CS 341 Algocithms . Sprins 2025 . University o Waterloo

Lectuce 4 : Single gource Ghoctest posths

o all verices.

We Stuma D(Jkstm\'s a(go(}ﬂxm that Coww‘)utes Shortest pa@\s from [N Q]V\S\L vertex

on Srm?\,\s with non-negative Qd\gz \engths.

Chottest Paths

Ine\,ﬁ(: A directed %rag\n G=(VE) . with o Non-~negative feapth  Zq {e( cach edge ee®, and two vertices gtel.

Oudtgwr A SQhoctect ?mﬂ\ ‘?Fbm S o £ , where the kzngt% u{~ o path s e%wﬂ to the Sum a‘} zdge lengfhs

We Can think of  {the grqp\\ a¢ a  road nefwork . ond the edge lengkh  vepreseats the time needed

to deive pass the (oad (Mm& depend on  traffic)

Then  the problem st fand o fastest way to  dhive fcom pomt s To point T,

which is the +3\>z oﬁ querier thot quuglz MQPS anSwec s QVQrLd oukj

Tt will be wmore Convenient +to  Solue o moye zewra( \Jrubkzm

Ing@: A directed %rag\r\ G=(VE) . with o ﬂbr\»hesqﬁvﬁ lgnxth Yo %e{ 2ach edge ee® . and o vertex Sel

Output: A shoctest path from ¢ 1o v. For every verbex Vel

This Prob(@m Seems +to be hacrder . becouse each Pot% could  hoave O.(n) Zd\gzs, and Qo the ouﬁtyﬁ(

g'\gz Could m\(&xria be QQHI) .

But 1t wil tum out that <there S o SuCcinck Vepcesentation of  these poaths ond  this Smglz Sour €@

Shortest \m‘t‘n Pro‘nkzm Can be Solued in the Some time Qomglu‘\%% as  +he shoctest ¢t Fo%h problem

Breadth TFirst Ceacch  and D}:\’kst(o(s A\gonthm

We have <Seen in LoC thalt BFS Can  be uwied +o Solue +the Single -Sourece  shortest  paths P(obtzm,

when Qumﬂ ao\ga has the Same tmgtl« (So we count The mumber o{— Qd\geg on the Paﬂ\g)

Tt s net dfficwlt  to  (eduece  the non-negative edge  langth Frob\am +o  this Same - f2ngth  Special Cawe

LetTs S0 all  4he edge mgtm are  positive inngzrs N G
a2 L 2
A
AV

2och 2dge of lenpth lo by a poth of %, edqes . g d c A

We can <educe our problem te the pectal case bg feplacing

Then there s an St poth of lengeh K in G ff thee {8 an st poth  of langth ko in g

And  then we Ccon  Solue the P(ob(ﬂm n C—x/ bts ETMP(LES dnfng BTS Sfart?ny frvm S.
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The onhé p{o\akem of this (eduction 5 that It ma% not be  effictent o3 & moy have many  mere vectices

!

The numbec of vecticec ™ G is n+ }?(Rl‘l), So when Lo is lacge then &G  hos mang  more vertices
€E

And  then o linzar time olgocithm for GT/ does  net  Coftespond  To o linear fime algecithm for Cr

Phgs\cal Pcocess

o cl\zsl&)r\ on  efficient O\\XDFT‘C\’\M f\m’bu&i}'\ this  reduction. TInstead eof Qaﬂst(wgtinﬁ CT/ sz\q;kmﬂxg ond Tun
BFS on it . we Just keep G i mind ond try fto Simulate BFS on & efficiently

W can  think of the peocess o{ o(o'mi BFS  on C’;/ as  Follews

- We Stact o Q\ra ot vetex € at Hme O The {ire wil Spread out

Tt Takes one unit of time to burn an 2dhpe mn Cq &D/W

Then the Shertest Paﬂ distance '?{om T te L+ i Jmf the \CWS% Time ohen vertex € 8 burned.

o Fime t=3

To gimalate this pfocess Q\C{—icianﬂj‘ the idea ¢ that we jwst need o be oble to ke J{mokanj out
what 5 the newt vertex +to be burned and  Wwhen ( Cather than S‘/mm[cdﬁ/\g it {axtwmu\é on -the ?a&ks)

Tr\\ﬁa\(\j, it i the <cource wvertex S|

Then L(Aow:l\l\ﬁ that ¢ {5 burned ot Time O, in the example obwe. we know that

b,c,g,? Wil be burned in ot wost  time 2.2,8,1 (zspzq\um:\‘

Then . the next vertex 4o be  bumed s vertex £
kr\aw\‘ﬂg thet £ 33 butned at Aime L, we Know that g,h)z Wil all be barned 5 17@ .
sﬁ}-@

n ot mosk 2 time units Uo:ﬁ time step 3) theowh the edges %‘g’ﬂahf@ v

Tn the oboue evample. we update the wppec bound  on 3 to be burmned to be 2 Qraplacin\?
the Inttial value of ¢ which weas set when ¢ was burvw.d) os  vectex 3 will be  burned eoarlier
through the  fice From g than Hhe Lice feom 9

