CS 341 Algocithms . SP':“S 2025 . University of Watecloo
Lectucre 13 = Dynamic programming on trees

We will see  Xwe onmy(as to  wse d\_xﬁ{w\mwc Progmmwng to  solue P(OMEW\S on treas.

TIndependent Sets on  Teees L ppy 6717

Given a graph G=(V,B). o <Subset of wertices S¢V  Ts Called an  independent  set SN Vvijes
We will See that +the P(Dblzm of {'moL‘mg o Maximum (‘,a(dma\\ﬁg independent  Set g NP - Complete , but

we Con Wse dgmmg programmmg {o  Solve the P(a\alzm n Poh:\na'm‘\q( time  on  trees

ln?m(‘ A tee T=(U,E)
Qutpul © An independent et SEV  of  maximum demamé-

ANN ANN | ANN
TOALAS ALAN T AN TR
AN AN AN N

HD\\/(Y\S a  trew Structuce Cupgests a Natufol oy to e Okﬂr\wvx\c \)rogmw\mmj,
We wil define o subproblem  for cach gubtcee  Costed at o vectex V.

The qu point s thot Since there are no Zigq& botween different subtrees. wr Cawm Selve  the problem  on
Qach  Subt(ee %Q,\;afo&u(n ond  thas (eduwe +to  Smaller Subproblem s

Than  we Con  wiite o (ecwrrence  (elation botween o pacent ond itse  children

/\waﬂﬁj, we have wused  this  Tdea  before

when  we Compute the eow\ua arfoy  to Compute all cwt wvectices. we have o\L(mokj used d%mxmlc ?ragro\mmﬁni on “tiees

Dunamic  Prooamming
T S J

Subploblems + Let  T(y) be the $1e of o maximum Tndependent Set  in the Subtree vooted ol wertex v

Answer + Tlrootd.
Bose cases © Tlleefd=1  foc all leaves in the tree.
Recuceence = Vo Compute T,  we considec  two Poss'\‘omthi

@ Voisoan the mdependent  set ;L
Then ol tts childeen cannst be  included T the  indesendent et éh&
The optimal woy  To  adend  the Cuftent partial  Solution  is
o Toke o madimum Ind@pu\imt cel  \n each Qubtree {ooted ot ts (g(mdchitd\ru.
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Co, n  this case, the moimum sge is 1+ S T(w)
[WERW) gmndcmt o{ v

@ UV 1S net a0 the 7mizgmdmt Set

The opEimal wa%\ to  2xtend the Custent Pmt‘\a\ Solutien s to take o Mmoximum independent  SEt

in gach Qubtree  (ooted ot Tts  chitdren.

pl

So, in  this case, the movimum si3e (s Wi child of v T(w)
pa s 7}
- + Tlw
TL\“L{»M“’/ RIS mox g 1 Wi gandehid of v ' 5’ wiw child of v I(w) .
Cortectness  folous €rom the awplanation of the tecurreace relation and nduction .

Time Qomg\qx@ i There are  n gm\)P(obLQms.

Toch Sub\ﬂob(zm fRguices (d:td\‘xtd(an + # g(mdw\\(dranﬁ (ookups.

Note hat \%\/Qw& children + H# S(zmd\c%\(d(zr\) = (i}“ pocent 4 Y ‘Srand\seam,\ts 2 =N bg

\/e\} e\J

Counﬁ'\ng the Sum  ia o diffeent oy Lie Qow\t'\ng upwosd instoad  of Qow\t’\ng Rownmwasd )

So, us'mﬁ toy~dnwn memociation the total +Lime Lmy\lxwta s Oln)

Bottom up  implameatation  ond prenting  oul Solubien Erercises
T T v o)

Attemative  Yecurrence celation * We con also wite o tecurrence Celation 1r\\/u(un\& children Ontn

The tdea  is to use Two Subpeoblems on a  wvectex .
Let 1+C\D be the 3351 of o maximum  independent Set  with v oincluded . and
TG be the ske of & moaxmum independent St with v excluded.

