CS 341 Algocithms . Spring 2025 . University of Watecloo
Lectuce 16 : Applications of max-fiow min-cut

We e two bosic qwucp\tiom ondk  tTwo ‘&:Mr\ q?pt‘»codcion& o{‘ maimum  fHow< onck minimum  cuts.

T Pat

Ae distwssed In LIS, the moximum ugz—dts‘\o*Lnt st ?‘“"\ P@Blo,m Can bhe redue o maxXimum -t {—(m\

Trput - A dlicected 3rapk G=WU,B). tuwo vertices ckeV. 50 ~ 0
3040 >o%’o:)°
Out put - A maximum agzsuk Subset of wgg» tleSoM’t -t ?O’J‘M S, Zl_i IS v

To Cecall the reduction given o difected gm?h, Simply  Cet  the QQPM?Q\ of Qvecy Qo\gq_ 4o be one.
Lloim  There are  k odge- dispwt st pathe f and only T thew 5 an st flw of vale k.
Prosk On one hand, if Pl P oore edfe-dispit St paths, Just et the flow on cach edfe on thew
Poths o be one. and Tt s <asy to Check that this Qives o Flw of ol k.
On the other howt, 7§ £ 75 on ot fbw of vale K. +then we Con O.FPKLG the  flow decomposition (emmo

in LIS to obton k uga-diggoint St pothe.  (ThS s aleo olveussad in LIS a

Chece. Thot  The  TFord-Fulkerson Q\godtkm Thus  Provides  on 0(Nk-\EO~tim a\goﬂthm Wcor szokge—dﬁg‘]omt -t \)ng,
Alko  check that The WMax-flow min-Cul thesrem ’xm?\?o,& the ‘?0(\00\11(\3 Min-mox  theoCem.
Theorem  The mosimum Mumbec ol Qck&vdis‘&oint S opaths T egual to the wiaTmum  Aumber of edges

Wwhete  Temovol digcommects £ from < (e, ne poiths from S to € oftec vemovol) .

Vertex Disjoint Pathg
Whak i we went ot pothe  thet ore  vertex oti&iomtz\
Two s-t paths P, and Py ar Colled (:ntemo\t(%) \/er’cu—o(iSIDint e they only Share the vertices < and T,

but ot omy othec verte . 0 S,

T tums out that thig Pro‘o\am Con be rTeduwd fo  moximum onga\O\IS]o\n‘t -t ’fm-hx‘

The tdex s to Cteate an ark&v_ to “imitate’ o veckex -

Reduction ©  For each vertex velJ-s-t | feplace it by o two-vectex Steuctur o8 Lollows -

Q , _— Ay o X
\30>/ b o __;040%
oy = =
¢ \/\\/ c® Vin ULy
o z
o 2 d

Clawm  Thete are k  vertax-disjoint S pathe in the original Qroph i ond only o

thew ace k @ng-oug‘lomt -t paths In the  new grzx(:k,
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Thic gives o OLytED) - time qlgoc[thm fo( the mMoximum \/Qrkax-d:s]oln-t

s-t poith Problfzm)

ond the mox-flow Mmincut theorem Tmplies the -Fellow‘m& Min-max theorem .

T hoo rem The moximum Mumbec 0{- \/a(th—dts‘&oint -t F&tkg iC e%mi to the wmintmum Aumber of  vertices

whese  removal diccommects £ foom < (fe. we poiths from & to £ oftec vemoval).

wWe (Qave the (Sffm?&h’t\aorwu(i) details  to  the readec.

Undicected Ercaphs

We CQould,  also  oask e maximum :uLg;— \s‘&n‘m‘t -t f{m*dn P(O\o\zm —Eor undivecte d &m\a}\g

This problem Can alfo be Teduced to the maximum 2dge dixgo‘wﬁ St path problem foc  directed gwe‘ns.

