CS 341 Algocithms . Spring 2025 . University of Waterloo
Lectuce 1S : Moaximum <flow and minimum cut
We WC.(W introduce  the Con Cepts of \C(ows and cute n o directed %(GQL\.

Then  we Srwdy  Fhe Ford-Fulkerson  algorithm for %no\‘mx a modmen Llow  ond  the celebrated  mox-{low -min-cut theorem.

Flows and Paths

US]nS BFS/DFS . we Can deferming  whether there is o path from vectex ¢ to vertex t in  linear time.
Tt ¢ notural to Consider the P(bb\em of %‘md\zng P Q&Ka—dis‘lo‘m‘ﬁ \mths \Crbm < to t . and

more &znz(cxkka os many @_d\je—ous‘jo'mf Podcks -F(om ? o t os Fosg}‘o(z,

Edge -Disjoint  Porths

T.r\?m’( A dlirected O-\('tu{)'\ G=(U,E) , ond Fwo vertices ¢teV. o
N
-—

© sy ’t)j

o

0(1} o
\Z‘s t

Output © A maximum  numbec 04 2dfe-disjont  paths feom 8 to t. S

&T\,\ja paths P, ond Py are edge-digjomt 3§ they do not cShafe an Qd\&&-)

This i bosically  the moaximum flw problem . whew the umion of the paths  defines o “Llow” rom s to t.
The maximum flow problem 15 olefined on 2dge- Copacitated qCaph. Gnd the concept of flowe is @asier to

work with  than edge—dl&\&o‘lnt paths .

st Tlows

et G=W, B be a directed 3ra\>lr\ . where  2ach 2dge 2eE  has an integec ca?qL}%lA cd>o .

An  s-t -F(bw assigns - a numbec  £(d to  each 2dge and  Satis{ies the ‘?()Uowkr\g two ?(oear'{‘[@g:

()] Co@o\c'\t% Congtroints = 0 € £ S ) ‘Eor fach edge e2eE

G Tlw conServation  Constrainte ‘f]h(u) :{“bm for och  vertex  VeV-s-t  othec than S and t . Where

n . R . N N
{» (n= Emtov %(Q,) (& the totol Intoming »F(ow into v and “Fo W= z '%(‘23 s the total oufxbi»\g Liow 'From v.

e out of v

The value °JY the J%tow s defined o< \IOA&M(%) = Agmcgﬁ—%‘“kg), the net {-low gamj out u{- *he Souwice S.

(Tn our a\_&o(xt\/\ms) thert wont be ir\chm]rxg flows to S . ond S0 \Ja\u@.({—) would %imy\ be ‘%Mf(s),)

Maximum -t Flw

Tnput : A dlicected g roph G=(,B) with a @pocity CCed on each edge @B, and two vertices s.teV.

Outpit A flow Trom 3 +o £ with moximum Volue-
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) fcies)

Calgary Regina

As Yo ey ‘tmag‘me., this problem it FTundamental and MMQ\AL —Gor mo«umg ?robtems Such n¢ (E%mds

{(ow}rf

through pipes » Currents Ehrough electrical networks , and  infocmation through  Communication networks.

But Tt tums out that it s albo useful Jor Solvlr\g Seemingly wnfelated P(oblems that well See next time.

In +the obove 2X0mple for &dga—dxl&]omt poiths where avery edqe s ot Copacity one . the  vnoximum -F(ow ‘F(om 2t t s 3

”

bg] setting  the Llow on @och Colofed edge to be ene .

The Connection  belween J%st and POCH\S s that o {How can atwqﬁg be OLELDmPoxszd into “capq;'wrﬂ_ol;s‘lo},\t” poths.

Lemma C decomposition of st fow nto Copactty-disjount st Po&kS)

(et £ be an st flw whee @ s an integer foc each edge ¢, with Jf.m(S):o and  value ) =k

Than  there are  S-t podhe PP, Px  Such that cach edge e apears In fee) of thee paths .

QFW Q.KQW.F(L, '\% -@(2)-—0 . then the P.dge e will not Oppeac in OV\Z c{: P, . P L whike ({ ’F(Q)‘—l,

then 2wl Qppear in zxactlﬁ 2 of  these & \otﬁks.)

