nmﬂg that  thew s &Xad(b one. ball In eadh bia ¢

TExpected numbec of evv\‘n'\’.a bing

et N5 be tho Mdicatvr vanable That bin T ig xwp%»&v

\ ) - —X

Then , EE\(:& = Vr( bin L g Qw\P‘ﬂa\ 2 Q\*T\j ~ o " LV»S‘\V\& \-x €2 owd l~¥‘:9:x’€u‘(§ww\\\ X)

Whan  m=an,  we Lxp acted b otee tlat o %‘frmb‘w of the  bing  are vi\\bh&_

Tusk Lsn\d»\é ot tle 2xpe ctation aﬁ a  move &(ubq\ 7 vadiably K‘wu o better mvxd\usmw&m\& of e dretnbation .

HO‘\L\MHM LOQA_ @v\as*\‘\w\: What TS tu Moy mun  Nmboc 0’& holls ™ o bin +L3P‘\<,a\l\a{,

A g\mv\a( %(A‘G_Sﬁb\'\ IS fv{ what w do  wa Lerzot o Qa tweo bolls oo Wn C oo “olligon” oumm)_
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The Bcthdao atodox  Te tle s wlenw n=2686  ( igy\w‘m& Tb 29).

\H\L P{Bbo\\an“‘\a flat thece e no  wllision ™ o %vst ™ bollg XS

2 { - (m-Om — WA
w

g S = S
- G-=0) o -0 s o7 7 g = e P R e

This \bn\oa\ﬁk?wa would be  emaller than Yo Wlew  w = \J 2n dna

Tov =366, if coys  that when me 4 L the ngcu:u% that  tle namdmuee load  T¢ at
leagt tweo T¢ ot least 1/ TR eclimate  Ts vedy cdose b tle exact answer .

To S\va\mviga_‘ wa suyut b osee o colligem  when  m = B(JR) This  observobon s mgl{m\ ™ dTﬁuent
ploces Leg. msw&, am\&:h& o hewtistic for fw:tvv‘mg mh&u; , ate)

An intwiive saxplanation i< that  tlece are M pairs e{ possible  collisome , and we srpect  Some  collism

would occny  whan W}rxﬂ, Thstead sf the incovvedd ataition  tlat collisoms wowld occar owha

when ™M R n[a .

n 13
The probalility  thal o bin hae b lasst K obals Gooat e (DG by & wnion bound.

Th s effen tlat we hoave to deal with  bMowiel wwefficients
no\® n n" ne \®
Some msbﬁml bouwrds age ° QT) < &Kﬁ < Tl < ( L(ﬁ The p(aﬁg oS a \Lﬁt ol  Q2xerdiges .

L3

DENE(ANF 2
Us\v\g e boand , Tl above Pfobmbﬁﬁ\a s at moest Q \<\ Y\S = oKE

o* v+ k- kink

@Lg the wunion bouwwd , Pe U some b hac at least k  bels & S N Tk = L

Wo would Bke to octimate  the  Swallest  k Such that  this waaﬁ L“‘\a s Lwall Q‘(\D(AKU\
Tn other WINAS ,  Wwe  wanl otk minimum ko Suwch  tlat kink > {nn .
g&tf\n& K> 30un / Lnlnn wounld Ao C %HW\PUL calemlatong |, S2e. MU Sy } .

Tkumfgwu with L\T&lﬂ Pmmac Llha, +le  waximum  lbad  Ts at st OCnn/ Lalnn) .

Thie OQIQ”V\/QV\QV\V\\ Comes  wp  in ‘r\ad,\?mé and  alse  In cmoxhﬁs?g &? waxlmmim a‘éar‘\f\nms

(L%_ WOV the st Knpwn QW{W\\\M'HM (atlo o‘% W\Tw\\m\v%‘\h% mgaﬁ‘ﬂm« n o a network )

Coux?uvx Colleclov Question @ Fsv what m do we Jax\mdt t have no Jamvﬁé \o‘msz.,

et X be tha numbec s&» balls thiown unBl tlee afe  vwo M‘&;f\/ﬁ hins .
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Lt X5 be tle numbec a{ boalle  tWiown when tlere pye xxmd\\% \ gy\,\\ﬁ:] bing
Then  TLA = BLZ ) = 2RI
How QATVV\T)V\KJL E{Xﬁz Note tlat 2ok X Teoa &zomﬁc Yandom Variable with Paramztu P:\T\

Recall tlat o Kzumch rondpwn  vaiobe Y e g{wn ‘q\a e dietiloute vt Pe (Y= W) = Q\rkﬂ\mp,

Tw words, Y 15 the number e{» ™isls  wntil tle {\\(St suweeess | when e Quccaess P{abab(\?k\a < P

\

The &yPutu’\ valwe ef a &zmﬁt\r?c Candem  Vowiable Y with Pommvmr P TS v
Thete afe at least  three ways v sec Tt

D diveet calentatton from the olefwitn with a diffecentiton tNick

Mg

N V=

@ s EIY] = E G P01 s

!
C‘\JA\&L a{ Summation

@ WL Condiimal ?whmuma kS afne that BOVY: pox U»@(EE‘Gﬂ) = Mrpﬂi‘ﬂ*\ , henee B(= p.

