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Lectuce 10 @ Minimum Spanning trees

We design and analyze  Yceedy lgorithms  for  the classical  peodlem of Finding o minimum  Spanming Tree.
This s o good Rxamgle where we First observe Some  Wottemotical propecty of xhe  problem . then wse

o come wp  With (i ffecent) algecithns. then UTmplement  Them efficiently usln& doto.  Sruwetaces.

Minimum  Sponning  TCeeS
M ~

Tnput: Pn undicected QCaph G=(VBE) with o cost Co>0 on @ach 2dge ee k.

Out put « A minimum- cost Spanming  tree T. where the st of T s defined as QS@T Ce.
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This s a basic network oPtT mi&o,thn P(oblem wheee  the gco( s o f‘\r\o\ a ChQapegt \/\JQJ “+o
buld o eu\ogmgh that Connects All +he Vecki o\ﬁ & Qragh.
When *he Cotk on the edges are positive, Qnw optimal Solutlon  must be o Spanning  tree because  of

the %:(szv\g Simple  plopecty .

Efoge(f% Remmr\j on edgo. of a cidz in Q& Connected gcaph Camot  disConnect the glaph.

@ hQagest Edgg‘

The moest ‘Qv_m?fn\& g(m&d\g St(o‘tv.\ia s to choose own QJ’L&E Df Mminimum sk -
Counld it S w(on&? The \%Llow;n& claim  ghows that it qu(t go wror\g,

The Proo{ s b% a S%m?LL Q\(CHOnXEL argument .

Claim L Thee s o Minimum g@am\‘.ng tree  thal Contains o cheapest QD\&Q.

Proot bet 2=uv be o Cheagest edge ., and T be o mmimum Spanmng  tree. Tt eeT . then we are odone
o Swppose @& T Considec  Txe.
Since  there 38 A (wnique) poth Comerking o and v e T, thee s a (wniqw) cyele Oohta.ln‘.n& ¢ in THe.
let %2 be on edge In this Cyele - then T+Q~% S Cohnected Qb{:& the propectyd  and o sPomnimS e,
AS e is o chepast edge , Cost(T+e-§) < sk (T) ond so Tre-f s aleo o wimmm Spanning ez,

and T*Q—‘E ContainS € , +thus \)(oviv\g the Cloaim. Q
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PYC{'W‘WA, thic STmPlv- daim  alone &k(eﬂin leads +to  a Fo\%nom\ql +time Q(&oci%km J%br {mdmi a MST.

The dea s to find o dr\mﬁrzsf zd&z e=uy , then “contract” its twe endpoints 4o obtain  a  graph
with one fewer vertices . and re_cur&‘\vek\g %nrx o MST T ms‘\tg the Some P(ogedu(q Cre. rqwod-@\ls

find @ Cheapest Zdjz. ond  Contract it ) . and tetuemn T+2 as a MST in  the original gcoph.

We leave & to the (eader to prove  the Correctness o‘y this O\lgor?tlr\m {‘Dfn\a“zy

The reaten that we dont, oo this s that d\futkn \m\;\tmzf\t‘lni this Tdea  doesnt g‘lw_ as East an o\(yori‘thm.

We wll See +that +he Krackals Ql%orlk\r\m that  we  will ?(Qser\t loxer s Q_Sl;z,r\t‘\o\\ks the came al&ar‘xthm

st € e

The oaboe claim s net o¢ 2oy v use  because Tt Or\h& Conceras  the <haeagest edpes a{ the whole grqPK

et gu\ua(ig@ the ddea S that it can be appliech more bcom% to  other szo(ges.

Clowm 2 Tor each vertex v, thece 5 o minimum 2panning tYea qu\#a“mtn& Qa c,hm\;est Qo(ge, Incident on  v.

W wov(’c Prwa thit  clam o  we Wil ?rowa Q@ Moce ge.neml claim  and alse  the p(oo-& s Qimilay to Claim

This clawm leads 4t o fact MST odgocithm . Called the  Rorbvka's Ql&or[%hm the %i(s{ MST al&orithm
cho«i\hg 4o wikipddia -

ASSume The szd&q costs  are  cdistiet . The ldea s To oadd  the cheapest szigq incldest  to  Qach  vertex
to the Cpactial)  Solution .

This Wl form o %c(est T whete  2ach  vertex s of OLO.&(u, at leatk one , andk hene ot least n/n edges -
Then, we can “contiack” each component in  thig forest T oo o Single  vertex | recursively O\P?l%in& the
Lome ?(ocedu(e o find a MST T/ in thae controcted gm?\\ . ond  {etum —T/\JF os o MST.

