CS 341 Algocithms . Spring 2025 . University of Waterloo
Lectute 4 : Divide and Conguer a(goﬁthns I
Wz will cee more 2xamples of  divide and Conquer m\guvithms »oone in o Compulational  feometry ond  others

in Compuler alpebra . for which  divide and conguec wes  the Foastest known alpo(ithms.
P $ § 3 3

Closest Paww  TkT 5.4]

Jnpnd - n \)o"\vﬁs QX”\QJ s (XIJ\$>) L LYHILA.,‘) on the 2D »?\qn{.

Ouﬂtg\f&» 1 <1 <j $n  that M?n‘wv\\\%es the Tucliceon distanc (‘X;—YJ‘)L\L (j[—mﬁl

It ¢ clear that +his onbmm con be Solued o OCn") time, b»a Wj?n& all Pa\\rs,

We uwte tle dvide and Conquer O\PFMM% to g?vm an Improvad\ q\gmf’c%m_

Q Line L R

?Ycﬁ\u rom Tkt &.¢)

\We ‘F‘\r\d\ o vactical line L o Qepacate  +the ‘?n‘w\t get  Tnte  two halvec ¥ call the et OWL P&{mt& on
the left of the line R . ond the et of points on the gt of the line R.

For %TMP\‘\LH%, W assume  that  2uery Pu‘w\t has oo dietinet  Y—value . We lrove it as o exercite
to See  Whare thic ascumption s used and  alie how to  fewmoue Tt

The vVeetital [the  Can  be {om\d\ 105 CDNL:mt‘m& the madtan bosed en  the XY-value | and put  the

{rrﬁ \LJ points  1n Q . and the last L%S prints in R

Now ., we recursively  findk  the closest pair within Q@ _ and the closest pair  within R.
guppo&z the  clotest Pair in Q 3¢ of dictance Q. ond it s Smallec  than that in K.
4

To solve the closect Doy ?(Db\lm noall n ?o\nts) Tt emains Ho %md\ the  clocest \\CvossThg

P with ene  piist I QA and the other  point in R .

Line L
Tt d\qem’t Qeem thak thoe clogest Qro;s‘mg ?o[\( ?rbbum T eacier To  solue ! - !
i |
The 1tdea s that we Un\% nzede to  detecwming whethee 4hec ¢ a Qrogs‘mg iy :
P == ————)
821 R
Lcodaecat—==l e
Pair  with  distanc < S T T
<68 T S
Boxes —— ! ! '
This ollows ug to Testaict  attention to the )Pa‘\v\TS With  X-valwe  within S
N L
1 ]
0 to the Bine L. but still all +he pewte can be here. ; !
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This odlows us to  Testeiet attention to the *PD‘\ATS with  X~volug  within
% to the line L . but still all +he pets  ean be here.
We dinnde +he marfow (zgion into Q%marq_ boveg o{‘ 2ide l@r\g%\r\ % oS
Chowvs in the PTCJVLL(Q. Here Come the im‘ForfomT obseryotions.
&=
. . S5 <9
_Qbsecvation L Each Square box  has ot mest one point . N
Proof TL twe points  are in the Some box

