CS 34!l Algocithms . Spring 2025, University ofF Waterloo

Lecture S :  Breadth fLirst Search

We Study  gimple  qraph  aljorithms  based on  graph S’za(ck’wng

Thete oce two most Common  Seovch methods * breadth first seacch (BFS) and  depth first search  (DFES)

Tod\m% we Qtud% BES ondk See some o\W(Too\&wons. Next time  wa will Studﬂ DFS

&f&? h S

Mmud \)(ob\gw\g in Computer Sdience  Can  ba  wodeled ac gm?h Pro\a\emx See TkT 2.0 \Emr discussions.

Representations
let G=C(V,E) be an undicected g(a\?\r\. We use t‘nrouglﬂbuﬁ “that n=lvl and m=\E\

There are two standard  representations of-  a  oroph.
‘ . . i : . S W =
One is the ad\yxcznué motetix + T K an man matax A withk (%Y\,Qf
o 3 Tj4&E

fnothec 1s +the O\d}acev\ué List + Each wvertex  maintains a  DNinked Ugt m’% s r\zlgﬂr\bprg

1 23 45
1 A Sl 5l tfo 1001
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N\ 3| 2] P{a]r 301010 (picture from Torre])
| [/ )
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5 —4) s| el PFa 321 5011010

We  wil mmkha wse  the Otd\:&zxtﬂnaé st reprecantotion . ac its  space usage deperds on  the number of
edger - while  we need to use  O(F) space to  storz  on aoljc\uz“cké matrix .

Only  the ad:mcrzv\cé Nst vepresentotion  Ollows ws  to  design  algofithms  with Otm+n)  word operations

&(aph Con r\ad‘\u\tg
Crven  a gmph, We  gay  two verticet are  Connected f there s a path Trom w to v
A subset ot vertices C ¢y s commected T wueS  are Connected fw all wues.

A g(QP]ﬂ is Connected Tf st eV afe  Connected qcur al s, tel & Q/{ Q

A Connected Component TS a mm\mrx((a Connected gubset of  vertice
3 Cmmponaﬂs

Some of the moest basic Questions  obout  a g(aph afe
@ ‘o dete(mine whﬁckz( Tt s Connecked .
@ o find all  the connected  Components |

@ to determing whethec W,V are Connected \Cor Qiven w,u e\
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@ <o output . ghortest ?o\ﬂ\ between W and v WC“ 3'&\/1“ w € U

Brradth \ng*c seacch  (BFLY) cCan be wsed to answec ol these Quastions o OCn+m) t£ime

Breodth  TFicst  Seacch

To motivate breadth fiest gearch, va\o\gzr\z we Qare gzwch:nj f\io( 0 paggon  n o Secial network.

A noatucal gt(aﬁ% is to ask our Lriends. ond then ask our frlends to ask +ther {riends. and o on

A basic vecsien  6f  BFS s descaibed as {ollows.

Toput = G= (WE) |, gel

Outpul -  all verfices reachable —Erom <.

Trtialiption ©  visited [v] = false  for oll veV.
Queue Qs empty enqueue (QUSY . visited Ts] = true.
While  Q F empty  do
u= degqueue LQ)
Tor  2ach neighboc v o w
I visited Tu] = false

enqueas ( Q). visitedTu) = true

Time Comglbﬁt%

Foch vectex i< enqueued ol  mest once (w‘muw visited (v :%7\\52\)
When & wvertex g dQ%uluj)\. the §m loop i executed For degly) itecations.

oo the total  tTime Complexity T OCn~ \;Ze\/ dQ&kd)) = O(r\w\mﬁ.

Lemma Thete 3¢ a path fom ¢ to v i ond only o visited Tuld = true  at  the end

P\foog

&) We plove \33 woluction  on the numbec of Stepe of the algan‘thm that i wisited Tv ] = true,
then thece 15 a Pa‘c\« \C(om S te v

The base case ¢ at +the ba\g?nn?ng when 0“\\3 Wsitea Cs) = true

Now, Supposed. visited Tvl  dt et 4o be tvaz In the  Curfent Step. Incide the for loop of w

Then, wisited(ul= true ot that time. becaunwe w was put  in the %L@.ul
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By the ndudlon  hypothesis. there Ts o path from ¢ To u

