CS 341 Algocithms . Spring 2025, University of Waterloo
Lectuce 1 : Dynamic programming

We  introduce  the <techmque ot dynamic progeammmng through  Seme  well- known  @xamples.

Tntroduction

On o high leve|, we con Solie @& P(obkzm b‘A dkﬁf\am\lc progromming f thete s vecwrrence  Yelation  with

only o Small nember of  Subprsblems  (ie. Polammqu% many ).

This is  a genecal  and powerdul techmque , and also Simple o use once we learnt it wel

To Wasteate  the 1dea us]r\g a ’tc\é example . Consider +he pro blem ol Qompu&ihi the Fibonacct Seguante
Tw = Fla-1) + F(r-2) o T =T =1
The J{ unctlon s defwned rzcwgz\mg with the base Casec given.
Tt s then natucal to  Compate it using - Yecucsion, but T we troce the (ecarsion  tree
we fimd out that IS hugz, DF('\)

Tf we selve the vecurrence  relation  (MATH 233).  then HMD/\ Fin)

we find out the funtme of this alporithm s O¢16r8™) Te) /\?M) H*?/\Hm)

o O
Observe that the Yecursion Tree s ‘mgktn (edundant —P(v\'%)/\b‘:bvtk)\c\§

T  Flns)
Y‘r\o.mé gu*ogxo‘okruns arC  Computed ovec and  over CL&O[\r\

There  ace On\% n subproblems (N\w do we waste So  uch time 2‘

There are  twe approaches  to Selve the problem zﬁ’menﬂﬂ.

Top-Down Memorization
As 1n BTFS /DTS, we use an orraz\ visttedT:]  To easule  that e on\ﬁ compute 2ach Subproblem ot most

once, and we wee an arcay  oanswerfil fo stove the valwe TO) for futwre  lookup.

uisited 017 = False  for 214n
main \)(og(cm

Tn)
T N tecurcive ’FUV\Q‘\\M\

of vitited U = true . (eturn answer €4)

of i=1 of 1=, yretwn L.

Onswee 01 = FC-0) + FG-) .

visited Ll = frue .

(eturn answee Tl
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Time Complexity Fach cubproblem g only Computed onca, whew wisited 1] = false.
When L3S Computed, it looks up two values. Co, the total time Qemp(ex‘\bé s 0.
F\(tz(mﬁwuﬂ , We Can think of it as dn‘mg a g (aph Search  on  a  directed acyclic gm\ah .

tith oa\hé n vertices and  2(n-0) edges

N
O—» 0—H o —Ho | 6S0—o0
n h-\ n-v 3 2 1

Bottom-Up Computation
TFor Fibenarce: QQ%LLM(_Q, there 15 QA Qtﬂx’xxh*{u(ward Q(go(’tt%m v Selue the Pmbbzm n Oln) Ttime.
T = Fe)=|

{is( 2 <1 €n do

T = FL-0+ FG-

Tt is cleasx thot this <Solves the Frub[em in 0N odditions

<Natg that the uoslues Qrow SL\(?DY\QV\-{IO\HL& in M, Se we Cannct ascume that each oddition Can be dene in O() time.)

qu\amic Pfo?(ﬁmm’ur\L
U R) R

So, basially . this Tc  the framesck  of  dynamic pregrammunp . to Stove the intermediate valuet so +hat

we dor\/t need. to  Compute ot again .

From the tep-down approach , 1t Showld b clear that Howe weite o veewslon  with ow% ?oujnommﬂg

Mmany gmbqroblzm; with  additional pohjmmxm time ?rocasgmi . then the Prob&zm Can be Selved Tn Folﬂnamzm time
Tn this \/‘ULwPD\Ir\'&/ dQﬁ?%ﬂ‘ﬂi an 2¥%KCIQAJ€ d\%mﬂvﬁc P(ug(c\mmmg atgoﬁ{)ﬂm omounts Yo CDYWI’E up with a nice Yecursion,
This i Similac tp  what we have dene 1in des}gnmg divide.  and conguees o\(gmthms, Coming wp with a fight (ecucsion.
We il see  that Yham& lr\‘tq(aﬁ(‘mg and SQ,EYY\\r\gkns dif{tcult P(Db[lW\S hove o nice  Yecusrence Yelation

