CS 341 Algocithms . Spring 2025 . University of Watecloo
Lecture 3 : Divide and Conguer algovithmg

We  wil) S“V\AD\\A Some  divide ond Conquer O\gor\ﬂxm;, ‘mc\v\dmj the ‘mﬁrzsﬁv\j medion u{~ medians OJSDHJ:M‘

Counﬁn% Thversions (KT 5§37
IhPMt z n o distince numbers Q0 o Oy -

OU:E?\AJ{ : number of pairs with \1<5 but a5 > Qj .

Tor 2xample 83\/@ (’5/ 1.2, 8, Li‘) . thece are ‘?I\/Q Fa\(s of nwrsion (3,2) (71,2, (T,S"\)/U,Q) ,(5,4),

Nou can think 0’% thig Pfublzm as Qsm?ﬁ‘m& the  unsortednece ? v{ o Sequence
o man algs Iw\qg‘ma +hat  Thic g mzasw\»\g how o(‘\ﬁ‘um't are  two Fankmi’s S See [kT S%] ‘?n\/

on  2laboratiom a{ £his  conneetlon -

Tor S“\MPRCI@&, we aga‘m assume  thot noiS o powec o{" two .
USR% the daa  of  divide and congquec , we Jcﬂé to break the P(ob(ﬁm into  tweo  halves
&PPM we  Could count e number c{~ inve(Simms  n the —Frst L\a\t{ oot well &l v the  tecond P\qlf»

Would 1t then be eader to Solve the (zma‘m‘mS ?(ob(ﬁm?-

[2]sf2[alb[1[]§ |
_———— " e ———
%Paﬁr& \Po"\f

TE vemawns to Count the number of nversions  with  one number in the  fiest half and  the

othey tpumber in  the <cewond ha\f.
These  eross” Thvecdion poire  Ore 2asier to  count | because  we know Theic  yelotive positions.
In Partilar, e WCo\dh‘vo&vQ The cmnb‘wg .owe ould Sort the  Ticsk half  and  the  tecond hot L

without \’WW‘SMK Los‘m& ‘m§o(mzﬂ‘w\7n 0 wae Q\reai&g counted  the Jnvegcdiom pairs within  2ach hal{:

[2]sl4l4]  [a]elqlg]

Now, for eoch number < in the <eond half . the number of “eross” Invecsion PG&H in\/ok\m\& ¢ s
precisely  the number of numbecs  in the first half  that Ts largec then  c.
Th £his 2xowple, 1 s nvolved  in 4 Ccross Podes - 6,77, % are all Tnwlved in L cross pav

Cwith “{3 . and Qo the number g% \\QroSS Tnversion PQT(S i T

How *o  Count the numbec of ccose Tfaversion pairs Ih\/o\u'mg o nuwber  ay  in the Secomd half a{{memf
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Todea 1 Ag the %irgt ]nm% s Sorted . We Con ule b?y\m% Seavch %o determine how Y‘l\lxné Nnumbe s

in the ficsk halt  avre greatec  thon Gy

This tokec O{(ogv\) time for one aj. and fbtq\ha O(Mogr\ﬁ {iwme {'a( all numbers Tn the <Second half
This 1S not too Slow . but we con de  better.

Tdea 2 Obterve thot this M%ofmo\ﬂnn can be determined  whon we mecge the two 2rted (ist in mee Sort-

When we  intet o numbec in the Weond half to the mecged st . we Xnow  how many Nnumbecs  in

the ficst hatf thot are {reatec than it

Torc 2xomple ‘ ?'\ 3& Lf\ K\‘ ’ ll L‘ TK € ‘ 5] \Aﬂ—g\_ﬂﬂ_&h\\ . we Knew that thee s

T 0
OV\\&A on2  number  in  the —E‘us& hal{ thot s Qreatec  than 6.

A< in meege gort L this can be done 3in O(n) time

As n mecge St . this can ba dwwe  in O0n)  time.

