CS 34| Algocithms . Spring 2025 . University of Watecloo
Lecture 6 :  Depth <first Search
Depth  first  <earch s another  basic cearch method in graphs . and this will  be useful

Tdamfﬁcn‘mg movte  vefined Qm\v\zun‘v‘ﬂha ctructurzs  as  we Will  See chok&& anh  next Kime .

Hot?vai:'\c\g 'Exo«m?la.
loct time  we imaglnzo( thot we weuld Lke T Search ﬂzo( O persen  in o Qocial network
ond  BFS ¢ a very natural Steareqy (ask‘mg Priende then Setends of fevente » and se on )

There ofe  other ¢ituations that mging depth fws% seqcch 7S more  hatacal

Imqg?m that we are in a Mole gg&(cLRng gor the exit LILL:J ! L !

We could  model this problem as o« -t cov\hu‘n‘wt\% th\em in graghs ‘l % 1 .

Foch sguare of the maze Ts o vertex , and Twoe vertices have an edge L_EEII_P| I.i_,J ]
E=clRE

it and Or\Lké i the twe Cquates  are veachable ™ pne Step-

Then, fyino&‘mg @ poth from Ouy Current  position  to  the exit s Q%m\vo\\u\‘t €o {sndmj A

Fmﬂ between tweo gpecified Verfices in o grmyk (of  detemine that none zx‘.s‘rs}

How wouwld \Aom Seafch —Eov o PaJﬂ\ o the moe ?

Thece  are no fviznds 4o Osk , and it doesnl  look  efficient onymore To explore all vertices  with
distonce one . then distante two and so on (as we have to meue back and Focth ).

Assuming we hove o chalk ord Can Moke moarks on the Qround.  Then it s more  noturel
to Keep goivg on one path  bravely until we ht a dead end | arh  make geme marks on
the woy and  alse on  the way back. So that we wont Come back to this dead end agoin

and ont% Q\«\)kort &\J)at Um:a\agko(ed\ P\acas,

This is eggszUj dzvtv\ 'gﬁvg# search  (DFS)

De|‘>tk First  Search

As for BFS , we define DTS by on algorithm.  DFS s most natually defined as a vecursive algorithm.

DTS Aloocithm

Input - an undirected  graph G=(LE) L a vexten sell

Ou‘c\;ﬂ(' all  vectices  reachable from S

1 Main program l visitedTy] = Talse Yuel | Visited T¢ = true.  @xplore (5D
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explore (W) /[ fewucsiva Wcuv\ct\oyx axplote o
{0( zoch he\f%boﬁ v o% s /E\oﬂ<
i visited (V) - Tolse N/

visited [v] = True explore (V).

Time C_Omp(@ﬁtcé

The o\nmhisis of the time QomP(u‘d’% i Similer to that 'n BTS.

Toc each wveetex w, the recucsive %unmm lx?ku(zﬁuﬁ (s colled at  most once.
When exglbre (W 75 called, the for loop is executed ot most  oeR ) Times.

Thus the <total time CumP(zzitZl i< OCn + EV deg(\ﬂ\) = 0Ch+m)  word opelationg

ock  and ey
Thete 5 o wma Yo weite  DES non. (K(urs‘&/a(i .
The Tdea, not SwPrTang[\i, s o uwse o dtack, &S Yecusive proframs are implemented ms\ng Stocks In Our Computers
The reswﬁnj P(ogw\m lks‘mi stock s §zﬂnta“ﬁcm[% ue% Simifar  to that of BFS .
Co. one can think about the two Tundomental Cearch methods correspond o two fundamental dato.  Steuctures .

Ty to whte St oowt or cee [KTT for the Solution.

B’F S ond DFS

The Yasic |emmo about gra?% Cm\r\ggﬁ\/\fg still  holds  for DFS

Lemmo Thete ¢ @ Paﬂ\ from ¢ Yo € it oand onu& o wisited Tt) = €rue at the end.

The F(w{ IS the Same as n BFS and 75 left as an execcise.