?foi CSketch) The proo% is bﬂ a Simple Induction . The base cate 5 when k=( , where the Statement helds.

Concider  the eo(ges with non-zeo £hw Value - Thee must axist an &~ path P in these 2d.ges (wh‘i?).

Docreage the ’G(O\u o& ench zo(gq_ in P b3 one . \.2. —F/CQ3=‘— ‘F(eﬂ-i ?‘Q 2e¢P | otherwise {:/CEEI—-%(Q\.

Check  that {l s o flw wth value k-1 , as each vertex other that <€ still So»‘f‘usfies ConSecvation ConSt@iat.

Bﬂ induction.  thee are §t paths PPy, .. Pe So that soch edge o oappears in \C’ce) of these k-l paths.

Then. it chould be clear that PPy, .. Py, P are k paths that the lomma Quarantees .

TFor 2xomple when  the {Low value s K and ‘F(Q\GS{OJ(S Yeck , then the aboue |emma Sayl  that

the {low {’ can be dq,wn\(wszlt wnto k Qckgz—d;,:jo‘mt pocths

o, even our gmk Kt {lmoL k Mg¢~ous]o‘mt paths , Tt wowld be eager %w w to -Focu& on %ndmg

a fw of valie k with f@elond YeeE insted , <o that we dont need o worry  olbout: which

adges bz[or\f o Which Pweks oku('mg the QL&D("-U,\M’ Ondh onlg o(echose the flow nto ngz-otzxio‘mt paths In the end.

Execcise:  Find. o decomposikion of the flow in the Canadian example  bove-

Flows ond  Cuts

What s o goook wpper bound. on the Value o{ o0 MOXiMmum -\ltm,oz. How do e know that o -@Low TS maximum 2
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A trval uppec bound T the total Capacity of all the edges. but Tt s almest neve tight.

. 0
Ta  +he o_xo«m?\rz_ \cur ongz—ct.sjo'mt Foﬁchs . we Know thot  there ark  all  mest /70\ N
50 o _»>07£ 0 ~=o
\> S O e D /
2 Qo\gz—d{x&lb'mf st paths becowse  the out~clegree of s (s 3. o =

We considar o qeneraligation  of  khis uppec bound  to o subset of  vertices.

-t Cut

et G[=(U B be a directed 3{q?}\ . whele  Rach Qd\&e_ 2e®  has an lr\tagu ca?qL}%LA c@d>o -

A subset of vertices %Sy 3¢ an st ot I% ceS and £&S e the Pm‘t‘xt‘\on (S N-SD %z?a(a’tes < and T.

The opacity of an gt cut S T defined ag Q) = QEQWLQQO. the total capactty of the edges

going ouwt of S . whece ST § uveE | weS, \JéeSIJ s the et of dlitected edges i out of Q.

U ppec bow\din& mox - $.£ - £ low b‘A -t cut

(<

Tn the nga—d;‘\s]aznt Porths p(obLzm wheee Q,vmé Qig@. s Of Qapaf«iba on , the Qa?adt% 93[ oan -t cut S

Simply  the numbec of 2dges in ) L Note that the outdegree of & s the Qpecial case whea Q=§st

S
1{ on St ocwt S hag at most Kk edqes in OM QY. then Tt Showld be clear that there cannot ba
moe than b edfe-olisount S-t paths. betawe ach s-t path Mt howe of last ene edge  in SIS
This Tdea Con be Reneralized o maxi mum Lhw : 1{- an &t aut € has Capacity K., then <the Vale of o0
maximum =t Tlow muct be at met k.

One wq& t See thic TS fthiough the o\mwmgo{\’tion of —?Lw nto paths in e lemma. above.  We (esve T as on execdise-

We will Qive anothec Froo{- of this upper bound  loctec .

Minimuwm -t Cukt

To Qe the best wpper bound on the valwe of a maximum s-t Tlow . we Consider the minimem St cut preblem.

Trput: A directed gra?h G=L,E) with a apacity Ce) on each zd\&e RCE, and two vertices S,teV.

Output: An &t cut S with minimum Qapacity MR

This s o notucal and m%ul problem own Ttg own. ond we will Sex Seme 'm&z(esth\& apFling\-}on next  time .

