CS 466 /666 - Aljoritkm Das-‘&r\ and Ana(ﬂsis ) S’P(in(j 2008 . Waterloo.

lLectuce | Introduchon

\We bgg‘m with  the course overview and ]n{wvm\jh\m\ L and then wa c¢eo l(qrjer/s Minimum  Cut a]guﬁfhm.

Course kbmt?a&( : L\’C't?s /) es. wwaterloo. co [~ lo\?d‘? / cs 46

Course overview

In a ficst q\gm‘\tb\ms courte, , we have learnt di-fferant Combinatoial Tec%m‘%w ( dvide  and Cmguer
%qmé akgw?th»«;. dﬂwam\c Frogmm:mg . local search,ete)  andh  date  Stvuctuces U\aa{x/ balanced qus)
o du?gn and awalmg effictent Qlfb(\\flﬂms ‘Jcb\( Vafious Prublgms ( Shortect Paﬂ\s/ Mmax mu m 7@/%)_

Thaesa ’Cu%h\%ms Ore elzga“{ and '\r\sTSL\tf\AL

\when ﬂu\g wm\a,ﬂ\nﬁ are  determinishc  and O\L\MO\LSS retunen oPHma\ Solwtimns .

Howaver . as we alse loarat Tn a ficse alguTJchmg Course ,  ymost  Combaotovdal Pmbb@m& are NP Cmv\fllﬁ,
and  we dont know  Cand perhops  wa dont zx\wd) effictent q\gcf:thms T lve these probloms O’P“ﬁmﬁ“:]_

Co . we need  naw &uhn‘,%mu to copa with  NP-cowplete })Yﬂolﬁms~

Alss mony of  the Lostect  detarmiaistic o\LSoth%m_s v Pelynomial  Time wolvable  probloms are  Compliaated
ond  dfcult 4 be ‘\m?bmen%@k C shortect ?afhs . Mminimum Spann‘ms troes o mondimum Tt low >

Tht wouwld be \/ug nece o have S?m?lz ond  Tast o\lgcrithms that con ba TMP\QMM%L& N P\'a(_ﬁcg.

Tn this Course . Wwe will (2arn  vnove modorn Tz&m\\%m n okesi h\vng Oxlgothth 3 ms(v\S ‘oo e {rm
prokabitity ﬂxewn . lincar o\lgalorp\, ond  combnuous oF‘o‘m\‘joﬁm.

Thece +Lc1m‘,%b_u WAL halp s dqg}gh Lastor and S?m?b( q\ﬁoﬁtlﬂm; Lo bagic P"bbu’“s,
Approwct mation a\jmt%m& for  NP-hard pProblame. ank ometimer achieve Scmztln}ng RmFoss\B\@ e

Adetarministe a\gw?ﬂm«w& (Q-S‘ Qublinear oxlgorit\nm,sﬁ,

O Rm«km\%gd Q(%m(?ﬂwwx&i

F\dcm\ks, thete Ore  move than ﬂn?rté Ypoe S a-f active YeSearch  n Ym\dm\%w Q\&mlt\nm& .oand\
Vro\ow\ﬁk‘\ﬁic Wens  ara defg?qv\so\\a\t Tn tlae Ms\vgr\ ank GV\ALUQ?& DTL algor\‘ﬂnms.
Tn the Kot Pt vf The cowrsa, wo Wil Intvedma basic  ole Such ag  Concuthation

\H’\Q%\«MT&TQS LQS CL\_Q(V\OH bound b waab‘\hsﬁc methods |, randowm walls R Sch\mrtz~2??91\ LEVV\YY\o\‘
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oo See applications  n \gm?k EPQ(S\,\QLﬂ?m L—Fo\ﬁ Ds\&cr\\%\/\v\d), data Smwx% Csublineac
a\%mﬁ\«\ms) ., Markoy chain Mewte Cacle mathod 0 S&m?liv\é ok Ooum‘th C ohhé Ynow po\\éﬁw_

o\\gb{‘\ﬂ\w\g) ., natwork cbaihg (v stiboutad QM\F\AHV\&\) PD\(KL\QL w\o&cLM\S (qua\\d akjorﬁ%L\mQ_