The feduction it STmple ¢ ’

Tor rach 2dge W ™ &G hawe beth WAV and v in the divected groph & -

/
wo—oy G =) uoeﬂv in G

Clovim Thee ace k M&e‘d\ls‘\ehﬁv st Fqﬂ‘hs n q I%f thee are  k sz&@-dts]omt st paths in G\/.

/
Nou m% W"”ﬂ fhat ©oth wdU and UDw Qare used in  The Qo(g& d:s]oxn‘c ?M—m in C;\ ond. thus the Corresgomng

undicected  paths a@ not @&&v;oktslo\nrk _ but we Can arque that thee 18 o Solution 1a Gl Sudh  That

no OmJt"\-pMM\e\” adges (e WU ank vaw) 0L beth uswed . We leave & 4o the fewdec  +o {'tgu«a ok

L, we ol havwe o polynomial  time algoithm and o min-wmax  thestem  for  undifered  ge-dicemt -t pathe.

Whot  abowt \/o(tax-d.‘\s*\o‘m‘c s-t Put\,\s in nddrected ng\\s 2 We leawve 3 as an exeruse .

Execcise ¢ Reduce moximum UQ(tZX*dTS&oimf -t poakhs in undicected (gm?hs v a ?cqv;au\s Prbb\em.

Obta'n & PDLLA‘\DMW\\ time o\\godthm and.  defive A wmin-max theotew For  this problem.

Bloactite Matchl

The b‘erﬁm mmhm% Prabkm 'S an SMPD(%M“V P(Ob[ﬂm both in Jc‘r\e,ov(é and

Ing»& - A U{Pmtltm Srakﬁw G\: (X, X5 E 3 ,

n p ractice

_CMM‘- A rovimum Carwnqtit\a Sabset  of ngu that are vyertex d\IS‘So‘mJE

X N % e

a o 9 0O
o ©
o 0o

WO ta mo\‘\c\f\}ng ?aqcedc YY\D\‘tUI\\ng
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A Qubset of Qiges MekR s Called a mﬂah'mg 1{ Q&ges in M ofe povwise vectex diseint |

or \n Other wWords. ne Two :Uigas in M share o wvertex.

We afe  intecested in \Cmd?r\g a  Moximum match'mg .oa Modtcmn& with  the maximum  numbec ef ng&f

A muﬁdwmj it called « PE(%act Y‘r\tﬁtdf\‘mg 1% Q\MH& Vedtex g the 3(&\% s matched

Obv‘\mﬂﬂ, o PUfut mmdﬁvj is  the  best that we can ]’HUPQ fw for  the  maximum w\okdw‘mcj Frouzm

_Reduction 0 Moximum Flow

The waximum ‘b‘\?o(\-\k?_ matc\(\‘\r\sg ?(ob\em Con  be veduced to  the  maximum ‘G[Ow P(oblem.
Given o bipartite %C&E\/\ G~(XYSE) , we constiuck o difected (&MP‘«\ G(’ s Sollows:
/
- The wertex Set 0& (I RSBUXU\TUS@S > whate S and t ate two vew Vecfices.
T Al the edges In ko oappear &, but priating fom X to 1, wite 2dge quwr&ﬂ bz]r\i infinity .
Thee 15 an edge from S to every vertex in X L with edfe Capacty one .

Theee s o edge ”g\’om every verkie in Y te T L uGith <dge Qﬂ?adhi one .

N h

2

Cloam Thee i« O matthing of  sije Eodn G ff thee x on 8-t flow o valie kv G
Proof Tt Shudd be clioc fom the pictwre  thot o matching of She kb Qws o flhw of value k.
Tn the othec diceckion. Qe an intgee flow of vale K (which s uaanteed by TFord- Fulkeons Ox\go(}‘bhm)l
We aply the Flow decomposiion lemma in LIS to obtolin kgt paths of Capacity  one.
Note that gach -t poth in &G has acackly 3 edges by oufr Consteuckion of G(}\
CSince coch 2dge fom s and to t has Capocity one.  these b patht mast  be wamu%) vertex dt&\lo‘mt‘-
Rszmov\w\& the 2dpes from ¢ ond the &olgq,s to T Lrom these poths Qhvet us K vertex ouflomt Jukgas,

o vv\o:td/\:y\g of she k™ G.
Thiowh this ceduction. the Ford-Fulkecton algorithm  Qves o O(IVHED) - time. agoci thm for bipactite Yv\o\‘tchin&‘

