CS 341 Algocithms . SP'."‘S 2025 . University of Watecrloo
Lectuce 1Q: Hacdk §faph problems

We Show that ftwe clasSical 3m?l« ?(ob]ams, Homi[tonian mjc(z and grmyh Ce\cr‘mfs, are NP~ Complete

RBoth redudions oare 'E(Om 2-SAT and (eguice clever &ngﬁ d&s]gn

Hoamiltonion Cgc(z [kT88 7]

We will TIntroduce an  infermediate  problem for  4the reduction

Dicected  Homittonian Cycle  (Duc)

O

A

Tnput B olicected graph G=(UE) N
O

Qutput ¢ Does (& hove o difected diz that touches every Ves fex lk&cﬂg once 2 %af

We will Show that  3-SAT C\F DHC SP He

3-SKT ond DHC  Ore very oifferent. o 3t feguives Some Creativity to Connect the two problems

Theetem Dicected Hoamiltonion Ct&cla i< N?"Cb\'ﬂ?[@ﬂl

Proe Tt ¢ Qosy to cee that DHC ¢ in NP To prove it s Nb~complete | we Wil preve 3-SAT <p DHC.
Given o 2-SAT inctances with  n o vaciables X, %2 o, Xa ond m o clauges CLC,_ ) Cm, we would lLike to
Construct o divected gm?h G se that +the formula s Ratisfiable \‘ﬁt &G hasS o Homi Hontan L&LLL

We need +o  Ufeate  Some 3(0\?}\ structures for  the vVariables ond  the Lruth Qﬁ@]&nmu\”ﬁ

The idea is to ascecdate @ [onj “Jﬂ,\)oﬂﬁ&ﬁh P(ﬁh 4o o wvacloble  ond qoing the path in one way
Corvesponoks to gatt‘mi the Jacioble True . while gu'\‘r\g the  other mmg Corresponds o gu’m& it to Falee.

5 = 0 Ve Vg VoS0 Ny Ve S DD o -
X3 2 SRR T e T Two woy F“t}\

The intention is that we Qo from [(eft-to-cight ff xi ¢ et to be True  (ee coight-to-left iff Talse)
Tn +the \Colknw\nﬁ Reoph thete 1s o one-to-one  cov(espondence befwean  the 2" truth qsstgnmamt of
the n Vvoacables ond the  dicected  Hami(tonlan

uédu in <the g\'o\(ﬂ\

_,.r’:>~ T-i_a-mjlnmian. cycles Eo_:lespond 1u\|
7T Lthe 2 possible ruth assignments)

Thece ace to‘to&\% ~ twnwum% ?o&‘r\z)
one To( coch woaciable.

Eoach ?o;tln 18 o§ (ant\’\ 2m.

The fwe endpoints of the {)Qﬂq P ovumect o

the twe L?,V\(}LF onts Q% PEH

There v¢ a Source & thot Connects to the two ends
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N Therw ¢ a Source & thot Connects to the fwo ends

of- Pl and. the twe ends o{ Pﬁ Cowmects to

the sink £ . ond Y ownects to <.
Tt showldh be clear that thee are nhbg 2" PoSslHq Homitkenion Lﬂdes o this  direceed @m\ﬁ\, Sin

we must use  20ch podch P eithae from (e%t«{'o—vigk% Xs ¥rom ((ght»toftdt, a¢ the ntedmediate

of the poathe are nol Comnected o qnawmg else

Thots a &oco& Skark ., With o one-to -ene Correspondence between  £cuth O\stgr\mar\*s ond.  Homittonian Qadu.