Amgwma, we hove  ERUX) = ﬁ EEX‘J B L\ \/(v\/‘/\) = é\ ﬂf R onlan (Nj = Hh ,the n-th bhag sy vmwxbu‘),

=

-1

W

This w dnn Caryes  as o lowe e Ecv\m}\ )ﬁ)hv‘ d\\\%unw*\“ %L‘mg&4 Q\(&_ Tl Cover time trjr Candmvm  walk¢  1h

o Cmm?\fm S“"Yl\ . Nuwbec 911 mkgag needed  \h gm?b\ S’?qr57{7cs\f]m ba Y omdom gmmwmf %sz QBD(H:L\WLQ.

Heut st meoats

Wi showed thak  the mosamem load ts O(0un [ Rnlen ) with bigh probebiliy . Le 3t g 3

What s e ?vabam‘&\é a% L\av‘mg an wpku b a—]@czr f%(mln& niwn +cn lalls

The moin dechnical oﬁ—H‘.w[\Lg o anelying balls and bins is Alat the randew Vaciabes  invelved ars
ot ‘\v\d\e?mm»\t, and  So ‘Fm QKQMPLL Charnofd bBaunds  can not e ok\mcttg D»P?sz\,

Tn me Utuation, [Nke m\a\u&‘mg thle number of 2mpty bins , we obsevve  tlat e gusats thet  two bing
s nempmphy e negatively Covralafad L and thus  Cherme b boundc g8l apply.

Tn o "&lauﬁ\,\fw\S‘ wa ?;ﬁm\o\ +lat  +the vanables  are Ty\z}uc?m\o{szv& an Come wp with  Sewa  houwctstie bounds,

Ond. loker mention tlat  these Afgumants  Can be  made pladise L’}j o methol Callad ™ Poigson ‘XPP(DX\\MQJ(\IDV\“,

Moximum _Load

LT pe be the p(oba‘oTkH\a that a bn  has JLX(M,HA% < balls .

«

v -0 (M) coo Cmn 40D M-
Then pe= (DR LR = 0 5 0

n
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o S—
NTt'fL‘Q =

R R s va

Agsmm\“& Mman D> Thon \3( = ¢l < n

2t
Wa erﬂu assume  that ol bnwe  oge W\MWT (Cwhile net tus. Kr\tm?\ﬁvakxa net  too ’%m( a\ﬁ—f\.

| " /e D
Then o bin has ;and\va ¢ boolle TC 0 ot ywolt (- 20l 2 =

1IN

v~vx/( %) R
1—% thie Phba‘rﬁkﬁ\a NS very Cval] Q,g. Q o < V\\ , tlen  with L\?g\« ‘)Mkz:\\;\\?ha Theve will be gome bin

with at least ¢ halls
— -h _
For o /@ 2 suffees o sek n/(2rl) € —afan © 0 Tl S 0/ (20 Qan)

SN S lun =~ Lnlan - Inee) . (3O

R\A Sf\f\Tn&'s opprocimation et clos QWQ%) < ¢ (Z) ., (see HU Lomma §8 ‘fw the faest W\awt‘wtg)

iz

Y '
Q»V\ Q([-) < ‘(9\“(* 4 Q\.V\‘F (LASTAS lh(rl,3: jﬁr\: ~ g:- QHXA\( = X(Qr\\(‘l)\i = (‘QY‘\(A\(>~

Lt = Lon/0nlnn

T}'\Q'V‘ QV\ \”\_ < ’M—Y‘ (QV\QN\Y\—Q_V\Q,V\QV\ y'\) - SZV\Y\ *(QV\Q.V\V\ *Q\Y\Q’/\Qn V\)
Lndn n Lnlnn
< lnn - an/Qanw ( shma *le Sum ng tle (Qw\mn‘mg thiet Yermg ¢ \ase thaw gusw
< Lon ~Talan - Ln G2).

Thye ghows thet (30 holds whan €= Lnan [ 2n , and TLE(L&DYL thate Zxistt  Sema b with (ead &\UV\Y\/[V\U m),

Cov\‘pm Collector

To estimate The ?‘050\\11\‘\“3 that  Seme b ¢ MP{VA mftef nlan+ en balls o\gm\(\ we o sk

Pc = &T\MU—{;)‘

o c =
N T o (MTSQ when m,n Y.