The lgmma <hows that DFS  con alse be wsed tTo check  s-t ch\v\ut\Vﬁu\\, to find  the Connected
C omponent @nm\mxnﬁ $ . and to check graph Comnectivity » all in OCrm+n) time

Ak we can alse  Find  all  comected  Components a OCm*n) time using  DFS (ereccise)

The moin diffecence fmm BTS is  thot DFS  Comnst  be wsed +o Compute  the Shortect pwth distance ¢,
ond this Ts the man  featuce of BES

But as we shall see . DES can be ued o Solve Some ’qurqgﬁmg Pro’o(ems that BFS conest do

DES  Tvee

As dor BFS, we can cConstruct o DES +free to frace out the poth  From g
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Again. when o Vectex y oS fiest visited  when  we  axplore  vertex w,
WL Saﬂ vectex w s the pofent of  wvertex v o b o
(@Y o) ’z/o
B% the Same Qrgument S in BES . thete edges (\/,me\t(vﬂ \ ;1 L
c s N /‘\v/l\t
\ 1 IR
J%omm o tree . ondk we Can use them to {w\d\ a peth to S .‘/;\
Q &l S /7\ b{
We call  this o DFS  tree o'% the g(tx?\m G,\i
Note that o g(a\)h Could have YY\D\mé diffecent DT tyees da\ﬂr\d‘\n& on The order of Q%P(DME the na«g\\bnrs
of  verticas The same Can be Sad  foc BFL  tveec.
Dﬁz%in\t\ons [ TQ(W\\Y\DLOQ%‘ {‘lo( DTS frees
* The ita(ﬂhg veltex Q is fQ&D\(dld\ ns  the xoot of the DTS tree
© A vectex w iS¢ called  the pocent of a  vertex v it the 2dge Uy T in the DTS tyex .
andk, w18 elogsey +to the (oot  thon Y is Yo the {oot.
A vertex  w is called.  an  _ancestsc of a vertex v 3w i closer o the (ool than V.
ondk w 7S on the Poﬁh ffam v to  the (oot
Tn this Situwation, we oalco 5&3 VR S descendant of Vartex
* A mon-tree 2dge wy 1S called @ bock ec\ge, Woelther  w IS om ancestor or  descendant
T+ s colled o bock Q&Kl be couse  this Q&gc Leom  the descendant to the ancestor.
In +the obove akam?ka . b s an  oncestex  of e and J\l but ¢ TS natther 0on oncestor noac descendant o§ \0
The xee\&owmg oo STMFL!L but Smpoftmﬁ pmyu\*l& That  we Wil wee.

P{oyzfﬂé C back nge;) T an unditected  Qlaph. o\l non-Tree edges  are  back Qolgas.
Pool Suppose \oﬂ Cortyadiction That  there 1< an nga velween w and v but oot
o
w oand v are nol an  owncestor- descendawt  paif. \
WLoh  assume  that w15 visited before v, MO/\O"
Then, since weE Vowil be axplored  before w15 fimiched
ond  thus w  will  be an  0ncgstor 0\L AV o controdiction. o
g’co«’c}% Time ond "F‘unshm% Time
We fecord the time when O vertex  ig %mt visited and the tme when At Q\,{P(ur‘mx is J{;mgmd
These information will  be \/2{% useful In ou_gtgh on A& ar\o\%s‘\s ofy cdgo(‘n%\nms
To be P(eclu) wz  inclwde the Pgﬁud\bcod\Q in the ?o((owxhg
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1 Main program 1 visitedTy] = Talse Yuel . time = | . vigited T¢) = true. 2% plore ($).

explore (W /[ Tewucsive wa\ctiev\ axplote .
o b
Stovt (ud = time . Time « time v+ L o o} ’;,OO\ L, n)
l Lo\ h o
\Co( eoch ng\fhbur v 0‘% " ¢ O /‘\/\t
L/L DL A D300
Vi visited (U] = folkse Q 4 T4, Co/ﬁi\g% e
s, ’
visited Lul = true nglore(ﬂ. S4l e
FTinishTud = time. time & time + 1.

ngu ﬁ\% C ?wuﬁchzsis) The intecvals U stact (0, ’F'\Y\\\S\f\(uﬁ‘} and [ stact (V). {:Rr\?Sh (v} \eor
Two wvectices w and v a(e  either disipint o  one is Contamed n Qnothec.