A go{\thm'\ Now we ave rm&n 1o deceribe the akgmt%m we have <o "Em-

Count C ATI,nD) € T
Lon=rL tetuen O 7/ bose case
count ( AL, TT) «  T(3)
cunt (ALY Y)) e TS
sort (ATLED) < OCnlegm
Sort (A[%Hﬂ) e O(nlegn)

M2 (g2 - and= CounT ~Cros — nvecgions ( A \/’Y};] ) A{%H,r\]) <« 00

Totlal Tima Qovvw\?(m\(\t\g 3 —\(h\ =T (%) + O (hko&h} .

SO\V;“& tThig will 3iv.& TQY\\} = 9 (\'\ Kﬂ)&lr\} i

THA “this us‘m& the (ecu(sion TWee wmethod.

?zvmvs Yo have ox\rmc}\u\x noticed  thoat tThe Smt?r\& qu) 7$ the bottleneck and 35

\ir\ﬂQC(LQO\(Iﬁ -

as we  have a\fmdg govfed  them ™ the merge SYQ\)

As t turas out . we Can ‘Aust W\ud?f\:& the mug@ NYad Q\gov‘\t‘nm to  Count the nNumbec of nversion Po\‘,rg

Final algocithm
Count - omd~soct L AT D) & T
Lon=l ) retwen 0
¢ Conteamd-zort C ACLTD) < TCRD

g, = Qouw*\“~omk~go(t( AL+ “1 > < T Gﬁv‘)
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Sz = merge - and- Count- 08 - Em/erg\ons( {\[ \,Lﬂ . (\[%ﬂ,ﬂ) <o

Yeturn 8+ 8, + Sy

Total  time Cbm?\zzx‘\‘r\:\ T(ﬁ)t QT(%\ + Oln) = T = O(hbgh3

oS n mug;; Sovt .

Aftec all -1t 3s just a simple modificotion od  the mecge  tort o\\{oﬁt\mm, but T hs\)l the (Lonﬂ)

Thought  process  clowtfies how e approach +he Problem  Gnd come up  with the a\gor'ﬁthm,

Exercise ¢ \Wyike \)S&Advcode {u( the Mecje~omd~ count ~ Crbss ~ tnuelsions Subyouting

Maximum guba((o«\é‘ Cclre 4]

Im?u‘t . N numberg Q.. . Qn
N
OL\W(K B \J that w\ax\wﬁsu E:‘\ Oy .
Tor axample b, =2, 4,8,60-20,5,7,71,-3, %, 10,1}, o, 3,3

~
thic e Ahe  optimal Solution

The provlem ic trivial oal numbecs arce positive
A naiwe a\go(\t\m\ s to trﬂ all ?,3 ond  Compute  the um . and this tokes b(ng3 Hme. too glbw.

N

We  Can  Qpezd it up \O\A rza(‘\g‘mg that 'Ew one 1, we Coan Compute the Qum "E("om Vot To ¢ all J

o D) time , and So the total time V¢ O(Y\l)

We  now &\)PL?X the divide ond  Conquer approach to thiS P(DE\JM'\.

W again  assume that n ¢ o power o% two

gu\:\mim W bronk  tle foga into two holves, and \QTMJ\ the  maximum SmLar{A\a Within 2ach ‘r\a‘\%

Would 1t be easier to  Solve the (Qmm‘\n‘mi ?(obum?

I, =32, C%/Q,éJ—lb, g, q, -39, 10,1}, o, 3.3
——— -—
An  optimel  golufion 1s  eithec contoned in the first half . comtemed in the <cecond  half

or  cyosted the m\d\~{> oint,

Co, after ghkuing the “two Sw\o\wcb\zmc, we just nead fo find the  moximum %\Jk\oox(m:B That Crosses

+he W\\Ck»‘?b“mt _ 1.9 . V< % <J .