Re mack: Youw rv\o,é wonder WM we Q-Si\\gh Qd\ga_ Qo\go@&% “\n%\altﬂ tp  the orig‘mat Q_d&zs . but wnst mkge CRPQLZ owe -

Tt will also work Loy this teduction, but h\%\r\‘\hﬁ quaclﬁj Wil be  more (onvenient  \atec.

Minimum Vertex Covec

What Should be the min~mox thesrem {lo( bipactite mad“ch‘m&? Conslder  the wveckey Cover P(Qbkzm,

Given o gmph CT:(U,T:), a  Subtet of wvertices SCEV is Called o vertex covec
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W for evary  2dge wiel L Lwul nSx .

Tn wotds € s o vertex wuer f S tatertects Quary ZdX(L

-

_Loput: A bipoactite qroph G=(v,®)

Output « A vertew cover of  minimum C/Qrd\?r\odiﬁ%_
Q
SR Y N B~

The wevtex Cover Pro‘o\am Moy Seem to  be unrelated to the (Y\(ﬁch‘m)g Pfoh(am ~ but th!ltﬁ are actm({g

Y dual” of cach other on bipartite qraphs, W Q  predse  and meaningful  way
To stawl o fee  their cConnection, first we obtawrve  that i there s o match‘wr\j with & edges
than oy vertex covec  must have  af  least Kk wvertices.
The veason ¢ Cimple:  Since the K moic,h'lnj edges  are  vertex (ix‘s‘!om‘f?, Llj
we muwst wse K distinct  wvertices :Ems*[ to (ouer  thete k 2dpes ,
and.  So any Vertex (ovee must howe at least K vertices.
Tharefore, +the size of a  maximunm mqtcmj is a lewer bound on the S$i3e o’\: A minimuw Yertex Covel.
Surpeisingly . this 1 alweys o tight  lower Dound  on bipactite graphs

Put Tt In onpther wa%, hau'\ng o lMK@ matching s the cn% Yeason that we mneedl o mrgq vertex Cover .

MQ%M@ Tn o bipartite Qroph. the maximum Sie of o W\oﬁcdf\‘mg XY Q%ml to the minimum <ke o\[ o vertex Cover
Proot We prove Kf)h\&'s theorem Ming the max-{low mw-cut theocem.
Let the moximum Sie of o bipactite matching  Tn G be £ We would ke to Show o vertex cover of ek
Teom the reduction oboue . the maxiewm St Fow n C{ obove s of valwe k.
B\S the mMax-Qow minect  thescem. theue s on St cut S in E{ AN Qa\m,ct%ﬁ | SN C_outCSB - k.
Consido¢r  Quch a Set S, with ¢S and 1&S.

Thee Can be of mest K wectics in (X-8)u(8aY),

becouse € hag an edge of capacity one to each vertex n X-§
and euery verte in NS has an edge of Capadity one to T .
Thee 2dges are In ©S) and S k= <CFTCSY 2 (x-s|+lsavl
Wwe claim that the vectices in (X—SBUQS(\‘Q s o vertex covec of G . wite Sie at mok ko
To prove thic claim. we just need to Show that thee afe no 2dges  with one 2ndpoint  n SAX  ond
onother eadprint Tn X=S | but thie T8 fre betaue adh Qudn edge would  be o dlicected 2dge

In €Y tn G with mfiatky Capacty . Contcacicting  that  %FCS) = k-
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Owother endpoint  Tn X-< ,obut thic X true beCaue 2acdh  Qudh QrLKQ, would be o dicected mgc
In 7T T G with mfiathy  Capacty.  Conteaclicting that  (*FCS) = k