This algocithm  can  be  implemented  in D(mlayﬂ tHme . as cach iteration can be Tmplemented in
Olm+n) time 1o fﬂ\d ond  Contfact the {o«zst , and. thee are ot most O(Log n) tecations @&t
cach itecotion e decfmse  the Rraph Tixe \3\3 ot least  hatf

Corfectness

We leove  the  Corfectnese Proo{— and  the time Qnm?\&xl’ﬂa Omod%s]s to  the (Ceader . aS the

?roo{ alse follaws  frem o o Renecol  Claim  that  we will prove  (atec.

Cheapest Ed&z of o Cut

We prove o EQr\Q(OLL[Sq‘tIDr\ o—f Claim 2L thot IS even Moce -E(QKKML 1o wse.
A Subset of Vectices  Hx S<\ defines o ‘bipactition of  the wvertex et (S,\]ﬁg)

We So,n the ek of ngsu with  ony fav\oLPoint in 8 onmd one endPo‘.n‘c in U-S  the _cut erf <.
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dersted by &)= 4 wuek | ues . vash

Claim 2 Tor Query Qubtet  O* SCV | therw s O mMamum gPan\‘.r\g tree an'(a}nir\& a  cheopest szd\g( in ).

Note fthat Claim Y s & Qpecial Case where S:iu& s a S}r\&\&‘ﬁorr

Wae olso wmit prove Clowm 2 _ but o s\‘\ghth:& Ynore &Qne(al version that iy mote wwedwl in onmt\%inj Q(gor?thm

The Cut ?(ngec’% guwog 2dges in T<E oace ?aft of a MST o(‘ C‘\:(U,EB- For any by

with  $(ONT =<’{> Cie. no dges in T o in the Cut of ), (et 2 be o QhaaPest 2dge in S(Sﬁ/

F+a s port of Some MST.

S

S v—

het T be o MST  that Contmine the edges in T /X\( //\\
| \”'t_ i_ - |
K\/‘J

Proet  The  proef e b‘j & Simple Qvchange  OTjumeat.

|
— — /
1‘% ecT, then Wwe Oce done.  So  Ostume & T Considec \+ge . /E&K_)\/f
|”'I —
There ¢ Q W\i%uz PO”H" P va\nﬂ(_ﬁn& the tws Qnigo‘mtg Of 2  in TJ T
one endpdnt S oand  the othec Q,nd?dlf\t in V=S,

Thecafore . Thete st exist  an edge {‘ in P with ene endpoint in S awd one @adpvint ia V-5,

That 1s. £e8CD. Sne 2 is a cheapest edge in SCO. t holds that  Coskled € ost ¢f).

This Toplies thot T,:T+Q~‘E s alke a MST in G .

Wi‘mattﬂ, nste thot Tre €T ae TET and £EF bocawe §e8(5) but 0

I
©
0

Pl\gof'rthms

With the cut popecty . we can pove  Thal  Severol algorithms  work  to findk a minimue SPo‘nn‘.n& Tren.
Peims o(gos'\thm

The ldeo o§ Prims Ngocithm s to Stact E(om an O\(b‘\kmné veftex & and o g(ow the Cvmgzment

C/B"TQ'm‘m& R 5wk \wertewe ok O Time.

F=¢ . Q=314

while SV do

let 2=wy be o (,km?ut nge, in 802)  with uel ond Ug S @"Y

T&ETF+5t . Qe +10h.

(eturn

The Corfectnese ok Prims o\\goﬁthm “FO(LO\M {(om ragaak&k\s Op?lﬂing the Cut FroFed—ﬂ.
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We  will  oliscuss  how o ‘lm?\muﬁc PCms ngoﬁb\nm eg-g—;c‘\ent\v\\ in  the next Section.

Keunekals algocithm

The {dea o{— Kruskal's Q\gode»xm i< to  consldec  the Qo(gfzs £om QkuPest ™ most pr@ns‘zvz)

and. add on fuige 1o the Qolwtion as Lm\& as 1t deesnt create o O_(AQLQ.

F-d

Cost () € Cost(ey) € - S (ost (em).

Qoct  the o.dges in Y\bn-dQLCQO\S\n& tast  So that

{Zo( lei<m do

A T rep does net have a cycle . then F € T4

Ceturn T

Note that the correctness of  Keuskals algor‘\thm also Lollow {-rom (zpszatm% OP?L@A& the cut propecty.

because 1§ T4, does not  Cleote o ct\d&, then 2; s o cheapest Qd&z [m\/‘mg o0 Component

o«(: T, ond So b‘i the cut Pfoxge(t\& F+e; s alto Contained in  Some MST.

we  will  discuss  how to ]mY\mmanC Kluskol's ngof'\b\'\m Q%{ciznt\ﬂ in  the next Section.