.on n
TFoach such crogs‘m& Q\A\:cwrma Con  be byoken into +wo PTQCZL/ E\,“] and [”{H,J]

Pssume  thot T3] 3 on oghimal  Soliien  with 1s“~<5_

2

Observe that  Ti"5) musk be o moximum Su\oo\wa% th\nj ot
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Suppose mot. TE the sum  From v, 7] is ouen Bigger. then the Sum  from T2 would be
biggec thon that of (iy) . Comteadicling the optimality of the Sum from T i)

This obsecvation  leads to the —Fol(ouﬂr\& claim  which leads to @ simple  olgovithm.

CQlaim For 3T <y L] 1S a moximum  subadoy erosing  the  mid-point  *f and only

. n n . . n
(\,’;—i TS O ™Mo mum im‘owmi ?.V\ddr\i ot % ande L?*\,ﬁ SO0 maximum Su‘oarmé %’tmt‘n\g ot T,

_FiY\CUV\& o maximum subom’mn with & {szok Skmﬁ\i/end\?ng ?o‘mt Can be dons n O(n) +ime,
o we discpssed n the  O(n ) o\\goﬁt‘nm above b\g QOMPW&W\& the Pmﬁw\ ums .

The Covrectness  of  the algoﬁthm 3¢ bosed on  the claim  above.

The total fiwme Qom[ﬂu‘xtﬂ s T =2 TR + ot o whace O s Hoe Madimum “cmssmS” gu\w\frmﬂ,

ond. It \CokLomi +hat T = O(h[oi ')

C)\Ouengif Provide oan  OUn)  time Qk&of’&‘nm Lov  the maximum Su\awro\n ?ro(ourv\

Question : Can You extend  the Q\gor‘\t‘nm to work ™n  the civcular Sztt‘mx, where  the &Wm&
- b
wYops Ground Eg 4 173
—10
g 4

Finding  Median LCLRS 9.2]

Inpul = n distinet numbers  QyGa, . an .

utpul - ‘the median  of these numbecs.

T 6 dear thoat the provlem can be Solued  In O(Y\(ognﬁ time bg frest Sorking the numbers.
Bul ™ turns out +hat there  1g an Knh_uzs‘n'y\g Oln)—time alﬁ«ar\lthm,

To solue the wmedion P(o\o\@m, T T¢ ymore Convenlent o conSider & stight\& moYe EEV\?(M P(cb(zm.

Trpwt = n dlistinet numbere  a,...0p ond  an integer k7|

DOutput ~  the k-th  smalect number In a0,

The reason s that  the medion problem doesnt fedwce to fsef  (and so we Cant recurse )

while  the k-th <mollest number lends tsad +o  ceduction ac we whll See.

The idea s Similoc  to  that 1n %m\ckgnrt Couhich ¢ a divide and  comquer aigor‘vthmﬁ‘
We Choose Q& numbec a; Sprit  the N mumbecs into ftwe Qroups . one  Qroup with  numbers

Smallec than ;. Called 1t %, . ond the ofhec Qroup with Numor s &rmﬁ( than  a7. cCalled £ S5
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Llet 1 be the Conk of a7, ie. a7 s the 1-th gmallest numbec 0 oL, a
L rek., then we ore done
14% ¢ >k, then %W\d\ the  k<th Smallest number  in S,

T ¥ <k, then  Fiad the  Cekord-th Smallect  numbec  in S,

Obgerve that when (¢ 27k. the probum e is raduced  +o -t as 1S\ =r-|

oand  when  A<k. the problem <ige S (educed to n-« as A\ = nor

o, ]—{ Qomehow we ould  chooce o Mumbee Y in the widdle T as o p?\/oﬁ as in %uigkso\(f,

then wse  can  veduce the ?mblm 2i3e Qibﬁckhé ond Mmkmg gooo\ progeess | buwt E‘mouni o

Numbeic  in the paddle s the very %uasﬂcm that wae  woant  to golue -

But  observe thot we dont need  the ?Nbf to Ybe Alxad(% in the middle | Just that 11 s nst

too clse to the boqﬂd{m\&-

gu‘;\wsx w2 Can choose Q; <uch that its (ank gaﬂg{ies

4n
A\FSV S Tio . then we Know +that

SG\A

the wa\am gize  would have ¢eduwced L“é at least 15 o oas 1Si=v¢-( s Ao and,

10 \Sl\:ﬁ<\/ < \0 .

n
So. the fecusrence (lotion %Jr the time Qomyux‘d% s T = TKj\TS T P() + en L whee Py
denotes the time to L5nd a gooﬂk \>wct and. Cn 1S the Numbec cf operatieng J%br g?\-\ﬂ‘m&

T{ we manage to Lind  a Sood ?\NHJ( in On) time. 1. P (A= 0O . thes it M heg thot TD= o(nd.