@ L‘W\@O\\f A\ Qb(k / N H_(,Jt‘/m\ Ano\k Vs

Tn the Second poct o{ the Course . e Wil (Rarm how to wse Concapts Lom Linzac ngq_b(o\
Quch as :L‘\gummag ond g?Sawu{W; +o d\QQ?Sv\ and mml:ﬁ@ alﬁorrﬁmg,

Tro\&%{s\f\o\\\i\_ ergmmms o etjewmm oare  wseful in mm%:nj Yondowm walkS and in MS\’J’“\"J
o\lgumk«w fov S)”‘“Yl“ Po\r’ﬁ‘ﬁming_

—\\f\(b\'\gyL\ +ha &v\ahﬁg\g u,g/ candhovn  ualks , we will see tle Infxz(lﬁ{ng ?usFam‘\/L of S'SLSL\LVLj o mel\
as on elatkical natwek  and wse concapts such as affedive vesistanes for praph  problims.

Recantly - +his perspective has  found Sucprising  opplications ' graph  sparsification  and &0\\/7V\£

linear quua*ﬂ\m\s“ that l(ead o ‘go\sfzr algmﬁymg -&v vama Combinotenal Pmb(;zw\g_

® Lineer pfug{omm?ng and  CenBnuous OFHm\Smb\m

Tn the Lhird ?ar‘% o{~ the course | we Wwill see tlat & (Q(&L clows s a{ Combinetovial Pmmmg Con
be wmrdaled as  a  lineac V(ogramm]ng P\(okollw\‘ ms”mg the Coneapt sf extyame puint Solutvons .
Ug‘m{g [Tn2ar F{OKVQMW\Z“S owe Wil geae QXQW\?\LS D/f o{szg?jmw\g mex\mﬂ\\m QWfOYHM; }%V NP-ha e PYGHEW\L
Rum\ﬂﬁ, +his  Tdaa UJY gm(\,}ng combinatovial OFﬁm?th\w Prob(@ms V\s?r\g Contnwowg DPHMISGm‘m %Q&Hh‘\%ug

have lad Tt Some \o(m\(%kro\,\gks, and. e will ”ma to g2 ove of them .

Aygramc\,\  Bach o this pic can Talee  the awtive  Sewestec . Tnrtead , we Wil dwke o brosder View
o tle  main Vdeas Awnd wrvit *‘r\é\ +5 %o &S many am)ﬁc:d%v\g g ?isT\o\L NS %o ke e mest
W—ﬁ?w\*\ Ceswlte In Hete Topies I tv\g +o  cover  basic and 8”\”“\ oo s mgﬁm $o &

Dronder oauwdlenc - T Wil alse 1\(\6 ‘o \Pwv\& Po‘w@vug ande {Q%Q(U\(}.s ‘%}( {wﬂﬂ \(Uuhv\&u

Moaximum  Flow  Minimum Cut - A Moﬁvaﬁmrptohlem
We are given an  unwelghted  undicedad Em?l\ G=(v,E)  and twe specified  verfes ¢ oand T

The minimum ¢t cuwk P(olglzv\,\ s o Yemous O Mmintmum  number D‘E QASLs +~  Aicconnect s and T
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The  madmum =t flow problem s Tk a moximum Set of 2dge~kisjoint peiths from 8t T

D A S

grarh min st el F 2 edges o st 2 paths

It 1 ot HMffienlt v see Hhat e mex et flow valee 18 ot mest e min st valee.

Tha ‘Eo\mvms MWXV—?LO\-J rmin-ewt  Thoovem proves that the OP%ML\[ values  ove k[wo«ﬂs +le  Same.

One L\)mg to Prove this st wse +le augmamﬁng Fcﬁﬁ\ Q\gor?‘t%m ( Stmilac 4 the oma \Pvr L,“(FMJ(‘.{L MA-J\\LL‘}nS)
and  4his ‘P(o\ﬂd\_Q& an O(l\l\lg‘v time O\lg@vﬁ‘hm v wlve  both PMUWHS.