Moyx-Flow Min~Cut  Theorem

TE Twmg out that ]/\O\\m\& a Swall St Cut ¢ the oh(a obstcuction of haan& a Lo\rng, -t flow .

Frwidim& a  Concise  and  clegant Proo{ of o?ﬁm(:ﬂ& for  both Prob(xzms.

Theocem  The value of  moximum -t flw I ogual to the Capacity of o rminimum <t Cut.

This is one of the most beoautiful and important  Cesulte in Combinatorial optimization  anc  gcaph fkeorﬂ,

L15 Page 3



oand  hag divese applications in Compute( Sdence ond mathematics.

thot Solves the mMaximum S-t Shw \>(o\>\am and

we Wil qive  on mlgoc\thmic Yroof of  this theorem .

the Mminimum  S-t  cut Prob\zm ot the Same fime.

- Fulkec oci
A natural QHM@&LA to find Qd&e—ouggo‘u\t ¢t poathe s to Smé J%‘mci‘m& o Shortest  S-t poth (so that Tt

wses  the mintmum nwmbe ¢ o& eotges)‘ then Q—Tndar\& ansthec  Shartest ¢t ?Q‘tk h  the mmoaning gmpkl ond. o On.

But this appcooch does not necessm((a obtoin  an oﬁcima\ Solution .

o
7O\> <« \>°\
o / L o BO\\’O & l 5°\>o go L >®
oy, Lt S Vo
o o

\\r\Pwt g(‘a\gh grauk% Solution OVt\v\m\ Solution

The dTH“Cm\’V\é c‘? the &ru,otj aPPmo&k s Yo comeit  on a path that we have Chesen , ond ‘thete <Sgems 4o

be no 300#\ WO,\A +o %Y\d\ an S-t poth  thot ba\m\&g o an o‘yt(mm\ 2o lution -

“local Qearch” method ., in  whith

The Tord-TulkerSon Q\go(‘\t\nm Con be wundecitood aL R move Sznaml

We  may “undo”  the deasiont that we have made n eacltec Tteratlont. but th& when  we

Can imFron the Objective  value o{. the Colution (in this se  the value o-% the {(‘Dw)

TFor the oboe oxomple.  we wil find o poth  and “Pmsb\ back” Some of *the Lbw ‘o obtain the ()?timal Soliction.
s
SN o o
S $D\> ) s »o‘) > so‘)o,) i >Dt
) °o

w

Qreedy  Seletion * qugmenting P“‘t\’\) optimal  Soletion

w

Llow Prom € to w, undo / push-back” the flow from vV to w 1n

Tn the woddle picture . we gend
olution.

tha gruokﬂ Solution . Oond Qend Q ‘?LDVJ 4e\’bm U to T 4o obtain the o?timal

Tt will be  move Comnvesient  to  Introdue  an txuz‘ll(mg gmp\\

To defne +he O.u&wwt\n& poth  more Fm\m& .

colled  the ™ reciouol gm@\”, So that we dont need to distinguish betwren push-focwacd / push-back ”

Residual  Graph

Given o dicectad &(apk G( and o How —? on G(/ the (esidual g(agk G{; of Gr With tespect to —9

3s defined ac¢ follows ¢

= The vertex Set of Cq{_ IS the RGme oas  the vertex wt of G

For ach edge @ on Which < ced, thee are @ -£@) leftower © units of Capacity ©On  whith e Can

push fow furwarok. Qo we include the ld_gﬂ_ 2 in Q{: ., wWith o Ccal»citg «Q)-fd.  We will call
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Rdges  includsd  this W&\S the \C'or\,.m(tk edges .
~ Tor <ach Qd&@ = v On Wwhich {3L®>ol thee ace £ umts of Q—Lcw that we Can unolo” b‘j pm&h}vj
the fhw backward - o we Taclude the (everse 2dge @Evw in G‘F - with a Capactty of fl).