Next , we woald like teo  add Some claus

[ON 1

sfructuces o kil oll  the Homltonian Qgc(u that

e not  Corcespond o QatIsﬂmg as$ipamedts

Recoll Thot the twb\w% ?oﬁhs are of (Qngth 2m The {irst three mgu be(onﬁ to the first clause,

and.  in Sgnzmt the +three onges between  Vziy L Vi 5 Vi s Vatis et buw\& to the i1-th clause

D
(S O U I S el «=©
e~ e ———

c, <y <2

0 N g (—sododo/\)ar—)o/%oﬁ ?)‘

Suppose  there s o clowse, Soy X.v?l\lﬁg, then Wwe want  the  Hamiltenion cnjd!u to elther

0 §o from (eft-to-tight 1n P, _ oc (D Qo feom right -to ~left ™ Py, o ) Qe Leom ledt —to-signt

in Py te Satsfy the Clouse

S 3 Cp Y
| ¢y can only be visited if the |
cycle traverses some path

| in the correct direction.

To this 2nd, we Create one vertry i foc zoch clause (

Calt the wveetleee on Probe Ui Vi 0, Vi,

T Gtecal X oppeacs in €, then e add +he

cicected edges Vi O and. Cj Vi

Otherwise |, tf (itecal X

apoeacs n Cf , then e add
TkT]

directed  edges ¢} Vi Ond Vi ¢ -
We ds thic for auecy clause C.S

Note that the adgec for C3 and Cy dont share

verticed . andt thatk w\w\\ we Created Lw\& ?odchx {or.

Thot's the whole cConStruction. Cleacty , it con be dene in ’E)Dhﬁr\nmla( Time

It camamns to Prove that the ‘?DYMLAD\ i<

SD\t}S—%TQMQ Y%f there 1S o Ham:ltonian Q\AQ(Q in thig XYO\?]’\

ﬁ/‘B QULWM there is [N Sm‘\gﬂ‘mg ossignment
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2

TE %= T _ we uisit P From left-to-right 3 otherwice N‘JY w»=F we visst Py feom cight - to -left

Toc a clausw Soy Cg:kxavibvx@ . at least one (iteral s ftrue in the Sqtis{%\n& assignment , Say Yo

Then, when we  visit Py Arom  1eftote-cight | we “detour to wisit vectax ¢ odhuaing the clause 7 vegien

=
in the poth Pq. //_."_/ﬂ%j /ej
o ... L N

y N NP S A
D\AS—\ “/%J

(VS N -
——— B ey

clawce } fegion n pocth Pa

g’imlmk\%,”\f Xe=T . then we con also  deteur to wisit o when  we  wistt Py ’g(bm (Tght~ﬁ>~k{{‘c-

Since every clanse  jg Sabsfiecd in a Suhs%’mg asﬁgnmzy\t , we Can visit all  clouwse vertices

\CoLLanS these  divectionS  Ond detouce ond hence  form o Hamiltenian cycle in the groph

<:> gmppasm theee is o Hoamiltonion

CLALLQ We  would \ike to arque thot 't must Lok \Like  thpse

Homi(toniom C%Ctu aboue that C,orrcs?shok to a S‘mﬁsﬁ{mg aseignmant . but \/\Jh\ﬂ must T be the case’

The Crucial obsewwation is that 1§ we we the diteded odpe Va3 €] - then we must uge the

edge ¢ Vanj fmm@dﬁoﬁﬂt& oftec it. os otherwise the vertex Voo Wil beoame o Y dead-end

-
ond  thete Ts ne way to womplete the cucle /_—QU ]
3 P\ L:& GP’VOGS\F\/_,U/OTA‘» o@ \)C\/ZS be Lomes
a27-1 Vo 2
) 3 a et
Sine ach clowse yertex is  uisitzd ) o dead —en

n o a Hamltontan Cﬂdl p

ot least one  variable ?o\t% Te geing in the e diredion, and all the paths  muct Qo

From left-to-cight or Cight—to-(eft (as 1t must Come back immediotely oftec che ™ datour " to

Clowse  vertices), and e this corresponds thr a Sm‘t(ﬁcj‘\hj o&.s“ir\mzr\f as  we intended.

e prove  DHC SF HC , the tea 35 to wse a length 3 pokh to Stmuwlote o divected mgl

Proposition DHC <p HC.