O? Coucse , it ‘(Q%u\f@& Come Skills ond practices to wWitte o nice recusion to  Selve the \)robtzm,

ond this s what we will focus on in the many  @amples  to Hollow

Tn proctice, the bottom -up imFtQmen&oﬁ‘mn s Prdurtc}x as 1€ i< pnon-vecurcsive  ond \Asuo\_uké\ more  2f{fient
Th some cases., it Wil ba casy to translete o top-doton Solution  into  a bsﬁcm_uF So lution
Tn Some casel, however . it fequires  clear ﬂ\‘mk‘mg to find on Correct oma(‘\n& to  Compute the Subprobleme.

especially  when +he Cecurrence velotion IS Complicated . although in principle  we just need a topolvgical DrdQ(u\g‘

OUr  monn {ows will be to Come up  with the fght  vewwrence |, as that would alrmd@& ;m?u& an officient Qtio(lt%m_

We will alse  Mmention the bojc’(onmuP implementodions O much  as  posSible
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wt'n_qrhtwl Interval Sched.u.lin;‘L (kT 6.1
Toput n ntervals  Lso i, Lol Lsa ) with weghts W, Wy € R

Qutput : o subwet S of c{isxomt intecvals  that  moximiges ESW\«

This 15« gzne(mleQt'iolr\ of  the interval sc\nzduhv\{ P(o\o(zm in Lo¥ | when Wizl U,
We Can thmk of the Intervals are tequests to  book ou¢  room from time s, to T . and
the i-th request s w,\{m& To Py Wi dellars W othe reguest s accepted

Then, our ob}edm/a s to fmaximize our inCome , while anme thot there are no cnlicts For the mcuzpted\ fequnests.
Untike *the gpma[ case  when wi=l 9, -there are no Knewn Suzdb& akgonﬁm; fov this prmb(rzm

Exhaustive Seacch

To come up with o Qood Yecufsion f-o( this  problam . we start ‘0% funning - an exhaustive  Search o\lgm’lthm

oy

ond  See why i wasteful  ond how to ‘\MP(O\J«L . ! E

Tiwst . we moake a decision on  interval 1, @ithec chooge 1t oc not.

K{ We Chooce  ntecual T, +hen we Cannol  choose Tnterual 2, ond we need to wmake a decticion on  interval 2
T4 we do not choese Interval 1, then we need v vnake & dedsion  On  Intecval 2
Poing  this (lwrs'vvz\ta , w2 have G Yecursion Tree as  Shown

P
This v on quammﬁm[ time &(go(\t%m, but obsexue o (ot of (Qd(ﬂ\daﬂcj 'Fﬁ/ ¢

£1,9) / \m @hvﬁ
AN

For axample , o the blonches o{ 1,25 omd $%73

-

the sublrees ufud\,\i these ?m&‘mk Yo\utions oOre muﬂ% the Same.
Same ,\ = Q
This is because +tv dRtermine how +o exfend these Pmtial Qolutions, Qetension
what \’Qaﬂ% motter  is the last intecval of  the currenf portial Solutien, \

2 &.8. 14
but net O_ﬂg—Hﬁy\g on +the lQﬁ _ aince &MB wort intecoct  with &n%fh?ni on the right 2

Co, we just need teo kug tiack of <the \\\’)Dmr\darr&” ot  the Solution

Soame Qxfengion

Tn thic problem, the bounotars is @‘\m?% the (agt  Jatecval.

This Suggests that there Showld be 00 (eusion with or\l% 1 \)aramfmr‘.