With  addtional  cswbinatonal Tdeas ( ‘o\Dct}ng {(su, \o‘mmxé \Jzn&ﬂ\ *{w\ctrm> and advanced data  Stvuctures

< 2

IS
(G‘L\gy\mw\\yc Aveas ) é{u“\\')Q(S*’RO\D fave @ O(m\m{\‘é\ , \EM\)Pj) time A\Sﬂlﬂ\m L owhidh Vs datarministic

And Con \Oa_ axtendad ‘o fL{ \,\/a,\;gm‘u* Caala and e ctad g[ap}/\g,

Thew , o ity Years.  ho e knows how o improve  this  tasult.

T this tourse . we Wil look ot Hhig Pm\o\am LA,S\AS Miffocant Tuhn?%mu

Graph gpacsification :
\

Ug‘mg Yandem Sam\;\'mg ' QPQAYM methed . wao will geo thet W\Zl SMFL Can be

app(oﬁdmo&zd ba o gparse quPl\ swch that all tle eunt valte:e ave OPProx{md—ﬂé tle Samgq .

This \lm?l\‘u Q PEO\CJTQ( RFP(OX\vW\RﬁW ngor:flﬂm ‘6}‘( the  min ot cut F\'DHQW\ when “tlo SYAPL‘ TS enSe.

M&_@m&ag_: The maximum  Llew Pmum can be fovmulated og  a linear Progrfmm\né ?mm

>
o eertisy | ©
Qubject + O < {Q < | NeoeT // Co\%dﬁa ConstvamTs
Q:;{,w‘n(u) ]CL Qegom oY) ]CJL AV {g‘fzﬁ // WC(W Con Servatimn  Unstramts

HQ(L . e ’gts\lmu.\o;%q/ *{’LJ,_, l/V\a\X\JML,LV\/\ E'JC —((5\,\) PFD]O(QW\ \\Y\ Aectad KYQPL\S, Wl’\Q(Q, gm (D) d\cvm'%ag 'ng

et n\ﬁ \U\Cs‘m‘w\& Q,o’\gag 4 v and Sbwtuy Aenctee  +he et o\C cu&rgdr\({ Q(igz& —ﬁﬁw V.

The Probum on  andirected g{o@kg Qon  be Teduced o oAiredted ng‘r\s (exercise)

We Wil leaen %u.m\}%uu o prove ot  tlece ¢ RLWM\SS on OP{{MQ\ \lr\JﬂL&rm[ Solubion (e, ¥Le{o,ﬂ \#m)

+ the above (inoar Prog(m‘« _ andk to  dariwve the MD‘K"FLU\J min-cut  thetvem ’6/% (ineac F(ogmmm?né duaﬁh‘
Meveovur , we Wil laorn 4o recont &\KMT{L\W\ t “vound ” an DPﬁmo\\ '&ra\cﬁm\m[ Solwhm T an DPﬁMG“ ;“‘t—ﬂfrﬂv‘

Coluhipn  in haw\\g intar tHma | \As?nﬁ Candsm wﬂ\cr_
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Q?oe%m\ tochnigues  ond  confinum Q?j_]\m\\%mﬁ\m: Ruznﬂﬂl XYO\PL\ sparsification %ztkm‘%wu ond Combrnatowal
\daas  are Combined  to give & mo\dﬂ inear time Aljmﬂw\ Ao Cm?u\,ﬁh{ “2le ctvieal Lo "
Intacastingly . using the  rulbplicaive update method . this electical  flog  solver con be used o prve
& Fost  approximotion algorithm for Computing maximum flow

This 3¢ the Afirct brmkwmuj% that feads 4o an kxdﬁnj [ine r]L ochve  research  that zvan%matté \\W\FYO\/QS

the Lw\g S“\“D\)\({‘m(j Go\dha(g*?mo cesult.

We will sge Many ol Hlase  <esulbe (v at least Ao main Vdaoms ) in this  cowrse a{m\ﬁ

with ‘o a‘;?\‘\cﬁ\mg o{ Yxo\m\vi\i%%\c ond  \ineac o\\&l\om\g T@d\n‘\‘yu«& 4o other ?ra%lamgq

Course ?nﬁrmaﬁw

The course outline. i Pos%m{ o the Course lquwz?rxgz, Detedled  infovmation con be found thece .