P(Du:E

Griven . directed &)(o\p\r\ G:Q\/,E> fc( DHC , we constiuct o wndifectad imph & in which

we  creote.  three  vertices Vin. Vmd, Veut For 2och wvectex ve \JCE) .

/
Then, we Creste  the  edger in G as follows - Jor Quu\f\ veV(&) , we odd the s2dges (Vinvpaa)  onde (Vg Vour ) .

Alse, for eoch divacted edge weR(@, we odd an undiveded edge (Uowte 3n) 0 CT

a 0T Onad "
_© 4 owotﬂb::\i\
b oﬂ\{} o > bin o cy. ;
N, A bw*‘% Cr
# bout Smid
o u c v
d ow

&

O
Ain Ane Aout

That's the whole Constrackion . which <an (‘_\@MLLA be doene In thsmmnl Fime
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Now we proue that &G has a difected Howiltonion cﬂd&, Lt le hol  on undirected Hom Homon QﬂQ\Q;

D) One ditection  {s ‘mmediote 3{ qu has o Homittenian cg\m, bli jaoktow\ng the Ujd@ and ra(ﬂadnj Qoch  divected

edge  wy b% UoutVin  Ond using the goths  Vin-Viad-Voue for all ve(@) . 1 35 a Hamltorion eycle in C—;
€) The other direction ic Stixhﬂﬂ more ThTC(&SJ@Y\g ©onan wedicected. Hamiltenion  evele,  Stact with o vertex usn,
then Vmig must be & n@ighboc o{~ Uip  in the Hamiltonian Q&dz, as otheinise Upig will be o % dead-end.
Sinee it is of degree  fwo. and  then  Veur st b o neighbor of  Vmd In the Hamiltonlan Lycele.,
Then, ?(om Vout . bv\& Constawtion, the cucle must Qe Yo Wy, for fome W, onde then Wy otk Wout o aqued obove .

Qo, Lollowin the undicected  Homiltenman cucle of & . 1t must be o the {Loem as  descibed 1n the
g 4

previows Adiredtion. oand heace It mr(esronoks to o directed Hamiltonian Cxﬁdz in C( q

Corouqr% TSP ic NP-complete

C:rrqpk Color‘mg Lkt 8.1)

C“r(o\yk Cotorin& 'S one of  the wmest  classical Problem 1n 3(9\)}'\ t}\zor\iJ 2g. & ~cplor  theovem

Tnput ¢ An undicected grogh G=WUE) , and. o pesitive Tntegec ¥
Dutput i Ts it \)assibtz o wse k Glors  to Color oMl the vyectices <o that every Vertoy

Yerivet one Coloc and  ony twe odjatedt verties  veceive different  Colors 3

Whea k=1 Tt s poessible  Iff  the %mﬂ\ has  ne  edoes
When k=2 . Tt 3¢ possible  IFf the groph is  bipactite Lwhlﬁz.j-

Lohan K=3_  the Problam becomes f\l?wam?LlLﬁﬁ,,

The  gcaph m(om‘ng Problem s very useful in mod&[ing vesourea  GlloCation ?cnb\zms, g.q. interval Cclur‘m& problem

Theorem 3- Cbtorinj s NP- Complete

Proot Tt is clear  thet 3”Cb(er‘mg ¥s o oin NP (Qcm:) exerdse) - e prove.  3-SAT éP %»u\ar'\hg

Giiven o 2-SAT inetances with  n vadables %_Xa. o, %s ondd m  clauses Cy.Ca_, Cm, we would like to
Construct o ngh G so that the formula s Qatisfiable HF G s 2-colorable

Quite Y\qtu(auj/ we  would  Uke to  ossocote  onz  Colsr 1t True and. one celer to»  Folse

Aad. we wowlde UGke o ensuce  that the Utersls  are  Colefed Consistently .