We wall  Call 20(%25 included.  This oy the backwasd edges-

Tor an  example, 2/)0 \1 Lz/ o ,\1,
N

$° \ Z/Ot g0 = = ot
2
B8 > © x o %
o diredted %GAP\\ with  a 'F(Dud DI( J units Cesiduol gfﬁf\'\ wrt  the Jgt'ou

Pms\rﬁr\g Tow on  oan &ugmznt’mg Poth

An a.\AgYMy\‘t-lﬁ;K laath with respect to o £low ‘E < :)ust o QIMP[Q s-t Porth ™ C—[\C
et P be an QL«&Me»\t'\nE Poth wet to f Defne  bottleneck (P.£) o the wminivum QaPad'\'A of an odge on P in &{

The Jeoltow‘ng ¢ the Subroutine  to impour  the flow + bn u&mg on Oxu&mﬂw{:ﬂg poth .

ougment ({l,P)
let b= botteneck (P4
for each edfe e=uy on P
Wooe is o forward edge
nccease o) bs b in &
elte if 2o s o backward edge
(et @/=vu be the reverte 2dge

decrease  §( by b in G
We  ghow that the Subroutine augmnt({, B> Wil olways improve the valie of the current flow +.

Lemma, et —Q be o Lhw in G with f‘“&s\:o o ond P be an ougmenting  path  with regpect o \C
Let JQI be  the casulting fow ofter  the Subrowting  augment (£,PD 05 called.
Then -&1/ e o flow with volue Hl) = value (§) + bottlenak (P. £ and 'g/‘“ D=o0.
M First. we Ccheck +that {/ oo flow. Aor which we neek to  check  the Qp\eacifﬂ anh Conservotion CONSElwns.
Tt shoud be clear by Constracton  that £ SHUl Satisfes the  Capacity Gmstromt T G
¥ e s a Porward edge . then 0<% {’c@ = £@ + bottleneck (P, £ < $cm+(cm—{(@) < ()
while T 2 it o bakward 2dge , then cdyr £y = %(e's - bottleneck (P £ 2 {ce’) -f@erzo,

whete 2 is the reverse 2dpe of 2 Cie. Tf e=uv. then g'=vuw ).
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Tor the Conveation  Constmnts. we \/aﬂfg that +the change of +the amount of AFLOW Qnﬂzdng (VRN Q%m(

+p  the chm\gz of the omount of Flow \m«/h\f v »Fo( any nveV-e-t.

There o 4 coses to chetk | ok«z'\mncl\nj on  whether the edges entedng /@dting Vv are Torward /backwad  edges.

30 §/8 slo (8 .
>0 In

. 2 > /
Case L+ forwoed [ forward O—>0—S0 n -? . 6—o—>0 in P , © >0 -F
v v Y,

Tn this Cate, both *the ?r\(‘,om\nx ~F(ow o VvV and twe outgo‘mj Plow from Vv e Intreased ng b.
</t o[&

27 3(S 3 3
Oqs‘_—éo in P o‘g G‘WC 3 o%g&wo

Coage 2 JGtwwmtk/ bockwacd 0—>0<—0 in “?)
v

Tn *his Cote . both +he intoming %lnu to Vo oand  the outgeing fow  fom v am unchanged.

Case 27 bockword / fortwardh . Selac o Cose L with  beth unchonged

Cose 4 bockwasd [ backwarh. Similag t0 Case L With both  diecceaced biﬁ L.

!
Since  Conecvabion  ConStroants  were Satsfiet o £ They Cortinue 1o be Sotisfied  in §

\\:'\v\a\ltj_ we  Check  that \/o.(u»cq:/)= \/o»\%c%) + ‘oo‘(ﬂlv\ed(.(‘),‘e).
Qince M=o, there are ne  bockward, odges incidest on 2 in Gk{,.

Since P is Limple L poth  In (%r{_ . the vertex € 7L omly Wisttad once  with  Qn o«d’gu‘mg -forwwrd_ Q,O(SQ,

There§oce . \)3 Ougmenting £ uwath Pu ue malntain the propecty thow =0 and  thus

value (£ = £ o- Mo = ™% = £+ b = £- M4 = volw(f) 4 b a

Ex&m?\e :

TeLRS)

fuw § Cesidual Qfoph Ge ond P new flow £7- owgment (L. P

Remock ¢ Tt is in the above l2mma whece it is eosler 4o wmaintoln o {Ztow thon teo maiatain  a

pocth decomposition. ag for o fhw we O“Lﬂ need to Check Lq\)(k(_ifg and  Conservation constonnts

Ford- FulkecSon O \goc ithm

The obove [emmo.  Showe  that T‘f we Can ‘S?nd\, Qn ovugmznt]ng path P in the egdual graph C—@ ot
the current  Llow % then We Can WS it to obtain o Hlw {1/ with kmg@r Volue .