The —?cuow‘mg oo (st o{ bmkgrmv@ K‘f\m\kd&e that s vlasm‘mu)\ %\/ this  Course .

= Liret course n discrete  math Cinduchon . Cowlvadichom | &%ljmh‘ﬁc;, grapl\g Y.

‘ ’g"\(ﬁ Courge in a\gorTHﬂms CEime QMP\mhj . recurtion . Tedwehens , basic date structures and Ov(Snrx\tlnM§>
‘E?(ﬁ Coufse.  n PVOEAHL&\S ( yoandom variabes . Goussians Jlx\mcfom\zm . variance ) .
‘ 'PT(SJV Course n  linear o\\gebrk ( ronk , linear Indzwmm . Aeterminant Jz?gu\vodus . orthonovmal basis ).

T encourage  You o colve the onlakems n howewok 0 (o need +o cubwit) +o tect Ejbm( basic F(obabikT&\a ckills.

Fov othec toples . ?Uzam check tha poge hﬁys://ci‘u\wmmoo&o&/mlapcu‘./csﬂo ﬁv tle fame course thatl

1 Jmmgl«t in gerkeleé You can gl’t o joovt Tdea abouwt the pace and the oti%f{wlhg o{ +Hi¢  Couria

Rz3 wWirgments - h e wov k. %o T, < agg\‘yhmeﬂ‘s}
idterm 20 (Tune 27 . T*%:Soym3

—§7r\°\\ LXam qau]o

Rzgfgs‘t: Tva ot e uwse elecheenmic devices ™ lecbuwies | ,v»i'\mg‘m“\a p\a\g‘v% Rames /\mb\,m‘mj /"fhu]cook

/Q‘N\w\\\ ase  rot ollowed . Ru@\m% o Amxm(g notes  Qrfae O\Crxu\y

Rondewized  minimum  cut
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Problom : Th e minimum  ont ’\)M)‘(:\JZW\, WL  are KS\\/Q\(\ Ovh w\wf\ghmd\ und\ecled gmpt\ (jz(v,{},am/\

4he o\o\qu‘\\/ﬂ\ FE S f\y\A A Mipimiam im\oirlf D% Qd\,SJLS T et o Haat G(*\’— Ts  oMisComne (Cad

/EM_TQJ\L@L? A STm\)\;L dbsarvaliomn T8 that @ minimum oot lg alce o win ST cut '{\w S ¢,

Qo, SNe. Lo Cu\m\;uiz min 8=t ot fw oM et ond take A4 mMintmum e, oand this nedve a\gocrfhwf\ \”2%\2\(@&

n" calls of  maximum flow .

FW\DV\, L observes {‘Lat s &hum{s\'\ ‘s H)MS* f\x awn qr\?‘\&{arla verclax as Q and jWST Os‘n«})\,dp\

in ot ek e all possible T and  this fives an alpcthm  in N Mo low  Hma

Dotprminmishic Q\JSD{?HAM: Tov o while | Hate %Lc\m%\ Wi~ be\akam g2amE TSV o{‘\—Hth than mMmin -t ot .

Thew , Matula (l?gﬂ fve O \”“3 nie a\&bﬁt‘/\w\ et &sw\v\,ﬁg,s et in O WVIED timae .

Hig naw Zdoa Vs Ao do o Xux\)k Cemcch  and ‘\d\kv\ﬁ{\a an ,(Ld%l tlat can \op cextvoacted and rg\j;uxt.

Randomized  alpyithms KM%;L( Cane \AF with e Sdea b& Yondkon  Cantvocthion  and ‘\me\/aJ\ 1l cuntBms
3

t AO/(\\JF) Lwhich “god*gr “\lon m’?mﬂ’\\& a1 ol b E\/W\J\Mw\ké, he foave o neal- Bnzac HBme 'S([EO
Q\gw(ﬂnw\‘ {w e minimuem  oat ’PYO\’J\QW\, which s de \\Y\fﬁlraﬁ‘:r\& o b S\Ar?{\\ﬁy\&<
Heve . +he 6 notetion  hides  Sswe Fv%(og ’%mdw in the Tunbme Q.g - 0OC Y\l \w§n) = {6 (Y\L3 .