Thig

that  the clsest pairs  within Q0 ond within R hove d\‘xﬁw\u%%‘@
Observation 2 Fach Po‘\mL needs or\\% 1o Compute Aistonces with ponls  within tTwo ‘mr?gmtml \a\%ersl
Proot Tor Two pouts which Qe gzpmzﬁtm\ b% ot least Hwo \n'or‘«gonim\ lwizrg (see p?c%um), o
5
then theiw dictance wowdd be more than & ond woeuld net be  clesest . p 4/ >4
H
With obsecvation 2, every pont in &  <quore box needs Dr\(% to check  with FD\W\TS in ot
mut eleven othec  boxes ( boxec In the <ame Layer omd the next two  (ayecs ).
Obgeryation 1 Says that there 18 at mect ovne poiatt  in each Square.
Comhm»«j these, 2ach \ao‘mt ohtz\ Neds to Compute clistances  with ot ™Mt eleven other  points.
in ovder to Search Tfor the closest pairs  Cie pave with digtance € § ).
This cuts down  the <Seacch  Space {vm Q. paivs  to O pairs.
E&gm]thm
1. Tad the dx\v\d\‘m& line Lo bu(& CDmPuLtW\i the median ueing  the  Xx-value . Time = D).
2. Recursively Solue the cloteset paic peoblem in & oand n R Got 6.  Time « TCR).
2 USIY\S o linent Stan. femove all  the points  not within  the Nacfow  Cegion defined b‘{\ $. Time: O
4. Sort the pointe  in Y\ow@(ﬂuaagm& ordec ‘o\,& their (4~\JQUAQ, TEWL?OCninjr\}
£. Tor eachk pomt ~ we  Compute te distance te the mect  eleven pointe  in thic %\0(&¢ﬁr\\g~ Time + 0(n).

(U Note that two ‘)d\vﬁ(

b Return the

minimum

would  Contradict

Within  two lohlﬂers must bae within 11 Fc‘mﬂ in the \{o(o(er

distance 'Qmmzi ‘

N
G L
r=====-7-"-"""- a
; '

8 8

(??Q‘(mrt Lrom ik’ﬂ)

: - S (4N S
their distance s ot mosC %}Jv &;\ e <&

L0 <10 boeves n L:)Qhue.zn,)

The correctnese  of  the algm\tl«m T¢ estoblished b% the two ohser\/nﬁm\&‘]uﬁﬁf\i‘w\g that 1t quificec fur

20Ch Pn‘mf ‘o Compute

Time Ccmg\m\ﬂé‘ TRy =

Aistance  to Ol other povts QS descabed

STEEY ¥ O(nlegnd 3 Tl = OCnilogn)d

n Ste? 5.

Note That the bottlentck 3¢ In the Sb{ﬁﬂi %kav and. L s ol hutzssmkﬁ to do Sbﬁ‘mi within  Yecucsion
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We Can Qork the peinte b‘i\ y-value once  in the bfzgmn‘mS and  wse ‘thig U(dar%n& t%romshout the Q\Kur?t%m.
This  veducet the time Comp[zxt%z\ T =2TEEY S 0a) S T =0 [n\ag n) .

gim‘\(m\n, we dent need to Compute the madlont wWithin  the (ecursion.

We con Sort  the points }3% %-Uolue once  In the Bkginn3m& onde  ase Tt oo the d\v?dtn& Stop

Thic would ot improve  the  wortt cage  tiwme gw?m:f% but  woulk improve s *Fmd‘\ul ?u%ormmce

Questions | whece il we wee the ms\m‘;ﬁm\ thot the X-valuet ave d\‘gf\m(t%

2 What de  we neek o Cp\angz Co that -the O\\Kbr‘\ﬂ\m wowld  work Lithout thic &QS\AMF{WH?

RomarX ¢« There s g Mv\mom‘g@k a\goﬂ%hm 1o find @ clotest powe  in  evpected Ol time. See LT 1277,

Arithmetic Problems

Aftthmetic problem¢ are whee the divide and  congquet approath it moast  powerful.
MW‘VA fostest g eithms for bosic  arithmetic prodlems are based on divide Oona Corguer
TDM\/L\ we wnll ee  geme  boasic ideas how this  appoach works.  bul \M\’gb‘(f\u\mtahg we Wil wmol See the

Logtest  algocithme Qs the (equite  Some  background  in alpebla ( aMthouwph not too wmuch ).
$ 4 % g & §

Tnteger Multiplication 7(yy .67
This ¢ a m\u% {und\mmeﬂa\ F(ob\am that our Computers <olve e\/uxsotm\,].
Given two n-bit numbers A= Ry Qny-- Oy and. \Dlh\\oz - \"n . wa would ke o COMP\KQ ab Q&%ic‘\erﬂﬂﬂ.