This concdudes  that Q)(~§\)U(§{\\<> 8 a vertex Cowved  \a C:( ej( Si3e ko Vro\ﬂng \<6“\g’$ theorem.
Note that fhis  proof provides o OUVLED - time a\godthm to ol the vertex Cover problem on bTPq(\t{w_ &ra\)m‘

Grood Charactecization  ( Disuassions)

Komgs thorem is o nice  @ample of o groph- theoretic  Characterijation

To ez this | imag'ru thot You wor K \Cof o Lom?(}n\& and Ypus bess  asks You to wcznok O moaximem mtﬁchmg
Say to assipn - Some t&an to  the QmFLu&ug

Tt Uour ol gocithm finds o ?Qr]CQLC matching . then Youe boss  would be MFPﬂ'

But Suppose thee is no pecfect matching in the qraph . how could You Convint® youc boss about the non-uisten

Mow¢ bos< may Susf think  that You O tncampetent  and  othe¢ Smacter ?eo\ﬂ& couldh findk & bettec assignment .

A Convinting  woy 1S to Shww Yous boss o Nertax Couef  of sige < % L Ond sz?to;m that

there i8S a \)ufect mthmg such o wvectex  Couer  couwld not  exast

These win-mox  theorewms are  Somz of the moest  beaukiful (eSults in  Combinatorial o})t‘\mBo\ttanh P(nu\‘o\mg
Swuecinct \L\:roafs” fo( both the YES-case (a lw&z metdm\g) ond. the No-~cose Ca small veckex cww).

‘Th-QLd show the non-wxistence  of a golution bg the exstenca of a Simple  obstouction .

Remock = To put the aboue discussion  into perspective . Consider the dynamic P(og(&mm'mg a\&or?thmg
TBuen though W  Cowld. Selue  tho Prab[zm& (such s optimal b\‘r\m:ﬁ gearch tyee) in Pohﬁnomqu time
we dont have Quch o i swectact U\armtlﬁsmx‘ar\ {or the NO-cases
4t Uoue boss  asks w?\! there Tt ne better Qolution, 1t wowld be guite aiffreult  to  2xplain
Qag, we  Seacch Tfoc ol Pusstbu o lutions us?hg this  Yecurcanece ond  ouC s an oFﬁmw %v(mumj
The \\P(omfb 75 el Sucantt  in the Sense thod 1t s o pokujnmmm\ Gijed Toble . but s not

Ntarly o5 elegant os the proofs  provided by the min-max  thestems

Halls Thesrem chacocteiges  Wwhen o bipactite Qraph =X, E) has o \pemcu# m[x’vd\‘w\g ov not.

Without  Lote of gu\uq\:e&, we  GSume  that (X=X, a5 sthecwiSe there S no pu%ut me&r_hingv

Theoram  CHall) A bipactite graph G= (0B wieh W=D has o pecfect W\odc\m\g W and only i

Aor Quecy Subset  SEX Tt holds that [N Z(S] where NCSY {5 the neighbor Set of € in

(TIn words_ Eu“ﬂ Subset  ScX  hat ot least 1S narghbovs n X ) @@
N(S
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_Exoccise ¢+ Deive Hoalls theorem  Feom kbrﬁg/s theorem

Holls thesem i Qn importont  result  and  has many thtcmor\s Tn grqP% fhuri,

Wae Show one (‘,Droltwé . Which mow boe wsed  In homework

Corouqrg{ Evu:& d~rogular  bipoutite Qraph G= (X5 E) has a pecfect mq&ckmgv

P(DO£ There o dlxl edges  In the gm\ah, Note thoet W=\l as & 3¢ (qula(.
Biny - Subset of wvecttces  § with LSICWI-(  Con cover ot mest d (l1Xl-1) edges

Se. QV\L& verttx  Cover needs ot least (X1 wvertices.