Better Recurfence

To Toaalitate the glgorlthm okescr'\?t‘\on . We uSe O good orrkmm§ of +the Intecvals and yfz—com?ucte useful infocmation.
We Sort the iatervals b(:& Sftﬂth\g Time  So that SIS TR
Tor cach interval 1, we wse nevtfi] to dencte the Smoallest J such that ‘\1>  oand { ; < Si .

9. the Tirst interval on the right of interval 1 that s aof oumqw?nf with iatecval 3
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T{ no Such intervale  exist, next T1) s defined o¢ nal | (QF(zggy\t‘mg the end-

\ S ]
Tna this Jlxam?[q_l 2

10

next T =S, next(23=6 . nek131 =4 , next 19 =12, 2kc

s

— o5y ¥
Since we Sort the intervals bué nor\»d&uwsm% s&wfmjz time,  for on nterval T, nextlid hes the peoperty that

nkecvals S\\,, , nwtix]%‘[) OW([QV With 1eterval 3 while the interuals ir\utiﬂ,. ,Y\Yj oce o\\gio\mf {rom inteyval 1.

Now , We o&fe (@Qd@i to write QA (ecufsion \With m\l% one  Pafawmetec (esmﬁmj in on% N %mbp‘rDblzmS !

et oPL (1) "=  moximum  Tncome  thot  we Can arn ms\ng the nteevals  in 31,4l n7] sn{i\

Then o?tKD s the optimal value that we would like to tompdate .

To Compute opLCL), thew are only  Two  options Tor the Solutions

@ The Qelutlons <+thokt choose Tatecval 4
Tor thece Solutions . We 2oka W, dollacs bt\ Qhoos'zr\g intecval 1.
But then we Connot choote the intervols in S 2, ,‘Y\‘thti'bl?] ince these intecvals overlap with intecval 4
Qo to find the optimal volue of d\sos\ng intecvol 1, we need to fmd an optimal woy to choose {rom iv\utiﬂ,u,h%
Thecefore, the  optimal value foc  golufions Choesing iritecval 1 is Wy ¢ opt Coext T

(2 The golutions that dont Choose interval 4 -

Then. b% definition of opt (D). the optimal value %or Colutions pot choosing Antecval A 70 opt(a)

Comb‘m\ng the fwo cases ,  we get  that  opt (D= mox y\ W+ o?t(hwttf]\ ., oﬁbﬁ?}

This fecurcence felodion Ts true For every . oand So we howe the {lc(Lowtni ReUrSive o\\goflt‘nm o Solue the Fmb\zm‘

m (top- down weighted 1ntecual scheo&utmg]

[ Qo¢t the iatecvals ‘o% non- &Qcmqsmf stacting Time Qo that ¢ < <,e 8,
2. QOmPu;tL next U] ’Eo( R Cet  visited £ = {:o\(m Lo Leisn.

E Return opt (1)

opt () Y/ Cecuisive  Junction
Woi=ndy L veturn O / bose case
'\% visited 1) = trwe . veftwn  answec Ti) -
ansSwe ¢ Lid = WMax Y\ w; * oPt(r\axt(\lv , oytKnO]],

visited T1) = fcue |

Cetucm onswee T
Corveckness The Cotteckness  of  the Q(So(it\qm Ao (low s Trom the avplanation  of the recwrrence (elation obove
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af¥ey Con be LOMPL&&O\ N O(r\(ogn) time . (\mh%%)

Time cwgumé cht‘mj ond the nacti]

Aftec thot , the top- down memeri3otion Implewments the (eeucsten in 0ln) time , na

there  oare brﬂ\é n mbpm\;ums ondk  cach QuJa\)rabUZm oh\\é needs 4o look wp two values.

Bottom - up mplementotion TE s Simple n ghie pm\:(zm
opt nt)=0
?U( 1 ‘E( om n dowste 1 do

opt (1 = mox /g Wi+ o?t(muctm]) . O?t('ﬁ\)l]

Quite %u({)ﬁs‘w\g\g, this has the <Samae time thﬂzﬁh« os  the K(&a% Q\&Wﬁ&‘(\m\
That S,  Somehow we Can Tmp\emwt on  exhaustive Ceacch cdgonthm oS zﬁcc‘(ev«t 6sS  the grzzd% algof‘xthm‘,
We Can  Cee W}\\ﬁ dﬂl’\o\m\c progamming 1S Qengrol  ond ?owu\ﬂmk . because it is very Sy sftematic

(<o that we mohtg net need  problem  gpecific 'mslght) ond et  we  Qet very Competitive odgo(‘\ﬂnmx.