The lattec Case hawms Pflg\&z\\é when  w,v  owre aw  oncestor - deccendant paif-

Cut  \Jectices ank  Cuk Tdges

guwasz on  undifected gcaph 15 commected

We would like to Idznt\§% veltie s ande adges that are  Chiitlcal  in the gﬁz\;‘(\ connectedness

A vectex v 1S oo Ccut  vectex (akee an octiculation pont ., o gq\)mﬂ?nj vertex ) ﬁﬁ

G-V Ts net connecked | e Yemoeval of y and Tts Taddent Q:J\&Qg disconnects the graph

A edge & g oL cut edge Coka a br‘xdjg\ W G-e ¢ not conmected
C
A\

JF

In +he ,QXO\MP\SL) veckices a,b.,e¢ are cut  vertlees  ande .Qo\KL ab 1t o cut szdgz‘ a b

Observations and  Tdeas

The idea is 1o wse o DFS +free o \\rianki{ta all  cat vectites and Cut adgz&‘
Consider a vertex v which s wnet  the root We would, Lke To detecmime whether v S o cut vVectex.

When we (ook ot the DFS tree . all the Qubtrees below Vv afe  connected, ¢ Complement

%
as well as the complment of the Qubtree at v (Ser the Picfurem *
N
The main obsecuation  T¢  the property thet” all the ron-tree Q&gzs afte < Cormected
back Qigzs (p(bu@k aboue ) . ond So the 0“\‘3 wcut\ %n( a  Qubtcee

be oy v to be omected oufside 1< to  hoave edges gc‘mg to oan omcestoc e% V]

disconnected ,': k ’ ,,’k

NS
Cloim A subtree T bebw v 3¢ o connected  Compoment  in (-v T oand ov\(% o &B

there are no @ige& with one endpoint in Ti and  another endpont  Tn a&%&rkﬂ ancestor  of U
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(o0 (23 B\:\ the back aolgq_ propecty Al the on-tree ed(gu are ok ngu .

go‘\ m& ‘o  anether

Co  there ace Ve &d&u
Luptree  below

Vo ner Q&gu &u“\r\g 4o onothec Qubtree of the root.

go,l& there Qe no Swdh zrkgas go“mg to o (stevek) ancestocr s% U, then 17 muct bz o cumPonEv\‘c i n G(»v

O\m{ N T

ﬁj On the other hand , 1§ <cudh Qo[gzg oxist . thew U3 1s Connected to  -the CDW\?LQW\Qr\t even an&u v ve Yemoued.
= onl be

o Connected  Cowponent  3n G-v. g

The sawme Q{Suwumt opplies  to cach cubtiee below v g‘(vas the ‘gbuww‘mj Chacc\:wf\%o\ﬁor\ of o cut vestex-
Lemmon Tor o hon-root

vertex Vv in o o DEC tree . VOIS o0 cuwt wedtex E—E and On\\é 3&
there (¢ o Qubtree below w  with ne xad\&u Ko‘mg te a

(stewet)  anctstor  of
E(oo& =D pES evely Subtfee bebw v has Seme Q_(}Lgas poing %o

v
on  ancestoy nf N
"N
then zu.an:\ gubltee T¢ connected to the ump\emv\t, §73 pretuce . v C\
So, (G-u is comected and thus v is not & cut  vertew {
&) TL come Subtree 17 belew v has no < dges go]h& to  on  anacester of

N

-

then T3 will be a Connected va?onzmt Ta G'\J b‘g the  previous claim . ond thus v s o0 cut yertex,
)
T (emoains Lo Consy der

the ool wvortax of the DFS  free.