Wao WAl ?(staﬁ( an O(l\/l%]/ﬁ\ml a\\&u(\\’b\nw\ and m™entiom e (U Can be \wm?Yc\/Lk o 6(1\/\7-)

Ka(qer’s algsrithm g VU% g\MF(z
J J
While,  tlace. ate meve  thoan —two veeBes v graP\«
Vick o vondom QJ\%Q ond  Cswitvact Tl fwe Qwé\?b‘\vﬁts

Om&?w& e ;u%i;;& bobhran  tha \?aw\a\n‘m% vertee .

L "
Evé) Qmﬁvadﬁv\& an edgg, wa moan o ‘wokmﬁﬁg( +tle two a“&\mm‘h as o« S?v\g\z NINIV T Pumw\g both o the come dda

See +le \)\d\:\(o_ bolrw  from the book ‘oa Mitzenmacher  and Up‘fa\l,

1
34 1,24 1,234
2 2

G A suecessiul run ol min-cut

1 1 1
2345
2 2

(b) An unsuccesstul run of min-cut

1 3
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Obgervation * Fach vertex o an "intermedlate gnﬂ?\ﬂ TC o0 Subget ®J§ vertiaes T e mg‘wmk gT@FL
o, each it Tn on intetmediate %w\?\\ C,SY‘(JLSTU‘N}\S o o wt w tle m:g\nm\ gm\ﬁ\h
Haenw , & ™min~tt  in  an ‘wwlecmediate %vo\?\ to at lmet a wn-unl n tle Ng;u\ gmv\n.

Thesem  Tha probability that  The alfocithm owtpwts  a

Mintmum b T¢ at (eact D/hbxfo,
where  n 1S the  humber of verticas n the  input 3*0\?%
Efcni et F b o minimum ok

awd ot < = [Fl be +tlo numbec ejy Lo{gzﬁ in ?

'YJQ We RVLC Coeliact  an 2dge Tt Y R\&Di\\“t\/\w\ ownde, then Hho a\&b(‘\t\nm Wlcned <

\,\)\\pﬁ RS Ao \)\’OL;Q\:\\CL'RA tlat an %SL Ta ﬁ 1s Covwtracted n tle -t T%ﬂ(w{?m\?
E\A tle obsarvalion |

tle win-ant value In e -t TEecativn ¢ ok

\east k.

Note that Tt invplies that .Q\/Lné vorlox Ty er o‘\QS(Lz at lrast k s otlerwite we Can discomnect
o STV\S\Q Ver tax PF(W +le gva?l\ \0\% (&mw\y\av less than k 20{&%

TL\QYL*WKL 4o numbec 9’& su}\gg_g W the -th et T8 ot leatt KY\'\WD‘ k /’Zv

g‘muz, wa \?\\(_k o Tandom &d\ga o comtvact | Tla ?YDL}QE\\U‘\'\&B +Hoat W

pick  an SESEIERTN T
R >
Ts  at  moot k/ ( KV\"‘*QK/7,> = Taeixl
So, +la \;w\oa\\a‘\\i%\a tlat T oSuevves wntil tlee and ¢ ot laask
2 2 b3 vt A wA *ob 2
(lﬁT>'(L"T: (\,?> B h n-) ya}f V3 T oaln-0) !

Iwww?vx% Quacess ?mba\a\.ug A gi\(\/\?\Q_ wowy ¢ Y (\Z?ﬂy;t the whole Procadure w\mv\\a s,
%mwes& we \”Li)ulr ’%\7\/ t  Pweaes -

Recall that

+

>

Tlon the %m\\\w(t P{o‘om\f\ﬂra Ve ot mesh Ly - V\LV")DB
-X X — .