Exercise © WGte o progiam to ’P(\nt out  an Dp{‘xma\ Qolution  Cie. which intecvals to chooswe ).

Qubset -Sum and  Knapsack Problem  LKT64]

We consider  two <Celated ond  wuseful probleme.

Qubset ~ Sum

Input n positive Tategers 4, 050, 0 Ond  an ?rﬁzgu K .
Outpul: o gubset S ¢Tnl  uath %S a. = K . of feport  that no Such Qubset Ryists
Tor example, Given 1,3 (0,12,1% . is thee o Subset with Qum 7] R Yeg. %’3,10, l“f]] . Sum 212 No

be  modified Yo ask for o Subset 0 wikk S;Es a, & k byt mmx‘;mxges 3 o,

This Pfob\am can
Jes

This is %he wvergion in TKT] and s leg%ﬂ% mole  general , but once wae olve  our Q%wu%g vealgon

1t <hould be clear how +to <olue the T(\Q%{,Jz[lhg versioa  as toell.

_Knapsack

Tapet s M TtemS. each of weghl Wi and volue v; » and @ positive ‘mTQgQ( W

Output: a gubset STl with > wi< W thet J'Y\mdm}se& YRV (Lrom chtmrth\&)

eg Tes

We can think of W as the wg‘ryv\f +hot  the Knopsock con hold

Then. +he Wub\@m acks us to \C\mk o maximum  value  subset that we Can Jgit ‘n the kha?gack.
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(\Lkuno\tluak\s, we can  think mc W as the total time that we have ,

ond  our ob’xutium s to
choose o Subset of yobg that can be fimshed on time  wihile mzutrv\lg‘mi ouc  income
Knapsack 1s  moe Str\em[ thon  Qubset-sum as there ore two pacameters Yo consihec | byt agoin

it Wil not be difficult once  we volued  Subset-Sum. Ro, let’s  Stost woth  Subset-sum.
EQ;M((QV\CQ
To come up with the (eturrence, we Start with the exhamstive search  olgortthm «?a( the Subset-Qum P(obkem,
We will  Consyder  all po&s\b\h’neg.
Ltort wikth  the ficst numbey o. Then, either we Choose & of wot
= T4 Wwe chose Q,, then We need o cheote o Subset Arom S;'l)--,hz] So that the wum s K-q
~ Othewise, if e dont choose oy, then We need *v choote o Subset fcom {u ,ha So that the Qum is k.
& nawe 'rMP\Qm&V\TM\Dn Wil Congider all Subsets | omdl this %\\/ls Gn Qkponlnﬁm time ngOHH\M»
The obsSeruation i, we dent (mll% nead o kw? Track of whith Qubget we have Choten ¢o fa() 0 (Dﬂ Qs

‘cV\Q\é houe the Some Sum .

This Smggu%s that we can lwnt Ku{; trace of

to (educe the Search gpate S'1§n§€acmt13

The Sm‘g?robkﬂms thot we will Consider

whese  Subsum i, L]

Then -the octg‘\m\ \?(ob\m that

The Yecwrrenct

we  weuld

the Qp&ﬁ‘\od D Sum in the  (eew@ion . which  allbwS  ws
o(e qubsum (i, L] for 1<i¢n and  L.ek
Cetumns  True 'qc and on% i there s o Subset n %},. . ,ha wivth  gum L

ke +to  golue s

SubSum i'&, K] .