Then  the  oanSwec s maox § ’fLQmot) y “f(voe’c)]]»

The base cases are T (leaf) = | and T (leaf) =0 oo ol leaves
teon s - - + -
The Yecurrences e W= [+ w%m;u o v T ond LW = W\Emm o v W\O‘in T (W, 1&@7]/

e leave the justification of  thece  Cocaryentes os  an  xercise

Toecaise * Exkend the a(goﬁt‘nm to Solve  the maximum \mztgh’rui independent NAN F(o\:(zm on T(eecg

D\dnnm‘\c_ ?(Og(o.mm]ng on b T(ze-\'\kqh @{ru?\'\s (b?t\0hal> CkT (o &, (o S}
Mflmé opﬁm‘%oﬁvto:\ ?(OHQW‘S (e hatd on K(u\?hs but Qain on  trors LAsThS O{aham‘wc ‘J(Og(ommlﬂi

G@na(o«\\i‘mj the  Tdeac (/Ls’\r\g d\ﬁr\amm P(og(ﬂmmwnj on  kYees, 3t is ?ass\\:m to Show Lhat

d&r\D\m‘\Q ?(OX(D\mmw\i alse works on \k"ﬁ\'zz—\\kzy Sro\Pks, v.g . %% %7;
Thete is to  defne  the Ctreeewidth  of

IR mag a g‘(q?\'\
\ 2 N t\'ilwmtﬂx b v tmaw\it\n
Se os  te manSuce how close o graph TS fs o kree.

+ aolth
TF the €ree-width s Small, then clynam ¢ \){og((kmm"mg wocks  Foster ms\m\% Witk funtime ~ O(n ey
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This has become  om trportont  pacadiom to  deal with hard p(o\c\zms on g(mgﬁ\s, ot least In research papercs

R eod [KT lo.chm.gk 1Qar on  introduction  to  this ﬂgg(oac%

Optimal Binay  Seacch Tree Lerrs 1587

This P{ob\am is o bt Simlar To the Huffman coi\nj P{oh(am, also  about fmd‘mi an  optimal b\Y\D\((A tree

IY‘V\D\S\Y\& the Scenacio whire thee ore N Commonly Seacched  stempe , 24 some French vocabularies for English meaninjus

We would  (ike to buld o good data structure o Suppork  thece wedies  effectinl
S 24 % “4

And Semehows Wwea have deaded to  use A bmmj Search  trea (SQB (nStead of ug'm& hqsk‘mKB

A< thee o n Sf('mg&, w2 could buld o balanced bmmj seacch tree +o OnSwer  khe queries  in O(Lniln) Lime,

Bs in Huffwan codm® . Suppose. We know the (2Quencigs  © the Searched Strings . Can we wse thig
8- Supe % 3

{o dzgign a  better \Omwi Cearch tree  So ag to m\mmisz the avecage %uu\é Eime 3

Toput = N k%s Ki< ko< <k, - ‘fr@%mnc\ex Tofa. fn with };\21:1

n
Outpul = a ‘omart& Search tyee [ that vmimizes  the ob&ect'\w Volue Py Jr\’dqﬂ\-r(kl)

=

Foc avample, 31\/@\ —glt o« {:l: 0. th:()lg jctf: o.6% ch = 0.4

objective v alue
< >
/ = 028 x{ 4+ 0.X2
e @ + ol xx +0.(x3
< </ + 0.0T ¢ 2

B & -

+ 0\ X4

= 20§

In the Qbove @ample . eUen  thagh  Kg has  Tthe  highack {(e%mar\c% . Tt net necessacily  optimol

to put ke ot the (ool for 1t to have the miwimum depth

So

’

This is because we have to  mantan  +the bir\mxﬁ Search  %fee  Structuce , Such that  Smaller 1<Qﬁg

= 0.4xl+ o028x2>

’M‘Eo(moft]or\

objective Value

+ 0.2x3+ 005 x3

this 1s  wunlike the ?raﬁx Qnd\'\ng P(O‘DULW\S, in which \(1&3& with H‘\ghu {YZ%M@\OU Wl have  Smoller depth

hava v be put on the left Subtree  while lacgec keys have to be put on the vight cubtree

This  vestriction  tums  out to be useful n SQtt'mg up  the Yecurrence  Yelotion.