The multiplication qlgov\thm thot we leornt  in elementory ool tokes (Y bit opefotions.

n Nt numbec. 0dding one by brne . cach addition (equites BGnY bt eoperationg
§ N % v

Lat’s GPPM& the divide and Conguec  apploach  to  inTegec  mulkiplication.

Suppow we  Know how to \(‘(\\M‘tip\% n-bt numbess Q&%ic]er\ﬁ\\ﬁ,

We would (ke to use 3t to mm&‘\\:\\:& 2n- bt nurbecs %mcun;

Given  two  2n-bit Aumbaere X and Yy, We wfite X=X, and  y=4Ys . where Ky, afe
the higher-ocdec  n-bits  andk X, U, ace the  lbuwec-ocder  m-bitg

Weitten  mathenatically - X= X2+ Xs aeky=ye 9" Y,

Then. xy= (6T 406) (02 +Uu2) = e 2+ Ot ey)a" 1 Y
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Since %, Xy Y- Ya  ore n-bit numbers. the preducts K, XUs, Ky s XaYs Can bo Lomwkz¢ VF_LL,L(g\\/QLj.
Theredoce ,  T(n) = 4T(F) + oln) L whez the odditional  OlLed bit opecotions  Qre used to  add  the mumbers
( Note -that Xy, v s‘mp\a gk‘\ﬁing Xy, to the left b% 20 biwts 3 we dont need a wulty plhication owmtton)
Qo\u‘mg the Tecwurrence Wil Qe TGY= 0w ) . not \umvmi the thmentmtj <chool algwithm\

This thould. not be Swpr\s‘mg , Simce w2 havesl done Ohgxﬂﬁnﬁ clevec o Combine  the  Subprobleme . and,

we chould, not axpect thot ”J\mt b\:x dg‘mg divide and Conguec Lowme gm@d%? would  Cyme Qutomqt\ca([j_

Kurotsabo's a\goﬁ’c‘ﬁm“ A Clever WGA to  Combing the QH\V?YO\)LM\S

Thetead o{— ch\wﬁnx By K s > s Y, /lel ué‘m& '%ou\«’ %mb?mbums, Kurotsubo's Jokeo s o
wse  three S\A\)P(o\a\ﬂms to C,om?uﬁl )(‘k:\‘ o ¥aly and\ X+ XsD (\{v%\i:}.

F\&tu that . We Cawn Qbm?mz the middle  te¢m x‘u&j*xl\&‘ \0\3 Y\oﬁc‘m& that
X+ 6D - <%\+ %g = XY T XM T XY T Y W G, = Yt Ra s TN, KoY

That ts. the middle term Con be Computed in O(n) bit ope(ations  Ofter go\u\ng the three %u\:Frob\em;

T‘nzm;ﬁb(z L the total Q;om?(lx"ﬁcks it T (n) = ?ﬂ'&%} T+ O0n), ond 11 {u\ko\os {(om astec Thestew  that

3 \§%>

(o
T(A)= 0N 27 ) = o(n

This s +the Ficst and STKHT{\ch WMPYDVZMQT\*’ over  the QLQm@,Y\tD{Y&S School a\&or\ﬂ(\m—

Po\\é‘ nomia)  Multiplication

n
Given two O(agraz n \)o\\smmio\\s, ALY = AaX" + 0inny St oX + 8o and B = ?:o bi %'
. 8 .
We  Can  wse the <ame Tdea to compute ARBOO OLn Y word operations
where  we  acsume  that  ajb] can be  Computed in  OWD)  word opecations.

We leave 1t ac an pxercitse to work out the details.

Matyix mu\ﬁ\‘)ﬁuﬁm L DPV 28\

We o\l know the OU\%D Wworc 0\>Q(r>€t‘\ons 0\&0(\t‘nm to Yhu\t\y\n two Nxn moatrices .

The divide ond ConQuer approach can alo  be gucuzssgm\d applicd  to  matyixe  ymuttiplication.