(elation 1S gubsum T, L) = (Subgum Titl, L~ Q'\\J OR  Subsum Uil L) 5
The Toemer  cose coffesponds  fo choosmj Q, .,  while the lotter case  Corecponds 4o not chosgmj 0.
T oither Cace  (etumme  true, then (eturn true Otherwice. when beth feturn Rolse.  ceturn  Folse.
A‘gbﬁt\r\n\ Q‘top»olnwr\ Subset - Sum)

Teom the fecurrence (2loation +o o correct o&iu(‘\&\nm, ol :xmst need o be  cacedul

abwk  the ‘oase coges

Subsum (O, L) Y/ tewwswe  function
Wo(L=0) (eturn true |
T\c (isn or L<OX Yetuwrn {ZD\KQ Vi (u\r\r\\w\i ounk q% numbe (s , oc \mﬁ‘\ml Sum  foo [a(gsz
teturn C SubsumCisl, L-a) o' Subsum Cix(, L) \) :
Correctness  Tollows From  the vewurtence  velation 2xploined  above
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ime Comglzx‘\t? : Thece  are 'to‘tmﬂud n Subproblems

, 0 chewee  for

TFoch subproblem  Can be Golved b% (uok‘mg ap twe values.

USIY\& JcDP—d\owh r‘fuzmarisojﬁon . the fime c,vm{;\zx‘\t\a i 0nkD

Ps eudo - t\)uhshom‘\q[ +ime

Note +that the time C,mwp(@c‘\’méS

Whon Kk s Small, +his 35 fost.

But kK  wuwld be 2xponentiol in N

thic ¢ Quen  slowec  than  the naive

We Call  this '%%?L o% fime QDmPlemift& Pgamdofpohﬁwom\m.

This  1¢ Probo\bba

1 mplemenfations

Bottow-up  Computatisn

We use o 2D-oroy Cubtum ITnITKY o stere

We  Con CDM?th these  voalues in feveise ofdec f:(om n Tto 1.

Subsum TILLY = folse  for al 1Si¢n and 0<$LS K
gubsum TndTon) = subzum (nT(6) = true
subsum (1100) = true  for
Ffor 7 Feom o downte 1 de
Toe L from 1 to K do
ocubsum TG IUY = true ~ hen cublum TUITLY = trwe

i 0 L-o20 oand subtum Uit (3{L-a:) = frue ) . then

Spoce —Effictent  Tmp lementodtion

With tWic bottom - up [mP\Qmu\Jco\{Iom, we See that we dent need o use

When e ore QDMFM\L.\\V\& Subsum T3]

So, e Can  throw Gwoy the valuel  gubsum U 21423 1]

TOE*DO\m\ \VIS Bottbm<Ug

The  bettom-up Tmplementogiong dor need  (eeursions ,  ond olso  Jeads to

But the run-time Ig O\kma&& Qkadk& nk , <to

unavorldable . as wa will See that the SubSet-Sum V{ob\@m is

the wolues s{» all

ol \si1<n / the YES cose when the

and  k choices for L

s Ok , which dlepends on K

Cos n-bit number can be acg bzg o 1“), in which Case

axhoustive <oarch  (and also uses much mere on{cz}.

NP- Comp lete

Su\ayrobums

[/ kel ot ton

N the YES Case For the SRe 1 problem lhece we only have  @n

fmgﬁ is 2o -

gubgum AT L) = Lowe.

o nxk mm&

in the outer fec-loop. we just wee the volues of Cubgum A1) X7 .

and OM?S use o x kK ooy . o significant Soving

a %pQCQ_oZH\\Cl?J\JC a(gori‘c‘nm.