Ex{eno&‘mg this  path with the Qd{& wv. we hove found @ path from S to v
=) let U be +the et of vectices  gudn That  wuisited ) §s Set to be True

We would like fo  chow thot The T no path from & to Gmy vectex  in VAU

Note that there afe no edges with one endpoint in U and amther endpomt n VU . as otherwise

v
-0 o

we  would  have enquened  the other eadpewt oand et it 4o true.
“4olse
gu\ppcg,z ’EDF Contradiction that there ¢ a ?O.‘t(r\ from & to v e V\U

Than there must  oxdst  an a(kg@ in the poath that Nevossas” the %t U L & Contcadiction. o

The Cerrectnese D\C BFC is %u\wmtzd bz& the lemmo .
With  this Clowm ,  wWe e that tThis bhasic version of BTS Con Q\\"Q&d\z\ bz wsed +to  OinSwer
whaether  the %M»PM 1S Connected or net b\f\ chuk‘mg whether visited TU) = toue wto( all vel 3

the  connected Component CDWtD\\nW\S Q , bﬂ (etwn‘mg all  the voetices Aot visited Tv) = tfug s

- whethee thice s a porkh J?rom g to v, b\/& c\nack?r\g whethec visited TV) = true .

m Tind all  connected C,ovvw?m\en{g of the Sroph in OCntm) time.

BFS Tree

How +teo tface back a path frem 2 4o v (i such a poth exists ) ?

This  follews feom The peoof of the lemma above

Wwe can  add an QY q\a Pmrzwk tul.

When o vertex v §s fiest  uisited . within the for loop of wvectex w o then we et ?Mu\ti\ﬂi\k-
Now. to t{nce out a path feom v te 2. we Just need to weite o for loop that Stactc ffDm u,

and \<u§) goTng To ts pacent  until  we (each Vertex S

For all vectices v [ eachable {vam ¢ . the edges (\/,?o«mtiﬂ} {’D(W\ o tres . Called the BES tlee,
6
\,\)}\\A i< 1t oo tree In the Cewnackzd LDW\Fanav\t Qov\ta‘m‘mi < 2 /\3
|
Sm the  Connected Component  hot  n verkices \f%/g
2
E\/Qr\é Vertax , axcept 8. hat  ene Q¢KL €o  Ate ?an’t 1,"&/
4
Thases Qo{gu CO\Y\,t &:D(m Qa C%Q\z because the Po\(ent o{ a Vertex s Wisited  ear\iec.
Qo, +hase etiigzs %orm on O‘QKGL,LKC Sv\\og(mPH and,  there afe n-1 szd&zs Cos s has no \mre,nts‘

Thecefore, +the ed ges (v,?mmﬁdﬂ) must  form a  ttee  n the  Component Qvnta'm"mxg s,
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est at

Not DMZ} con  we H(ace back o path ”€rom v to s ms‘\r\& a BT Ares
this  poth Ts Indeed o shortest x?awx fcom < to v !
To cee this. let's thisk  about how a BFS tree was ceated.

These zdfcs Tecord the First edges to VISt o vectax. S

In\%\al%l & g the eh\& vertex o the Queue . ond then 2very neighbor of % fx%\b ©

38 ulsited  with g bz‘\ng theive ?Mznt ., omodt these degu are  put  in the BTFL  trea

At this time ,  all vectices with distance one from 2 ave visited onde afe put  in the queue,

Vefore ol othee  vertices with  distance ot least twoe from 8 ofe put  in the quewt.

A Vertex v 3s 2atd te have dictonce {fcm N ‘qc the ehortest ?o\ﬁ\ \zngk\n 'g\fow\ < to U s k.

Than, all wverticee with distoance one wWill be d\uzﬁ(umd\, ondh thew  all  veetices with distance two

Wil be Qw%uzuad\ before all eofhec verticee with distance ot leatt  theae

RQ@QM\Y\X £hts o\(&umw\t ‘mdud“\/ué Wil ghew  thot o\l the  shortest paﬂ\ AisTonces ’{—’mm 2 afe

Computed cor{uﬂﬂ, ond o <horvest poth  can be traced back {rom the RBYS tree.

This s also vory Tntutive O fciends  before  Trientks of  friends bofore.  friends of Afciends of Friends 2tc).
BQTV\X oble to (,um?\pka the ghortest ?rﬁhs "F(nw\ N s the moin ’fEmt(A(e, o’% BFS.