The Ford-Fulkerson  algeithm i Simply fo Yepaat this  operation  watil  we Camot do o

T“\'H““‘gf ‘?(Q):o ‘Fo( all edpes e In G
while  thege s an  S-t path P s Q(J; do

—g & uugmant (*?,P) and update  the estClual &fQ?L\ G(_gl

This 's 7. In <the next Section. Wt will prove that this local gqmck” meathod o»\wm& QIves  us
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o moximum Tlow .te. whenever thece s no Qugranting  poth |, The  Current flow s o mavimum fluw .

MO - ~ Min- T

5 to Show that

Ouc gtmtqgﬁ fo  prove  that Tocd-Tulkerson OJ%O(T.'H\M o,\wmi\s %v\d\s o Maxi mum {t«w

when  fthe s no ougmenting path. thee s o Cut with Copocity equal o the volue of  the curcent flow.

tke(ebs P{o\/‘mg the mm—%tow min-cut  theorem as wall &€ io\u‘m& the winimum St cut P(oblom simwk‘rm(ou%_

To de So, Wwe heed the %oktnufm& cloom  about  the Flow of ony S-E k. Tlom  which  the SLomé

dicection of the wmow-flow win<tut  theorem Gen max fbw € mincut ) Sollous immacﬁa‘tzhﬁ_
Cloim Let £ be any -t Llow , and <TP5FS [GAVARE'NY ony St cut Ge. geS and t&SBA

L0 Y- D) = vale () = e - .

Thea
Prooi The IntwiBlon s thot or\LtS The Source veirkex € hos A positive “net owtpu.ta, while oll  other

Vectices In \U-S-t So»t\g{% “he {Low conservation  Congteainte Q\mtm‘\ﬂuakxﬂ :Su&t \:o.sg‘ny.& the {(DW o[ung),

and. So  the et ouﬁc?u’ca of on St ot S s S;ImPl% equal o the “ret output” of S.

The proof & b”& o Subtle manipulation

value(£) = %0“(33‘%1"(&): Eg(‘?ﬁu‘t(\[)“ {‘“&UDB /] becauwe ‘?owt L@»E‘"WFD 9 vel-o-t
= 2 - i AY\-‘ a
- vzes QEDAUQV%(Q Q;mVTEL‘Z3> /by defiaition
ob
= X
O - s £ S P

2 out of
= Lo~ £y

To See the Sewnd loct Q%M(iba , divide  the Zd&a& Kvwoluing in the Sum into  thyee h\wu.

Note that the suigzs “\nvokvin& In the Sum in the %@lend ling. must howe ot least one Vertex in S.

Q) fiest type: @=uy, ues,veS . Tor this edge 2. L@) oppea s P"gﬂ\’“k‘s in \C"“cu) _ and

—F(eb appascs r\zgox‘\\letﬁ wm ‘?.m(\l) , and So  this szzi&z tortfibutes 2eco to the Sum n the sewnd line.

(D) Sewond ‘t\jya'\ e=ab, 0eS. b&S | 5o ob s an owkgo'mg 2dge o—% <.

For this edge & it only appeacs once Poi‘l‘ffva% in “’fwttod, and So conttibutes ) fo the Sum

(2 thicd type 2=y . x& S \AE‘:S , So xY s an Tncom‘m& zo\g@ <>‘§ N

Toc  thic ngz e, \t Dnbﬁ APPRATS  On(e nz&ajc‘\\/n.kﬁ n %‘“(3), and So Contfibutes —{(e) to the Sum

This verifies the  Second- Lot equality  ond  thus completes the Proot- g

Corollac Let —@ be ony -t Flow , and CPAFS <\ be ony -t cut Ge. 2eS and teES},

out

Then \/odug({l) = J§°“(S)—‘%\'“(S) < %NYQS) S ¢ ).