ELA k"on‘\g's theotem thew s o mqtd\mj of Si3e at least  [X1=(M]  henw o ?m%ut W\u’cd\mi Q

Duaity ( Disewssion) Why vertex cover s the “dual” problem of matching 3 How could We Come wp with i3
Actually, there s a systemotic woy to define the dwal problem s\c an  optimization problem.
Tthrowgh the we of  linear programming
Mest  Combinatoriol 0 ptimiyation Prob(ams can be Solued in the gmeml fromewsrk sf lineac Prugrammmi.
This U5 one of the most. if ot the most. powtcful algovithmic framework for  polynomial time Computation
The manﬂ beautiful min-mox thesrems Con alse Dbe %%Stzmaﬁmm& cacived ’fram {ineor \)ragmmm’w\j dkumtﬁj
Unfmmm% , Wt wont learn  oabouk lineac proyromming in this course ; S L kT, opyv. clrel for moce

There are  also  warious coutses n the Cg&O d\m\mrtmaﬁ on these to??cs;

Baseball / Basketball League Winner LkT 742

Suppose You aw  a \Can of Toronte  Blue Tays or  Toronte Rapters  oc  Woterloo  Warriaers.
T}\O_L:) ace p(mﬂmj in  the (Q&ul&( Sanson . ij o(e d&"u\@ okaa but neC ot the top of +the tuble .

Yo wonter whethee 1t 1¢  otill mekamaﬂmll%) Pogsi\oke 'FD( them to finich on top  n the end ofy the SCaSen

Toput-  The current gmomj/mm/ ond.  the (fzmoun'mg Schedule.

Outgut - Whether 1 s ‘JDS&]‘D(& that ﬂmﬂ team Con win the league

The feotue of the boseball [ basketball league s that there s onL% wn or lse  (ia no draw oS i ?ooﬂmﬂ.
Supprsa gour  team  has Curvently won W Qames.

Ficet . i+ (s obuibwe that we oSSume that they will Win all ther mmq‘uﬁwg games {Dr o Total of \/\fe qomes.
Then, we want 1o know whather there s oo Scenaris  that augra other  team il win les¢ <han \/\J*

3 0emes .

Let +the other eams bo {LL-VNY) and Qumaﬂﬂué team + haS  wbn - gomes .
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We have the (uv\m'.n‘mi cchedule , show‘m& that there are gtill Qiy  games to be played between team T ond Team j.

How oo we determine i{ there 8 Sl oo Scenacis thaet %ou( tgom  Con  Shll Win  the \p_qgu@z

Reduction ' <This Pro\o\fluv\ Con be (odwed to o Maximum St flow problem.

u K < N N * N
The tdea 1S +to \O\Qﬁgn} the  winner oﬁ eodh rmmmn},\& {ome  So thet o teom will win more that W-wi-1 gomes.

team T Vs teon Loaml
50 -\ 1
/ MJI;N
%l @ to w;m\\
/_/ ~Wq,1
'{ Lam Y

“eom 3 U tom G

The vertex Set 3¢ {edu P uTult) whee P hat a wvertex {0( 2ach poic of teams and T hat o Verte {vr 2och toam.
Thete s an 2dfe with capacity quy to each  Vectex P},]eP . os thewe aee skl Ji)  games between toam Yoand J
Tor \’"leP‘ thee (S an adge Leom Puy to t,eT  ond from R to 36T , So that Qach qame  between

toom 1 andk tsom VoW be cent to  either teowm 1 or team § . Whoewe i< the winnee of that qeame.
For cach t;eT. there i an 2dge %om t] to the Sink T with capadha w*-w;—i , 08 We want team |

to wwn ot mest \JJ*‘\N“—i gomes .
et Cj'— ?-)%‘J We woant ol thece Qames to be Pla\yu;k» with 002 winnge for Qoch Qame , So that teoam |

Wi ot mett  Wiowg -4 qomes for all T Cand thus ouc Savorte teom with W wins is The Champion).