Then, with this updoted nformation of tec g s bucned , we Find out the nexk vertex +o be burned
Citn Hhas me?\z ¢) ond then update  the upper bound. on the mzRKan B‘\: c  os the %(& can now

ga {(om ¢ +o itc Y\zig\mbo&
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QQ\Jth\ng this (1o find out next wvertex | u{)d\a{g uppec boand on Y\e\g\nborg> gives W an efhiaent

Simulotion of  the process of c;, ond this s Qxc«dl% D]:\kgtso\/s a[gomthm

Dijkstea's  Algocithm (or BFS Simulation)

dist (W) = oo ¥o< evedy ve\J /J  the Indkral upper bouad on the time v & burmed
dast () = O Va start o Tice ot vecrtex € ot ftime O
QZMQkL\;ﬁomt\S—%\&ue V) 7 all vectices  ace puk in the photity  quowe |

V4

\Ls'vr\g dst) as the kz,j volue pr‘mdta value) o\f v

While Q5 ot ngt% cho

w = delete-min (Q) /- dequue the vettex with  mintmum  olist () value
4 . find out the mnedt  vetex o bz burned
—?or 20.ch Dmt*)ﬂzlghbo( v oot w J ik works  for  difected gmp‘r\s as  well
'\f Aistw + Rw < dast () V4 £1ﬂ¢ o Shorter woy to Qet to v theouph ®

dist (W) = distlw + Lye
dlecrease - k&& Q.

pocent (V) = w /' note that this may  be Wpdated multiple  times

D'\jkst(ods thoﬁ&hm (s very similac o that  of the BFS alpetithm Qxcept that we wse a

P(ioﬁ%uﬁ Queue ( wohich Can be imP\amzr\th bﬂ o min»hm?‘) to (eplace @ %\)J,lkl.

Co(rectness

T hepe it 39 Cleac +hat the oigoﬁthm s an efficient Simulation o& RES  in CT/

Alse e oacgued before that ghortest  pothe from S 1a & are  ghortest paths  from s in G.

Jo. the Covtectmess  of  this alporithm in & Just  follows {com the Cocrectness  of using BFS  +o selue

ghertest Pﬁ“ n Q{ Cwhere Q\/ug Qd\gt s oé the Qame kzhgtm +which  we ’Prowuk in LoS.

Anguay - we Wil do & o tcaditional and  Aormal  proof  as el

Time Comg\t*'\%

Tach vertex s Qr\%u\eqzd once.  (in the beg'mn‘mg) ond dﬁ%ululd\ once  ( when 3t s bumaed).

When a  wveckex it d\a%ummd\, we  check 2uely Q&EL WU bnee  Gnde MQE\ wse.  the voalue

distld+ Ly, to update the value ef dist (V) ms‘mg o d@uwguke% operotion .

Al the engulue (XL%UJZLLQ, dZquagQ«katg ow(odim\; Can be ?mPLZva\Jt:Ld\ n D((ogr\) +ime b& a mm/haa?,

and  thue +the tetal time Cbm?lzx&% S O((Y\-%% ouﬁmgw)> “3”} = D(<"\*W\j\ogr\\) time.

So, the cosk o—g g'wmu(oﬁlng BTS n  the b\g gmph T Just  an evtra {&Lhr o{ (DS n.
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Takse o ook at iDP\/ qgl or fCH&Sl on bagtgrouy\d e{ P(’\nc‘\fu\g Queues.
With more odvonced doata  skoackuces (mxvmhg Tibona et h@QPEB . the (untime  Could bo

impreved  to DQhkoghﬂrW\w See TCWRST  for  Fibonmeci heaps .

Analx_;‘ sA\S

Here  we Pruent o  mwe teoditional approach to prove  the ¢orfectness ot D\Sks’vro\,s u\iomthm

Be¢ides bzmg Move 'Fo(ma\, the P(ca{ %ad«m%mz s alie useful n O\mz\t\]vb\nx othev ?rob\ew\s . 2R ML

The a\go("\t\nm will tun out  to be the Some, bat +the wmj of H\m\dv\& Qbouwt W s S\\zh‘c[% zi\ﬁuan&

This (s OxlS o 'th@ [/\)R\é wWae ‘Ua'm\g o% O‘j k%ffn’s O\L 201 \ﬁ\’\m (€89 [0} K (&L(K\:] g\lKQ{?ﬂ/\m

The 1dea is to K( oW o Subget RE\V S that dist Cu) ’{jo( vek are Com?u\’rm Co\'rlzd(j .
In\ﬁa\hﬁ, R =3¢}y . ond  then at gach Ttefation we odd  one Moz vertex 4o R
Which Uertex 4o be added 1n  an itecation ?