This is the gagy olicection of the mox-flow min-cut theorem :  the value of ony ¢t Llow T ot mest
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the quactﬁj o any ¢t ok L thuge the value of o wox St flow s ot most the Qu?mt—ﬂ of & win gt cut.

We oace (‘Q_a,d,\u) o prove  the coerfectnoce of the Tord-Tulkeston algodthm  and the maxflow-min-cut theotem.

o T 4 s an -t fhw Such that thee ¢ no S-t path in the (esidual groph  Gf
then Thece

7o on sttt 8 cueh that  yolue (£) = LY.

Qon%e%wznthﬁ, € hoe the madimum value of any st Lhw. oandl € has the minimam quadhj of any -t cut

E(aoﬁ S thee s no (mt\'\ Leom s to £ i (:&: -

by the cesult in RES[DES , there ouasts  a

Qubset S with €S, 148 cuch thot S has ne b\n‘cxb‘mg edges ™ G(g\ (Recall this?)

We claim  that T = valwe ()

Conside two tupes of- edges. o
‘ gpes  of =dg . _t
(1) Conswdec an edge  wve ) tn G L owitn weS andl V&S
&
Stmee § has no oubgomg edge  in G{{_ .owe muskt hawue Uwé;G({_.

—his Tm?lle& that %Lm@:QLuw) . oS othewise Wy wowld be o {:o(\ua(ok Jui.gsz in G\c
() Considec an  2dge xy € €MLY tn G, with X&S and ues.

Cince 8§ hoas no outgsing 2dge Tn G{{,, we must have YK E G

This implies thot {LX\:Q=O, o obheruwiw ux woeuld ba a bockuwo o Rd\%Q la G[]c

Pukting togelec. Tt folbus that £ -EMCE) = MO -0 = STy
By the claim above . we Conclude that  valwf) = %ou Q&\—f‘“(&) = MY

Exom?l& :
LcLrs]

moxamun -t %an ‘E n G{

Cesduol X(a\a\n C-L{_

and.  Minimum St cut

Note that this ?(ou‘\otg.s the Correctnecs ?rm{— of  the TFord- Fulkecson algbﬁthm, as well as
?(ou?d‘mg Qn ngor‘\thm’\c \)(eo{— o{ “*he mmx~{ltow mn-cut  thestem .

Tuctherwmore,  this P(oo{h provdes  a Lihes ¢ time alxaftfhm to  Compute a  Mihimum -t

Cut
Lrom o madmum ot Flow.

n

wWe  will mel&e_ the Hime c,nmgte\a%s o—S- the Tord-Tulkecson atgentkm the nevkt Section.

Time Co mp lo.x;fu!‘

Tt 18 noet ck\ﬁ—'\w& ‘o ka&z the LTima Cmv\glemh,k B{— the. TFord-Tulkecson cxlgor]*ckm

when all cpocities are integecs.
Claim let &G=(UE) be o olicected Rroph whae (@) s om  integer Lo every 2€® .

Lot ¥ be Lhe volue of o moaximum ¢t Lluw.

The TFord-Fulkerson Q\Ko(‘xtkm torminates \n OKK-\E\) time.
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Prooﬁ Toach Ttecation con e "\m?\emem—m wo OUED time . as seacching on st ?a‘tk n G,; Can be done b\j RES|PEQ.
5 ol copouties ae inteqers . then bottleneck (9, 4£) is ot least ene.
This Tmplies thot the Flow valwe ¥ increased by ot lesst ome aftec zack angmentotion . and g0 there are

*t  most Kk Ttecatlons  tn the algertthm. g

Toc the MXc—d]SJOMt -t path peoblem in o Simple  dlicected g(a?k k<l and So the Ford- Tulkerssn

m\goﬂ‘t\\m ¥ a OC NHED*“ time Q[go([t\'\m ‘90( the \J(Ob\llm .

The QV\O\'.&:\SCS o4 the above claim T TRht, os there are examples  whece  the a\&ortt\nm tokes Xk ikecations.