2

- C

?N wM= nlnn ten Po %X 2 n

7
)
IS

-< n
So , the P(a&m\;}\‘\ﬁd of ka\/"\v\& Coma emptiy bin & & - (L- Q/V\>
Whan < T8 e \m(&m positive tonstant thiye g \/u\a close  to Rl

When © TC¢ o \m&a Y\l&o\ﬁ\/a_ Constoml,  this  T¢ VQﬂé o o owa.

This % o \\Skar? Y s hold P\\mnmu\md {N which we UPM the 2uent MWM wlan tlee aye \/a\ré\ cloce

™ nlhn bals.

Poisson Approxi mation [b‘?ﬁ‘m o))

\,\J\mg Com  Wa afsume iv\oupav\im& in \bmvims o\fjmmwbs).

No , we <an net but we cawn make Tt prLdise ‘0\/& mslwg the Polsson QPFrwxMﬁm TJ_LL\V\?(@,\X

LO03 Page 4



m X " —wm/n s
Re call that P\r = L (‘) Q_\V\\ K\* JVT} T o2 7 (m/n) /(‘ \- —gc\/ small ¥
Think E‘Yf m/n s the mean.

r\)m’fw\xa_ o Poisson  Yondsm  vadable  with Pmc\wwtu Jn b?j the Pro‘vm\;‘\t‘lha istibwtion  Pr (X?b\‘" .Z:M/AJ/JL
Thaen \D( 1< ‘ng‘( o Poissom  rondewm  variable  with = mn .

Note that 1t 15 a P{némb?h‘k\a ANs tAbubiom |, with ﬂ.\(?“—d’ﬂﬁ{ Valur - ard L a goofk Qm}meh\ﬁM ﬁ[

bt | Yond e var ables ( MU Thm §‘§>A

&) D

L_QT X~ be the number D’f bolls ™ b v whin m bals are Thrown , andhe \('\ be o Poisson  vandm

Vatable  with moan m/n.

(w)

™ ) " () (m)
B main Adfferane botween  the Aistributimng LXL\ ),lel_,‘)ch)) amd (XY, A N ) s that

)

X

\

v

W\-‘L\a not \Dg J’Z%v\sﬂ +o WA .

There oqx two Koy pwrts ™ the PYOD]L?

)
@ CondiBomed o ? i T=mo L Than the two obetibubiows ore tle same. ( CMU. Thesra, §-é]>

™ \
@ 2 Xy ):M happens with  Yeasmable Prﬂba‘otkit\ﬂ e, with ?rcbmbﬁt‘\\\é at east ogm - ([MU/ Theovem §~7]>

\ {
Cmb?m\& Thate two Pow\h , T{» wi  Un gTvL o Qood upper bound v e Poiston  dighibubns wo can 3:\/@ a ju&

9\13\«“3 L‘\Ssx( wpper thzuw\d\ in the br?g\mo\\ A bubion (e :\msk o ‘Fc:\dtw elm }pTHLr D
Tov tle movdmum  load problem and the LS alle ctov probu,m, WL con give o VE(\a Swmall Lppe bournd o
the bad  2vents n the Poiston  dntibubon . the hewristc mgmmav»h can ba  made precise.

The bé \Dc\ﬁr B ottt we can wwk kb \\(\J\Q%JIV\MN& Yorssmm Yonmdsw Variable | oond O\W\%

ey C,W(LS\)W\&\V\% Charnofl bouwd. B thow tlat hal puente \/\qppu\ WAt Very Small P(o\)u\\g}kzﬁg_

Power of Two Choices  (optimal)

No\u WS \(Y\h\/ fbff whawn W bp\\ks [oX'a'S Thrown ™hito n bt TLLV\ TLJ\ WA MU i kmko‘» 1< %&QV\ /QV\QV\V\\) \NLP

Congidar tlo %Um‘mg Vationt whin gach ball s theown we pick he Yondom bws  and put te ball ™ the

bw with Lower  bolls .

Q\A(Pr‘\s‘mgl\a thie S"\r\,.?lz modification  Can %§Sh?{§umﬂ\a (duce  the moaimum (oad  to OULn tna)!

The intniBen 3¢ C;\MP(Q_. A ball g aJV \Ao‘\S\Hc N Tf Wove tle -t bell put ™ tle Lun. guﬂ;osq we Con

ooumd  the number st biws with ot least T balle \06 ﬁ; , over tle anbre course o{ o P(ou_&s“ What
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Chowld be B3 A ball 15 of hetght T+l T the fwo candem biws both have ok loast T balls .