We wil odd  +the vertex Which e closesk +to R . S in this Sense (e arg g‘(a\mr\j R g(mdu:),

Al ge(l thm

dist(WD =0 Yuel\ . Adist(D=0-
R=0.
While Rx\ de
pick  the wvetex  w& R with  Smallest dist (w). R € Ruiud
tor  each edge we®
o dist (W + Qg < disk (W)

arst(Vy = distlw 4+ oy

‘E%mmmtﬁ . WER s the vertex wath o distlw) = vmé;&: " X dist (W) + Ly 7]
LW

We leave Tt o a valz Queceise  that the fTwo wversiong o{ Dr“lk%tm\‘s algor\thm o eqﬁm\\/qtewt

Tnduckion

We peove the  Correctnece b% Induction . Ywmwta‘m‘mg the ’go\kbm‘lhf invariant .
Thvaciont - Toc Q‘(\j VER . Aist ) 1< the Shortest Pc&% clistence Jf‘(om g te W
Base case - It v true  when Rzggﬁﬁ

Tnduckion sep - Assume  thot the Invoargiont hold < {o( the cuvcent R
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We wowd \ike to prove that &he invaciont Cemoane true of ter o new vedkex w 1s added to R,

We naeed to BYQue that distin)= ™Mn
V&R e

wn

Let weR  be +the wertex in & wminimiger , .2, Ny o
)

drst(w = distlu) + 0y € dist (o) + Qa Y aeR and L& R . oF 70

Cince  dist (W) s the shertest ?atk distance frem s fo

RS;okx‘gt(m+ Rwuz) e the shortest path distance from s tou

w .,  the <hertett Paﬁk distanco

—E(om S to w s at mest drst () + Q0 Cig wSing the path fom ¢ to w oemd zdgz w\Q,

Ro, it (emains o plove that the shottest path distance from 8 4o w 5 at least dist () + Ly -

Consdec QY\\:\ path P %(om 3 o .-
Since $e B ond U&R . thete mMuskt bo an 2dge xy in P oguch thot xeR and %Q R
(Note +that x could be w and,/or Y couwld be u. )

The (Q\'\\Ef}\ of poth P ois at least dist (O +Q“& oooas dastGO IS computed Qo(l’flc‘ﬂ\j bU(\ the ‘huariont.

% Here. obszrue thet we crudally uge the foct that the lenpth of <¢ach edge s non-nepative.
But we know that dist L)+ L, < othxOJrng os (w,w) is  a minim e ¢

Therefore, we conclude  +hat (enghk(?ﬁ 2 dist o4 9\% Z st (w) + Ly, = dist(w.

Thic ineguality 3 teue  for ony  path from s to w. and thus the chitest poth  distonce

Lrom € %o w Ts at (east dist(w). g

Note that +the proof applies to directed Qraphs a4t (<.

Shortest Path Tree

Now . we think obout hew to <Store  the Shovtect poths from foc all veV.

Trom +he P(uo{ . Wwhen @ wvectex v is odded to =, Qma vertexw  w that rvﬁrﬁmsz;

dist+Qyy s the ?Mar\t on o Shectesk poth frem < to V.

We kep trock of this  pacent information throughout D‘\‘jkgtra's Q\gor?t\r\m, b‘g o(waﬁs kzz?‘mg

A vect&x that oattoms the wminimum o{ st + Lo ’%or weR  a¢ the current Parar\t/

ond Wil updote whemew vertex s put in R and makes this value gmaller

After the q(gor:thm J{\nrs\«uﬁ\ - R=U) . bj Juamj the  porents  until  we (gach  the Sourer g,

W Qan "g'vr\ok a  Shortest POLJC‘;\ Je(om < to V.

Tuey vertax  can do  the tame  +e findk o Shortest  poath  from s

As ™ BTL trez. the ed ges Cu. ;)mu{tvﬂ form o tree. Tha Proof ¢ left as an exedse.

o, we have o <cucanct quug to <toree  adl  the Shortest paths Trom < us\v\& on\% n-l  edges

L09 Page 5



to <tore N \)olﬂ\g,

Thic  shortest path tree s Very useful

Question : Can kAou See Ckwr\\a how the algov\thm wall ?a\\ it thece Qe Some majaﬂvt zo&gz \au\gﬁgz,

We will come Yade o this mote Qi fficutt &@ktmg when  we S{uo\j okjnam\c F“’X‘Q"’m"”g Mgonthms

References «+ LkT a4l Tovy G4 7]
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