The proot ic (u{'t 0&  an  @xgecise
Lemma Tor the vost vectex Y  of a DFS frex v is a eut vertex  f  and onk% if
Vv o ohes of  [east two  childeen

With these [emmos, we knew how To determing ¥ a vecter s @ cul vertex \;L,s L%kmi et o OFS +t<w

&lgor’\thm

We age rzwi% o we the avoue lammac  to OLES\‘SA

a OCntm) time a(gm‘(t\r\m +o ra?uﬁ o\l cut  veetices.
To have on effieient  Implementation, the Tdea 1S te  plocass  the vectices of o DS —?nkbw‘xnj oo bsttom up
ordecng . and  kep track of how s LA\?;/ the back edpes of  a Subtree con

g0 (e

Btd the lemma, ’Eo( o now—vool vecrtey v VoIS net o cut Vertex 3E ok cnk\:x ‘Ir

how lose to the (oot)

all subtreel  below V
hove an Qohgﬁ that goes above v

Whot  wowld  be o good Pmmmztu 1o

ku—k) ok of

how T ac up  we  Con goz
The g%m%'mg Time would be o

gond\ meosuce , becowse an  oanceslor O\\wmss has an  @acliec [ smaller
§{mt‘mi tTime than its descendants .

(b\)e Could. olso do It i other woaus. eg. \35 ‘(Qw(d\'mﬁ the distance to the Yoot  Twsteod >

et wus oefune o

w /"\
volue

TN
on  the DFS teees Aj\

e&rl&a[\ﬂ 'Eo( cocch vectaevw
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Qo(\%iﬂ': min SLS‘(mtwl . min % Skartiuﬁ\ ww Ts oo back edgr with ba‘mj o descendant of v}i
SISEVERVAS
Ir\%wmod(&, QN[tAi\!:\ (ecords  how %C\( WP we Can 30 %{o‘m +he <Subtire Yooted ot y
We will be done 1§ we con plove  the ‘ee(\sw‘m& Two ﬂ\?v\&%

©  We can ompite  wdylu) for al velU  an OCn+m) time.

@ wWe com idmnt\ﬁa all et verticee M OCndm)  time using the szo\r\\} arfoy

Tor (O, we wmpute the Im([\& volues  from the leaves of the DFL +tree to the ool of the DF L tveo.
The bose Case  Ts when U < o left. Then we Can Compute p_a\r(% ) b\% Congidecin all the ngu

incdent on U and Jca\('ms the minmum of +he S%Mhnjp time of  the othec endpoinl . This takes OQO\@KQO\) Kime

X 3
B& nduction,  Suppose  the le\é Volues of all childien of v afe computed /j

)
O
Then, to compute mﬂgﬂﬂ, we just nead o take  the minimum  of  the aa((g v olue M‘KMM

of it< children., a8 well as the stoet time for ol bock edges ‘\wo\vir\i v, This toes O(d\zg(vb €ime.

Tn +he ayam?\e 8\‘\/&»« in the pleture | ao\r\% Tu) = min gQacthuJ ,mrléiuﬂ ,wdgiuﬂ S Stact iy gto\rti@ 1 )

Tt should be clear +hot Quclgiﬂ 1s Computed u”q&h&, msgum~,h§ the aurlguamas of all its childten ofe Corredd,
ond  So  the Cotvedned Ccon b ectablished })% mduction -

Bu\)} this bbttom»uq; o((iedrxj, every Jectey on the tyee i8¢ QHLS P(ocasied\ once , ond  Thus the Total

time C,DM\XUR%s (s OQ Nt ?c—\l C)\Qg“n) = 0Cn+m)

TFor @, to  check  whether o non-root  yertex v V¢ o Cut vevtew , we just need to  Check
whethec Qu(ha Cuil < gtactivl  Foc all childeen  uy ol Vv

T4 so. then U 18 not o cut vertex . as ol subtceer below U have o back edge Qoing abtue v

Otheruwise . T4 Q/M[%[ur\] 2 stactl . Ahen the <dubtrez Cooted ot G will be 0 Connecked Component n G-v,
and thus U S o cut vectex “These orguments  afe all Covered in the J{;(gt lemma

The oot wvectex i< handled \Lﬂ\nﬁ the othec (emwma

This Complexes the desciplion of o limeac Time algorithm <o ‘\o\m\ﬂ{\g all cut veftices given “the low arx oy

Execdise . Extend  the olgoerithm 1o Tduﬁci{lé all  the cul edges.

EQfQ(encg;'- T DPV 2.77. Cut vectices agnd  cut zdkgu ofe from the avercises of TDPV].

LL06 Page 6