—-X £ , 3 which com b Aasived ‘g(w \“Z}\W ZX’PQV\S\W\

\—X

C &b od 1 Tovied Sswa boagic calowlus | !L& gﬁvm\&}s a‘ﬁ)\'o‘&>
N _ 2t
M\'Q,fv(fl, (- "\UMD < 9 ko o

o
QO,T{ we Lef k= 10 nln-) , tlew —&T\wm \}{o‘(ﬁ\m\w\ﬁ\a < Q0

Rumw?vxg Time : Ona  2yeotiow Can bo MF&amamU\ ™

OU\l> Bme , and the ol vurtme T DLV\Q)
j’“grvv\mg (\mv\‘mg Pma *

Tha ohsewation ¢ tlat the J}D\“\m(t ?xabm\;k‘md s sv\\\é \q(gt neac o owd o%
one executation » While 7t g \/w\é small v Tle \Oﬂ&\tnvﬁvxé. [ the Yoo T Haot  wa m\\a,
\(SL?QCCE o lodec Tocodions bkt ot e Q—D\fg Togatiowns - PTC%WTC@L\\V\\ .t @an) Q\&M\‘t\nm
te o le ! 1 : ] cobiactiong

cowhile Tt Y mudh etter % Ao l /& GLLR(TKS
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{xqacct tlo  lodec Ttorodisns but  not tle Q—D\f\é Troratitws - P\\d\w\tm\\v&, <+l ()an) C\\&b\'\\“t\/\m

N N achbw Xow

s ke % a % w Geeiachibeg Lowhie W mudh etter o de & gJL;” s
i 4 o \\ N te cotibng
{1 I
W\/

W ndapendast  {apatitions fepaal log(n) fimes

\’\/om Maé X SV g d\lﬁ\\\S aLm‘t thic N L\‘SW\HANGVK /L

Combnatoial  Stvuctwe = An ‘Ma(usﬁr\g cwol(ar% 0% the Hlesvem ¢ that  tleco

ate  at moSst

DUGB win—cale in an wundivectoed gmpl\, becamce 2ach  minewT  Qurvives  with ?m‘oq\fxt“\%

| NN
&Qfx} and. the s2uads that two d\ﬁ(uuﬁ minct U Survive  afe d\IS]omt» Thic s o

Non- tavial  tatement o Prove ms;»\(& othec ar&ww\nnfs,

()
Mintpum K=ol “Thae cm\xxﬁ‘nm Con  be oxtondad o SXVL Qa Y\D o\lgm?ﬂ\m ~ﬁw {\md?v\g
o vimimum X Ultch 38 hewtavial te do ‘o\g a  dotegwmanistic akgor\nt%mv

Netice tlat tla minimum Koot Proh\zm 1< NP-har o T'F k3¢ g?vmn as  an \\V\PMT.

Qg@vx %u\,aef\wf Con e d\esigy\ a \CRSV o&gbﬂﬂw« ’on( C/@MY\A_T\W\S X\D\m\ ve Lox Q/gvmmdﬁ\vﬁ‘a?

Quick bagic probability_ Yeview  ( Mitzeamachee- Upfal chaptec 1)
\ Q

Sample spac N et of oll poscble outcomes , each with o\“\gfabab:uh& ossociated \ith T,

Tuent T ¢ Qubset QJV oul comaes Pe(®)= Sum of e probabilitiet of Tte outwemes
Avioms = O 0< Pe(e) | @ Prlod=1l @ PeluE) = I PR o SHANS
Union bound > PeLUE) € 2 P (B9
Trclusion = exdmsion _praple. = Po(Ugy) = 2 Pol®) - S} P (€ 0E7) &‘?)'K PelE10E) AE, )~
(sea ”\WTLWK °) S R*\)M\S‘ Pe & R )
iy ey 2 T

ConArpmal \Pmm»a:\ﬁ\ﬁ o PelBElE) = Pe(maT) / Po(®)

Tndepandme * Pel 0% )= T Pel®)

1

Lotol probability ¢ et ©1 e dvhpdt  and VASEN o

Then  Pa(R) = ?\P(UEOEIS: 3 PRl PR

M: et &y be dspewt awd U ey O
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Then Pe LT:U%) = Pr(%\%}} P (E)
= Pr(RIEy) PelED

Homgwwk ® go(\/k ?ro\o(QmS TN L\Mzwo’fk 0.

@ Peview  bagic ?ro\om\v‘\kﬁé bagkg(ow«k RQ\&, CJ\QFJWJ 1 DWL T’\Ttwnmmd\zr»UP\Co\\).
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