DMnmm;c Py ogmmm'mg

The Sub?robuw\ Stywnctuce 1S Sl\ghﬂﬁ Aiffecent from those that we have Seen bofore

)
Tn the "%oklswm&, we et ?'1,:\2 DE —FJL , To handle bou\(\oka(\i\ cases. we et ¥":S:O ‘gu( 17y

\

Qub\g(ob\ams © ket QLYY be the objective valuwe of an optimol binaﬂg Seacch tree  for keys K<
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Ancwer - C(a,n).

_Boge cases - CCiLD) = ¥\ for 1< 4n . To  handle ‘oow\dwi coses . we alse cet CLL-D =0 O
Recurfance To Compute C_b,j} L, We tvg all  the POSSXB\Q (oot of +the L)\“o\(j Ceovch tree
Tor 1<Q EJ . 5{ woe  Seft kQ o be  the (oot ., Than the ka\jg

ki, o Kpo wmust be  on the

left cubtree of the c(oot. while keys Koy, kj nust be

on  the Cight Subtfee of the oot

/

The two Rubtcees coan be Computed Mdavendznﬂ\& of  eoch other,

0S thee oce Mo mere  Contt<aints  between

the two Qubt<ees

Co. the loest way T3 to {ind  on optimal Pinary  Semtch tree Lor ki~ koo

on the left , ond on optimal b"momg Qearch tyee ’%D( kw"vki on the Cight.

Theefoce C(\/D = \M‘O\j\ . { %1 Al
'S Sj N~

_—

“:]/Q;( -+ C(’l)p\*O + Flﬂ/:) -+ CLZ’%\,})BS

—
Yoot \eft Subtcee right Qubtler

- \YiQﬂ g ?;,‘3 + Cli -0 + Q(Q«fbl)%

Note that the terme  TFi 0 and FUMJ ofe added Decoawe  the \(Q\uxi ki, Kg omd  the KQSS
kfuv“. kj o ?w“t one  lewel lowee | and Ss the twe toimg Oltount Qor the intleoce In  the cbjuklv@ Jalue

Cofrectness Lollows  feom  the justification  of  the (ecurrence \Co(mum and baA Tnduction .
Time QOM?KQ?&T%% ThQ(@ afe

no mefe than o %wb\)(ob\@ms

Eacdh Smb?(o‘o(l@m [onkﬁ

up v mMore than 0 values

Usmg ‘kc?«d\ob\m memo r13ation.  the tofal time uh\?(“\‘t\ﬂ i On?) .

Rottom - up implement ation

T hig ?(ob(zm rzz%u\ms movte Cacre to \wiite T uwa(tkﬁ

We will Qelve the Sub\)(o\aiems with

3-t= U fiesk L omde khen -1 =2 amd e 6n

cCi,i-0=0  for 1sien

// bm,momn& caseS
CoumtQ TV\,’} %M all \E‘x,‘\\in //" can ba done in o) Hime \ASM& Pactial  Zums
Toc [ < width € n-\ d.o

S I %(bm Qhort intervals o \0\’\& inTecvals

Foc 1 ’E(Dm | to

( n-width )  do

3= 1+ width C(\/pioo .

Tor L ?(om v to

J dO

CGAY ¢ mam | QL. Foy+ €GO+ Claat, DY

It ¢ cleac the time CDmPLQth& i OWY)  as  thece ace  three  foc ~loops -
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acing out <olukion : Execcise
R)

Taster  Algorithm ° With odditional obSevotions. Knauth ued +the Same gmbP(o\n\Lnr\S but  showed

how To Qolue the Prob\zm o 00 time |
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