We have wade ome Progress to  the madian ?rob\ﬂm, ‘oukx (uimg'mj the pyoblem of {‘md‘m& the number

zxgd\\é In +the middle +to  the aSiec we\vtmg o{ %mzxir\& A number not e {O\r ’gmm the middle .

Tt vemoins  to Jg“\gme ol @ lingar time m\ioﬂt\«m to {‘md\ o &mod\ P‘\vot

Rav\dmm\gad\ Qolution - ja{l You heve  geen  randomized guicksort before . then You wouldh  have gmsseo&

that  xeep ChooS\r\g o Yandom V‘\\/o"ﬁ would  worl This 15 indeed  the case  ondk you Can Take

o ok at  (DPV 2.4 ) Eor a p(ooiyv We wonl  discuse fm\okomiged\ D\Lgnrxt\\ms in thic  Course.

Detarministdc  Selulion Thete 1s  aw ‘m%z(amng deterministic G\\Koﬂ‘t]nm thot  woulde alwmig 2tuen
an M ,
@ number  o;  with  {ank o ST O T in 0(n)  time

A< Cgen abdbue . this meant Pl =oln) and 3t {olkowg that V(= 0.

_T—_MS o Qeod pivok - The ‘Vdea o{ the &\geﬂt%m vso o %‘md\ the medtan oﬁ “ha  madions.
@ Vivide  the n numbecs nto % {eoups . Rach s 5 numbers . Time © OUn)
@ Tind the medion In 2och qroup - Coll  tham b.by, .- b . Time © OUn)
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@ Find  the medion of these % mediams o, bo, b

— n,
> s, PR Mme: 105

N 2n . ¢ < In
| emwma Let € be the (onk of the median of  wmedians . Than o S Y T
Proof

L oo

The Sqlace P the medion  of the medians -

®
o=

Tn the pletwre, we sort 2och Qfoup , and then ofder

the K”"*YS \O“i\ on ‘mc(eas‘mg ocdec of  the wadiont.

Wae  emphasize thot this 15 Just doc the analysis - and we dont nied to do %w&‘m& in the Q\gmﬂw

Tt showd be Clear thot the gquare s %(G)Dx’tﬁr than  the numbece  In the Fop-left  Corner | oimd
is smaller thoan The numbecy in <the botlom ~ Fight

Corner .
Ny o 2N R
There  ofe abouk 2-(55) = T8 numbers  in khe ‘top-ledt  andk  the bottom- right  Covnerg |
20 n
TS Ymplies  that = ST S {5

\o o -

This  lemmn proves the  Coviectnrse of  the

’?\\\./ ot;ni ngo(&t\f\m,

Time Com\p\a 1t

U
A

o
wWe  hove Pl = T(g> + n . whece ¢y Tt G Congtant

™ n
BY the feductivn aboue. TCa) € T(FB)t PWY v osn = T )+ 70T) + (aaredn

US‘mg the focurdon teee  method in LOY | We e that TR)=0M).

We eould. check 1t bu(\ Wduction .
Thig QDW\\?\LtQS +he anm\\ig\& oj\ the median o% medion S O\\gbt'\t‘nwu

Homewoek s \What happenc 3 we diwdde  Tnto  RQroups of 3 elements

T elements |
Tt wowld be &ood\ {0 trace out the

or In elements 2
Execcice

Yecursion T  undecgtond —the al&ori{:hm more d‘l@_?hﬁ.
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