We gu»nmar‘(sa below the BES a\io«‘ﬂc\qm with  Shortest  pokth  distonmces  includad -

Toput : G= (VE) , sel.

OQutpul s all vertices  feachable 'Erom S ondh  theic  shoctest poth distance Trom <.

Titializetion © vigited W] = false  for all veV.
Quenwe QU s empty.  @engueue (QLS) . visited Ts]= true. distance (s] = 0
While Q¥ empty  do
U= degqueue QD
Tor  each neighbor v o w

T vistted Tu] = Tolee

enquaae ( Q). visitedTu) = True povent [yl =u . distance Lvl= distonce Tu) + 1.

Exefaise « Write the cede  foc peinting o hortest  path from v to g
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BLpattitQ_ C:rm?hs

One applicativn  of BFS s to check  hether o Rfogh 35 bipactite oc ot

Thee s ngt much {rwﬂm allowed.  *o design  on q\gmitk\m {or C,\r\QCKTV\K bipartiteness.

Griven o veckex 8 ol Tts ﬂe?ghbo(s muck be  on  the othec side, and  then neighbors o7

S
r\erg‘r\‘pb(s must be on the Some €ide 2SS S, and W  on - °

With this bdbgervation. we can Yun the BFS a\gmmm aboue  ande Put all  vertices \with

even distance from € on the Some side 6s S and all othec vertices on the Othec side

/’\\goﬁjchm

Let Lriue\f \ disk(s.u)  even 5 and R:g vel [ dast (5,0 odd\?)

u 2
Ir@ thece ¢ o edga with  both gr\ieo'mtg in L or both endpeints  Tn R . then (turn \honrb‘l?wti&z.

Otheclsse ,  Yetuen " bipastite ond  (L,R) s the bipackitivn.
P P

We assune  the ngh 75 eonnected | as othatwise we Com Solve the F(D\s\zm in  each mm%unzn‘t

The time Ccrv\Pufo\s s O(mtn) as  we Just do o BFS and then Check Quecy edkgl oneL .

Correctnecs

Tt 3 clea¢ that when the a\&br\thm Says . BW‘)Q(‘U&LU T Gwvek . as (LL,R) ¢ indeed o bl\md‘&{ew

The wmore Mtzusﬁng Pwt s To Shew that when the odgm?ﬂw g“i\. “f\ombi\;mﬁtz Y%t i< ale  cotrect.

When Can  we Sms ‘%b( Qufe that o g(zx?% i< nbnr‘ol?wﬁ‘tz?

A necessary - and Sudficieat  comditien 35 when  the gfoph has an odd cycle (MpTH 13%) 2 Q

Thus  we wouwld like teo show that whea the algm;’chm Soys “nm,‘ﬁ?qrtlﬁa Y the gmyk has an odd c\gdx

guPPDSJL WLO(  that Thare 1s on eokgz Uy between two ectices wu in R

w v
odd 5 -—" p odd
We lewk at +the BES tree (. x - p
pu vw
N W W odd(oven
Let w be  the lowest Common  ancestoc o—% wW.Y o in \.
oS
Qe AsT Csu)  and drstleu) ace both odd (e hav‘mi the Soma \m(‘\*\i\) , rQKo\(d\xss o wWhethec
dist Cs,w) s euen of odd . the Sum of  the poth (Ihx‘t\ws O”Q Ww  and vw  ®n 1 is o euen nuw ber.

This ‘\mylias thot P\;w v P(,M v {UW]} RES an  odd Uﬁde'

Co, when *tha Glpscithm  Sous non bt o«ﬁ%mﬂj it 1s  Qevcech o< the faph  has an odd cucle .
£ Y P gop 9 o

Some Remarks

O This pronded  an algocithmic F(oo{ thet o groph i bipaciTte HE 3t has no odd cycles.

@ Tws  also prondes o linear time olgerithm to ek an oda Cycle  of  an andicected  gloph
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@ Hau‘mg an  oddk usdt s o " shert proof Yo% non-bipastiteness

\

Tt 18 wmuch bettec than Soying we Tk ol bipacaitions  but ol Lated ”

Refecences: [kT 2.1.327 . Loey 41.42Y . [cirs 221, 9220,
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