With  this  inteation n mind, Wt is not Aifficult +o  checs the ‘Fnltwfmg claim.
Caim  Que  favorite team Can Sl win the league  Hf thee ¢ an ¢t fhw of value § ™ the gaph

Remack: Tt i< on NP-hard mem to  deterymne f dous "Bm/oﬂ’ta, Tootball Team con still win the leoQue

Qiz w'mn'mg tTeam &U&& 2 Pmr\ts , Qoch  T2om gﬂs one ?ONJ{ n [N d\(ow)

Project Seledtion LkT Tt

Thee Qe n o projeds  awoilable . Completing Qach Wil give us profet B Aollars.
To do each Poject - however . we need o buy o Subset of  equipmenls. Rach will Cost < dollacs .
An Qgupment . once bought . can be wsed Lo multiple plojects  that  Ceguire this x%m?mm.

Now. the %aestlon Us - What P(D&Q(«U we Showld e onmd  What Qguipments  we Qhowld \ms o that

We  Can  moximixe the net Pro{ItJ(.L Total  profit fcom Y‘“\QW& minus total (oits ffo'“ Q%“-‘?WMU-

Roduction In%@(esﬁr\g. this P(obkom con be (eduwced o Tthe wmipimum St cut ?(ob\2m4

?“’\\ kS oo _gup 1 @

/D/ﬁo\ H‘A T

L16 Page 7



The vedter set s §8h0PUQURLY. hee P has o vectex Tor eoch project  ond @ has o vectex for zoch oquipment.
Thee s an eolgz JE(om S +o Fm&egt 1 with CO\?&dTn Pi and an Q;kgc {Z(om Qg(ut?mnt- ‘\\ ts Tt with CO.PQLH'% CJ.

Allo, thee ¢ an adfe with Capocity ?n%‘mitn from  Projet T to oquipment § if Tt s reguwired foc project i

N
[et p = E\Y; - Clondy thic T the best Pgsg‘\bke net profit thet we con hope to  make , Qoxn\ng the P(O‘&\T

ok uery project  without bw&mg any Q%u7pm€v\t.

Now. we want to minimize the diffecence o this  ddeal  profit p- bli mim’mlgin{ the Cost of the Q%M?Pments

that we need +o b«% ond.  the profit of the projects that we need to  miss.

Consider o yminimum  &-f cut € i O*T(R)= k.

We cloim  that It i possible  fo make o net profit of  p-k

Bw! oall the Qqqupments  in L0AQ  and take oWl the projects  in €aP.

The ‘“j Pomt § that it ¢ o %mslblz Solution , a8 thee aqre no eohge_a ’g/(om AP 1o Q&-S , otherwiSe

s ¢ an ow’tgo'mg edge of S with il\{\l\\{—\,& Qq\)o.(,ttxﬁ, cunt(qdidin& QDMt(S):k,
Qo oll the Q%wk\)mtln‘\i that  the ?(o\ec’c& in Sap m%u:mw are in SOVQ .

. . R . < Y N DY _ . out _
Thae net Profﬂt @& this  <plution 1S 0P P :)C—SOQC'A = p e \)\ ‘SE%‘\&Q\\ = \)fc ) = \7—-\:.

Tn ofhee words. the minloum St cut § tells we  how to minimixe  the cost of +the Q%'A\Pmonts that we need
to  buy (e%u;\;mgm W SN@)  pws the  profit of the proects that we need o wmiss ( projects \n P

On the othey hand a Ffeasble <Solution with aet profit  p-k gves we o st ocut with Co\Facihﬁ K,

So we have the {ol{nw'\r\& ConcluSion .

Clavm The  moximwwnm et \?(Dﬁt s Phk I% ond or\\\s \\{ the c,o\\)w,;fﬂ of & winimum St Cwt i k.

Refecences : LT 71.5,76, 740, 7.2 )

Thewe ace many  moe wseful  and Zr\'\?erasting Opplications of mox-{ lbw  min-cut .

You con leasn moe from  the CRO network fLw  coucse .

You Can alge leam move obout (near Q(ogrmm’mg from C&O . which s the gznzml uﬂ@Lﬂ(\\ji.Y\& ‘Er&MLwDrk

of the (vl <earch method as well as  the ohmkt&ﬂ theory  behind  the Min-may  theorems.
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