Remack : The Correctnese of  Keuskals a{gorithm alse  follows from  the “c\ddrz. \xopnct(, which says that

o mosk expensive Qd&e Tn o Q&C(Q Coan be  emoved \Qrom the &(‘O\P\r\ ond  the V!Zmoﬁf\h\g &(ayl\

<till has o MST. Cee  (43o) in LKT1 oc wikipediia 'Eo\' a F(oo{-.

Rorivka’s Ql\gorfﬂ\m

We con alse prove  the  corfectness of Bocivkas a\gor{t\nm bi (epeatedly o‘p?h&.ng the eut P(O?“hj‘

We \eauve it 0¢ an o?tiona( exelcise .

Reverse - delete  al g0 uthm

The jdea s +to \@LP (‘Qmou'mfs a  heaviest szdgv. [eXS long as  the (Q.moan'm& grn?k s W connected.

The corfectness oﬂ- this m\goﬁthm can be established b% (\meo&zA\A o\ppl\jtn& the ycle prop}at»&

We alse \cave & as  oan optienal Qxecdise.

Imgltzmzntoxiogs

F‘mq\kb, we  Show how to '\m?&mer\t the O\\\go(?\‘,\'\ms zf-‘(-?du‘ck\ﬁ u»s‘m& QP?(o?vtatq, date  Structuces -

Prims Q}go(‘\thm

Peian’s ogosithm has Gxdctly the  Same  Stuctuce

as Di:\ks’cmls algm]thm) as  DPoth inuop\ve

Note  thot
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adding o vetex U4 S Telsest” te S and Rrowing g & 2+ Jui.
Tn Dikstas  alQocithm. for each U& <, we definen  ditTul = mia X distTwd + Ly, zj andk  add  the
wel

Vettex  U& S with  Smallest  dist(yl  late S

Ta Poims algotithm, for cach V&S . e Can define  Connet vl = m'mg % cwﬂ ond  add  the
W e

vertey V& S ith smallest  commedtTy)  anto S

connect (W) = oo fog Qvery vel _  comnect(s)=0b .
T=0¢. 8'433 . pa(antts]=&

&:mako.»\ﬂ'woﬁt\y%ume V) 1 with keﬁ volue o v \oz\w\& Connect v

While Q s not empty cho
= delete- mim (Q)
%or gach nzlghbo( v oof w
W costww) < Connect ()
connect (V) = Cost Lu)
decrease~ Key @,
pacent (V) = &

Q& S+8ul . T & Fr (wpoentld).

Time QDM?\Q\(&S: Thic s the Some os b\&kst(»(x Q\J&D{\t\r\m PRERN rvmn;n& time  OC me}(o&m) as  Qoch

Qoch \)flov\’aﬁ Queue  ope(otion  Con be done in DUng\) time .

k¢ackols a\&oc‘\t\n "

Tor Kruskals a\goﬁ\:hm, the man S&e? that we need fo %?neok up % to check  \whethec the tTwo 4nd‘>o‘xnts

of onedge wy  belmg to the Same Component in the  foest Fooc mot.
Thete s an ‘mtmgﬁnﬁ dota  Stluctuce  Colled ™ dijoint  Sets ” thot — Supports  the jto(u,w-mi specations ¢
© makeet (XD ¢ croate o &}ng(v_ton Set (‘,unt(/\'\\'\‘m& :\wst X .

-FimLLO ¢ Cetutn which et that x ba(amss o -

U bn b(,\s)f meree the Qets Cun‘to&n'\n& %X and Y-

Al of these opecations can be done in O(lognd time when thee @@ at mot  a elemonts.

With  this tk‘\s‘\o‘mt—sfzts ot Stluctuces . we Can ?mgl@m&n‘t Kruskols algodthm as %ououm.
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makeset (W) foc gach ve\.

Qoct  The nge.x b& ost 8o thot  Cost (D€ cost Ceyd S0 € Cost ()

et e3=uv
W fadaw * Bndwd

then T ¢ T+ fud

. umon (uow)

tetarn F

Time Complaxity AT ecach operation of the daton Shiuctuce  Can be done  in OCko&v\) time, it s clear

thot the +total tine Complexity e o( (mm‘)lo&“)-

The detalle of the disomt-set  data Stouctue  Can be found in ToRy €00 and  TKT 4471,

Rocavka’s Ql\gorfﬁxm

This can  be ?mPKQmEntAA in 0OC Qm+n)(ogn) Time  without ama non-trivial  data Steuctuces -

We leave it o< an optlonal  gwarcise -

QI wonde( \N\r\u& this Oc\&o({*ﬂr\m IS ntot diSwséed move  ia booksm>

Refecences = Loy 5.4 . LkT 44).
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