56
TFor example, N / \ _ there  Could be Kk Uecotions o& O»VLXanJCO\‘HOr\ Cdo you  see w\r\\Az- >

h\l/

Qs in gev\qm\, when K Is (acgt: the Tord- Fulkorson Q\Kor\thm cowld be very Slow

Real-Valued Capacities + You N\q«s wondec wkg we Mmoade the OQSULm\?\"\Oh that all eo(gl Cc\\w\cfﬂu ove ngm.
Sucprisingly . ¥ we allw the edge capacities be f(eal numbecs, thon therz are pothobpieal examples

where the Wword- Fulkec son algoclthm Con Cun foreuec With Pod,‘]’\ol.og\lcal Cholce s o{ tmgn\enttnK pa’cks.

Clhoosing  9vod. 0wl meating  paths : So o noturol %ueséion 18 whether we can choose au&m,\e},\& poths
S = —3 0
in o &oocL wo,\i that  auolds  +thege Fmtkalv&\(a\ JZxOmekei.

In‘tzmsﬁr\&(ﬂ . ?er\(\q\x the most natucal im?krzmeﬂtoct‘mr\ oE the Ford-FulkesSon o\lgeaﬂ.m would ok have ony iLsue.

Edmonds and erF proved. that i we atwm:\s {i?vwk. o Shortest S-T Pqtk in the cesidlual &raF}\ G({_/
then the stutt‘\r\& Ql&oﬁthm ( whick we call Eo(mbvxd&'kq(k) a\godtkm) terminotee in OUNVIIEL) tecations
Luen When the mxc Copacitles Qe reol~ valued.

Co. 1€ we just implement the Tord-Tulkeson olgorithm using  BES Cwhich £mds chortest st path ),

then the time Comploaty % ot mosk o (L) .

Another  matural <tcategy g to chwwe an augman‘t‘mg poth P that  mondm e bottleneck (P, §) -
A modification of D UKQ‘H&IQ c\lgor’l&l«m con  find  Such & path in OC el Loﬁl\tl) time.  (exercise ).
1{ ol edfe Capadtiet are In‘cegm . then 3 Te mot difhicult o acque  thet  thee ave at  meft

OC \El-logk ) Ttecotions where & s the volie of a maximum flow .

We wm\/t e o detonls . You Should. be oble to leasm all these n the “Netwoxk Tlhows’ Cowrse in C&o.

Co r\du.d‘mg Remarks

There 1s a vast litecoture In d&slgn‘mg Tastec o\lgo(‘ttkms %ar the  maximum Flow Pro‘m(om
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\JQUA (QCD.nthA, In doXy, (eseacchecs %r\c\lhs Tound  an  almost \inear-time a\gb(‘rthy., ‘Eor raximum £ (oo
(ee the pagec Y Moximum  flow  andk minimum cost Tlow i almest  linear time ” \)
TTrodition qkkﬁ , moximum  flows Is Solved u_s‘mg Combinatorial tacknl%uzs Gnd SophistiCated dota  gtiuctuceg.
Tn the past decade orf So . however , Yeseacchets used o (ot c"{ teols and. Tdeas {Zrom conuey, 'opt'nmtgoxion
€5 dnglgr\ LTogter Q\gor\tkms J}or Combinatorial problam&.

The  (etent ‘o(Q,aKth(oL«,%k Us  based on  both e O()f\M\\Sat\bn and Su»k\sﬁcﬂ-m modern dao. Stouctures,

As o related note, the maximum {low problem  Can  be formulated as  a  lineac programming problem .

Linea¢ programmng & Q Rene LTromewore  to  Solue many ombinoitoial ol‘ntim‘\Sochbn Froblﬂms,

The Tord- Fulkerson OIgof\t\nm Can  be understood as o gpeaal instantiotion of the Qmplex  Algorithm Lo
%uku‘m& (inga( pw&mmm‘mg problems .

The local Ceacch method 1S o Qenoral  phendmenon  for  \ineac bro gfamm\t\f P(obkems oand.  mere gemm'&a
Convex ovk\m‘\\ﬁoddon pfoblems, 1n which Wbl Mminimums ace gk@‘oa\ i mams .

Nou cowm toke o look ot chaptec 1 of ToPvl o an introduction of  this Qenecol Tramewock ,

which ¢ one of the mest \meoftom‘t pacradigms n qlgo(‘\t\nm okes‘.gr\‘

Refecences « LKT T1-131. TcLrs 2bt- 2.2
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