Tl/\\‘s ]r\q??oms wath FYDEM{\\‘\‘% et wmost U%;/\n» . H.Q,V\(_Q, E% < &*E\,‘:’} . go\vx\qg tla Yeunryenle
qives thet ng boomes  O(Law)  when :\: OQQ"\QV\V‘>. At e ?m\& the numbser te foo gmall  to QPP\%

Cimcemtyad om ?ma%wd\*\‘\u /‘Cw o Mméﬂﬁ\«, bwt b qug +o 'SWTW\ Hle ’fﬁ)of {rm thora

We will wee the %Ltmm& Ck@mwﬁ' bound.

np/
PFQ @U\,P} 2 XAFB < e v , Whate B(n,F) e tle binoml roandem  voiablle with o~ dals and Qugcess F\ro\a. P-

Lot F‘fi V‘/‘f ond [%H\ = 1%}/"\ :

Lot 27 be the event that m{“cw all n balls are thrown the vumber e{» s with ot least U balle ¢ <E;.

Note tlat Fq’ lholds  with F(obcv\o\\kt{\a 1.

We wnll prove that T{ T oholds  then Ty holds  with Lm&L\ Pmbpv\m\\i‘% ( wntsl RB: bowmas too sml}>.

Tn tlo folloumy we condition on He sweat €

[ot \f&;\ o othe £tk ball hae mryht at least 1¢1.

Then  PrUY21) = Bi/n

Let ?;:@\m, Then Py (é—\ﬂ >Q < Frt%u,ww).

Qo Pell# bane wth ot Least x| bakks\ >k ) < Pr K(tx balls with height ot Laast ‘\+>> < ley)

=P (B % ve [ 9)

In

Be CBlupidok | €:)

g-alt Ki @T*\i lL’\P\ ) then He D\\ov\/m PYDL}QV‘(‘H’\% { Pr K BU/U ;)\\) > 1"‘?7} < ( . b\é C/L\o_ H\DH‘.
Pe (e Pele) o Wi
This  Tmmplies +Hat Pr L“QH | C(LMB SR e lomp o N ‘ZEQV\V\
P 1 w Pr (S & v

gv Prk“ijﬂv = ?r(“inx\g;) P¢(§_1> + DrK“OLIH \“‘%})Pr(ﬂiﬁ

IN

Pr Gl EPr @)« Pr (AQ5) € w5« Br (G

- ®S ng as P;-V\Z EQ‘V\V\-

To 'Q\’V\TS\/\ Yl \bTe‘o% we  heed o wweve g%a?s. Tk © b prove that pyn< 6lan ™ OUv\Qv\v\B

%Jm\ug. And secomd 5 b handle tle cawe wlon P;-Y\<6Q\«v\.
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The {wg% S%aQ Ty easy - A stple duction  <an  chow  Hlat EH%S m/llk ok ttutfwm

"\);vn< blan Yn OLlnlnn) Q%KL’F(“ Ande fhwme  Pr (2 <y D < ollnbnn) /nj in this SlroJF.

The Sowewde Sfaf %oalso w\a Pa\/é O\r\armﬁ bound e can Chow fhet wl\sf thove arve of wwest

Ol n) by with at laast L {nlun) lsalle ot thyg g%ﬂ&L. Then  +these bme axe \‘)wﬁ +oo fa,w

tat we aan fourgn te orgiment L\a nave ound (0 (E552) to cemch ene ﬁz\a M&L\w ond ther are

ot must LV\LX \,\}G»\&_( e,{ Q\Avus?wK two \saﬂs\ o show #Hat there are at most > bms  vath

bnz wmove ball . Arnd thenw no msve b with ome e ball
Thic concludes tle Pron—{ (sketeh ) .

Ramack:  The bound 35 *\\g\/\t. One Con ghow that \/\JL\KJ thore 1g o bin wWith SL(0n 2 n)  balls.

Wik \‘Wf woe  cheote A& Yandew bing in gach ghP and ?\J the ball W o least leaded b\né

Refsconces

Balls and bine ¢ Jrom chaptac & of U probabitihy and "MK’“*““&” by Mitaenmachec and Upfal.
You Can vemd the oetels about  Poissm approximation thave .

Powar of o cheies s from chaptac 1% of the  game  bookl  TT ¢ a wall - studied topic
With apeliaitions s haghing  ona Fuctler qenecalipotions (z& balanwd  allocatione o Sm?m)

The  book Lma Dubhashi and  Pantmess o Coneecbiation of  measuce  for tle analyels a’%’ Vondomi3 e
ml&bfiﬂxmsﬂ is 0 an gxellent  veSsurce  abowl  Cmmemtvation W\Qagmll”ﬁu and  Thac m\goa%mm onpplieatims.

Tor RMM?\M s ean Yaod  abowt negative Coveelations  and  aloo ~tla +LQW5 mj[ }mfﬁr\jo\(as +lore.
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