This < net diffianlt To o 7 we just  Cfeate  two  vecticas  x;  and ;. o each variavle

and. odd an  2dge  between  them So thet  they wil get  different  colocs | i @‘@

Sine  thae ace three  Colors . o 2nferce that the +twe litecals X; and %—; jet T[E  colors
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e  Connect aua(% ltecal  vectex fo o Commem  veetex . colled the lbase vyertex-

True False Call the three colers T, F. B,
We cceote two vertirs Vi omdh U, foc 2ach variable x;
These 2dges epforce that  either  (Ui=T and v.-=F) or

\

(Vi=F and ;=T

o, there is  Q  ope-to-one Corresponoience. between €ruth assignments
ond.  the 3*%(0(30&5.

As in  the NP-completencss proof of DPHC.  we weuld Uke o odd  Some  clawte Stcactures  to  “Xi
the 3—ukorings that dent eweresporol to Satfsﬁxj'mf &SSTKnmenﬂ

gmj we have a  clawse (X‘\/Ql\/x@ 5 1t wouwld  be Qreat i thec s a Ugo\o\gat’/ +o  Connect

to the three vartobles v U, Uy  So that thee s a g—catorlnj Tov  the 3%3& £ ond only 1{

at least one of v, U, v, gets the color T, 2. - o
3~ce(nrir\§ Z—Lotsr?r\g
With Qome  trlal—ondeocov. 1t ¢ pasﬁbu to  construct g and
ww)

©
v T F v

» @

o goadget woith z\zacttg his “{umt[ur\mht&” v

|/The top node can only be __\,
colored if one of vy, Uy, 0r vy | & N . .
does not get the False color. | We need te ver Yy this  cloim -

We create onk  Suth Txckgat for  2och clawse.

All unlobeled Vvertice! are new wvertices

Created ontﬂ Lor thic clowse -

Fust. suppose all .y, vy are Glored T, then the top node in the gadget comnot be Colored.
Qre the Picture  abeuz oll the Colors ace fo((no\, onck  there 8 ne (Am% to color +the Jtoy hode
On the othec hand, if ot least onz of v,u, v, 15 coloced T, then Tt is possible to Colo all nedes in the 39413@,

|{The top node can onl‘,r be __\l
= colored if one of v;, 5, or vy |
does not get the False color. |

T4 U, 3¢ bed T, then wa can Color  all the nodes
Tn the %nggt ULSIr\i 2 colocs

e |rave d\utmj all othec Coses Qs Cb(or‘mf QXA ASRS -

Tt s clear  That  the vtedwction Can be  done  An Eshygmmk time

With  the claam  about +the go&kgct Checked . 1t s not diffreult +o Jf‘mmx the \)(ao{v }mé Show‘mj that
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there s o thsﬁi‘mﬁ O\Sgrxnmzr\t in  the \%vmm ?—ﬁ thece ¢ q 2'¢a\ar‘xrg in the y"DLPl'\

:53 T{ thee s a Saﬁsﬁﬂ‘mi Qi prment - for each vadable ¥3 L 1 x5 = Teue . then we Celor
Vi=T and U;=F 5 otherwise € X = False, then we Color Vi=F and Up=T.
Clearly. it 38« wvalid Cokm?ng foc the inital  base Qroph  ( without go«kgets g\zt).
Stnee Tt ts o Satichymg ousipnment , cach  clamse Qadget has at least one of the Eheea “anpms” set

te be T, and thus 't Can b owtended to o %~Qoh>rin% ‘n the 3@&&&% bu& the jmigzt cloim.

&) TL thew is o 2-coloring of the qraph then bg the claim  for 2ach gaoget
thece is ot least one i put “ of the %Qd\g[t with  coler T
By the inttial bose §raph, the Colocing  on VUL, L Ve by, must b Conststent  guith o truth o assipament.

gb,{a&omng the Lo[or\‘ﬂﬁ, we can define  a truth  assipnment that Satisfies all the clouses aq
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