Compute. oll  the Subproblems-

When  thew € o Qolution.  the Top-douwn Gippreoch may  (un Toster , as 1t may be able to Find
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o Selution b% %mku\r\g onLL{) o Few Subproblems

Trom  +this pacspechve Tt Y‘I\Oﬂ moke @ oL\%uemL bj So\u‘\‘ng subsum Cixt_ L-a2) ‘DQJSDTQ gmbgumﬁiﬂtL,L\).hA)\nﬂ))

TFO\C\r\& o Selution
By %uvmmg a  poth of “teue” From Subtum (L,KD) o we can find o subset of sum K
- LX’E %M\OSMMQI,K“O\D:ﬁ\’uQ L than put  a, in our Solution ond Yewrse

— otherwise.  dont put Oy in the selwtion , and folbw a Stoue” opath from  gubsum (2, KD

Dynamic P(og(txmm‘u\i ond_ Crraph Seacch

D\Snamg progmmmmg (educes the <earch Spoace to  pelynemial size  We Con deow o gw\ﬂn'

Boch wvectax s a Stﬂop(o\a\{m, and +the edges ore addaed &ccmo\‘m& o thae Yelurrence  Celotion

That < . thee s a dicedt ng[ from (LY 4o G+LL) and from (W) to (T4l L-03) W L-aizoe

Thew tha P(ab\zm RS a%mvma% +to dlt@.(\vx\h?v\& whethee thece ¢ o dicected poth "erevvx the S%m&h\&
stote. (1L, K) 4o o “tae” Vhaw state” (e (1,6) for qome 1)

The \Amu\X the top-down W\Gmw‘\icﬁ‘mn o&gorli\nm wovks s bqg‘\co\\hﬂ o\m‘m\i oo DES  on  this

“%m\v\a(ob&m %(Q\)h /’, b% ‘(chgiv\g ond m&rki\n& me@ro‘o\lmg visited, .

_Knopsack  ( Skateh)

we outling how to @lue the  Knapoack Probkzrv\ ., Wwhich s quite  gimilar to Qb\u‘m& Subet—sum .

4 -
Trom now on. we wonl ghart from the  fxhaustive Qeacch  again

F](St Agg(omﬂ\

We wse a gimiloc  Yewerene og 1n Sublet -Sum
The Subprebleme afe  Knapsack (1,0 ,U) . which s true £ and orxku6 L thee is o Subder
in Sl,m,v.,v\lj Wwith tetol wmlgv\t W oande  toetal value V-

With +wis 20D<table . You should be oble feo weite o YXewusfente as m QubSet-Sum o <olue the ?(ob\m,

Bette  fecurtence

Tt 5s possible to just wse 2 pofometers  as in Qubset-sum
Note that <Qome %ubg(obums domingte other gubproblem¢ 2. W K(\o\pSmK(Lm‘\MO:%m&) then  we
con ignore the Subproblem knapsaclke (W)
So, the deo. 1S to OM% howe 3m\>\;(o‘o\zmg \<r\m\>gmk (LW and \<u? teoade DJY the mox value oachieuvablz.
Define  Knapsack (1,W) oas the moximum value that we Con earn using Tkems o £, .,nh with Total waight < W

Mora P(QC\SQL\\)), (et KY\O\'\;SQCK Gow) :glo\;t : SJZS Vg \ ;S W3 < \’\)zl
S 4t

L11 Page 8



e~y R

More \)(zdsekgy (et knopsack (‘\,\,\Jj:én:,\; N ?ﬂ Vs \ ?GS Wy ¢ \J\]zl

Than, the Yecurence  Yelodion 1S Kaapguck CLW) = mox X Vi + knagsadk (Txn, \,\)4\”\} . km?gmgmﬂ,\uﬁg.
The fist case  cortesponds  fo Qhaos\ng Ytem 1, thus Rowning Vi oand  The modimum - volue of

wsing  items Leom  txl to o when the Cayu\gkg left in the KHQ?SO&LK s \W-w,.
The Second. case  coffesponds  to nol u\mas‘m& Ttem
With  this  (Quuccence  (elatton , b 1< hot olifficalt to  compleke  tho ngodthm ond. the mnmkbsls o in Subtet-2um
Tust merd to be Caceful in the bose caws : when W<eo, (2tumm —oo 3 when  1>n . return O
We feave the deteils 4o the (eader.  Go thaowgh £he subset-Sum  gection agaim \% mczsggcj

The Hwe Cmm?(iﬁﬂa {s OQY\\/\)\)
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