Crivin  Two  2n¥Xan  matrices A and B, WL Com fhink of coch  maTix aqs Consisting of

Touc nxn  blocks  such  thot A= (L\” Ara \ and B= &E“ Ba \> ,

[‘\1\ R)l E)y B)
n . = -
Au\ A11 %11 B?_L AL\@H + ﬁ"b}EZ\ Ai\ B\x + AlLEIj,

Theee  oge QIKWC 3m\oProbL1m; To <oluetr Py By, BuBy L AR Ry, 'AnEn . ﬁu%ﬂ UBL B AR, An R, .

Aftec that . we jwst need to do O word operations to obtan AR by mmmg the  Subproblens
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The Time CDMPWK\&&& 1< TWw) = %T(D{\'Rﬂ O(‘f\13 S which Tmp\?zg that DCV\E>

P&gmm, this should 0o be %MrPﬁSM‘S , o8 W2 Gafe \\\uﬁ oLv‘mS the Standacd q\ger\ﬂm\ in  block "i:b(m‘

We should net w?ut to gzt an Smprovement  witheut do‘mj Qn\&%\r\\ni clever.

Stcassen's A\go(‘tt‘ﬂm

TFor some  time . the O a\gur:thm was ﬂwb\ght to be oplimal but  Styossen Surpeiseh  the  world
P, -P, &
b:ﬁ hig W\qg‘lc, "%O(rv\umf AR = P§ P‘{ Pl Pé; P\J‘PL

P2 £ Py PP =Py Py

where P\: (’\\[\QB\l" Buz) P1: (A[\'*‘AQ) By . P‘g: (A1\+A133 By . PL{,: AJ'LKEm”EH>

>

PS = (A\\* (’\n? (B(\+ B;mj . Pﬁ, ( f\D" ATLS&EM*B:i\ s P’(: Q A“”l\z\> (E\\+ %‘Q.

The Po‘mt is that ook Su\k?m‘omm can  be Computed ug‘w\g one W\utﬂ\a\‘\mﬂbm o OU\ZS additional D\;@(ans

The time Complaaty 1 TCM=TTEE) + 0l

Tt J%o“oms %(bm the vagstec theovrem  that

T = ol n 82 ) = oty |

After Steassen’s G\lgbr\t\nwu

thece 3¢ a Lovg line of research

(with  <Rowme Tecen’t ouuucemmﬁ Pughing

the time Qomp\zx?k\ﬁ 0{" matrix mmt‘w‘;hcakwr\ to OU\1 %T>

2
Seme  (esearcherS  believe  that  natix muthiplication  can bz done n O(n ) word opecations .

This & Qwunﬂﬁ a—% thestetical  3intecest ov\\g, as the Q\gor;t‘nms are too Qnm?k'\CDﬁld\ to  be im?l&mer\ttz}\‘

Qb scen’s a\gnﬁﬂm\ Can be Tmplemented. orde Tt will e '%&Ster than the Stondard a\gw:thm when

n 2 $ooo

Applications

Thece are W\anﬁ combinetoriol

?m&;\ems that con be (educed +o

mot el & thF\\cnﬁuh . and
Stroagsens  tesult implies  that ‘thaﬂ com bz  Solued ‘ffhit?( Thon  OCn®) time

As an evample. the peoblem of dztmm\m\i whethee a Qraph  has o Triangle Can be  feduced fo

Motk
multiplication,  and we Wave it ac o puxxle  to you ‘o {jigu\(m out how

Thece ace manu& Combinotox Y al ?(o\c\xms 1a the Utecatuce whee the %msus‘c known a\&oxit\«m A \:l ot Ak rvm&\p\}mtiw

Fast  Toucier Consform LDPV 26)

kT 61

Thee 3¢ a very nice a\goﬁthm Yo Solue integec multiplication

and ?D\&ﬁum\a\ mufEplication i @(htagrﬂ time .
The precentation 1w UDPV 267

1< M&M\A vYecommended FTor thote whe oce intarested in \Q(‘A(n?nj it

Wateclod hat o Sﬂov\g S\ﬁm\sok‘nc CDW\P\JCD\H‘DV\ S“’“P And You Can leaca 3t in CQ 487
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