CS 341 Algocithms . Spring 2025, University oF Watecloo

Lectute 2 Solv‘mg Recurrence

We  Stort with the mafge Sort zxam?\o_,

onk  tlen  we %J\WM}\% <oma Q"\W\P\i ﬁu%m‘»%\,\lg +o

wolve  TLcurrence Tormulas  that  come J%’om o\nm%%?s of  tme Lumxﬁ\g of o\l&uv\&\f\ms.

Hersz. Qoct

gorfmg $Ca —Smotawxav‘to\\ Mgulﬂam\g fask ; ond mecee ot i o classical O\\gWTt%w\ mging

the daa o”ﬁ divide  and

Cwag{uuf.

Thie divide  anwd Cw\q{wu O\'P’anod.[/\ works \\{ “4lace  1¢ QWi way +o

v edie Qn instTance

of the problem Yo Smaller instances  of  the Same problem -

TFor Sorting . Quppese  the Kest —f\i numbers ondk the loct 5 vumbess are o\Ler\%

Qovted . +the obtecvatism  ic that  we con  than e (g2 thegr  fwo halvag msﬂé in OGy) Aterations.

But how do we ocsume that the twe halues arfe a\\rzad% Covted 2 The Tdea 35 to O‘?P\%

the Same P{oczokmrm ( bresk into twe halves . Sort gach . then \mf&fgg) (acms‘wemé,

Co, +he mefge  Sork m\gb(if%m can ba Smmmarf%@& os qcu[(m&.

_Mocee Soct
cort ( ATLAY)
ows), vetuen.
soct (AT ]
soct CALTRN L, n])
werge ( ACLFRT) ATFE1+Ln])

The  Corvectness QIV +he ngmithm Can be ‘Pro\/suk ‘Ewmmun \o\)(\ a  standard Mmdaction.
W Ffows on Aralyaing  The Y\Amﬂn& Tme

Let  TlR) e the Bme veguired to Sort N numbers , with T(1) =1,

Then  TGY = TED +T(12)V) + o).

Tor %‘\MPRdt\A, we  aSsume n o8 a powe of Two and So  the Yelolon  betomes

T = 2 T(E) 4+ o).

Ona WWE\ To  Qolue  this (2l (ente is to draw the fecufsion tlee.

T

N opet omng

o C
%3/ \T(I\{) F)QC:_::) o\?ﬂrm‘ﬁv\/\&
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g -

D\L}/ \T(%) 1&%} o?ﬂrmﬁmi
ng’“ﬂ levele T(I‘(ﬂ /\ a/\TG\CQ L\K%) D?Jz(q‘ﬁoni

A /\./\A

NN ANNAN AN 8 Qc\) o%@mﬁims
TTw T
Tach level Tequices en bF»U‘D\ﬁW\S L omdh thece  are \ogjmnt:l_ levals ,  and  So the

Total B Qnm\)\o,\(\{\é < Cn ( lOS;"\ x 1B .
\)\)Q, Can Qsbuma n 1< a ?OU\JQW “'{‘ Two ]0\% o mocT dbmb\b\& the Tn?wt SL . and

thic Shows That the oxg\yv\pkvﬁc Cum?mit(& of merge-sort (< OCMDSY\)

One  can  also Prove e b\d Wnduction . by m‘mg +the “3&2&& and.  chetk ? method
Tnduction )'\\M?oﬂ\z&‘ts : T(Y\\ = Cn (ogi}’\ Cwlete ¢ s the  consteant  n OU\)

Trnduction  step - T(m) = QT(%B*CM = 1&(%)&a§l(%\> Tom = Cm (Loglm—ﬁ* Ch = CMOSZM‘

Question What is wong  with the —?vlwwmi F(oo%%
Tnduction }\iyothmg: Ty = 0n).

Induction  step Tl =27 Q’%)* Olm) = lOL%) +0lm) = ©(m).

Execdises s Qowe TCA)I=4T(R)4n . TW=3T(5)+n . TG =2T(X)+n"

QSSMM\\Y\S no Vs Q Vomg_( 0'6 2 andk —T(l\: l

golv’mg Recucience [ DPV 2.)

In the %c\Low‘\v\g . owe aSsume that say T < C. —ch V< ¢, wheca C,zlo ank Qi are abeolute  Conglonte,
le.  Congtant $13e ¥roL\1M§ Con be hed n constant  Hme .

|
Let's &Yn o Selve Tla) = 1T(%\4\ , o\%éww}w& n:lk —%o(‘ Soma K, /\

PN
AN
‘ Leglh leuslc

Than we <Qeg J?VDW\ the P\c@ra that T(n\ < n~\ .

NN

Wa Yoy e the  guets and check  methed ond JC“% T ¢ an. >
Rut tlen tle Induwcton SVQP Tm) = 1_((%] +( = ¢ (%) +1 = ema ) L wot \,Jo(k‘w%_
Theteod, we need to wse the Corveck ]r\jyot‘nasig TMEn~-1 to  oke tle Indetion works

Let's contider a mexe %Er\e(o\l Sett‘mg.

Considec the recucrence felation  Tln) = QT(%) + e foc Some  Conctant >0, b>1, <20
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Size n

V\C e?qrn«’\\‘mj
n~e .
Size n/b [oN ( T}) © Pu(cd\w S
c
R Size n/b? &1 L> c\)nmﬁcns
Prctuce Depth >
. log, n
—F\’om
Cobu1a)
A A L A A A U log " .
Sizel odoews doe0e dooe o E\DUG\T\W\S
Width alozem = plos,a - Y\[gxbo\
1—% Wi Suh  the  numbec OT[‘ ove(od]ons , we See tlat 1t g N %ebmzt({c Sa%wuwcz,
N o
with *he ¢atio

h(‘,

Now we o\Y\a\\LBL the sum Yosed on  whather +the Yvoatio S g(»zaﬁvu than 1 ¢mallec than

ox a%m& to 4

Q

.X% %2 1 B +lewn varg Term s +the Some , ond  we have the Suwm < n - [DJ)E n .

This s what we lhave Seen in mz(&q Coct .

'I&: “%;E <1 than

, RC SN OLQCrms‘mj &anz&ﬁg SQ%uQV\CQ‘ and. 1t 1s dominated

+the ‘G’wst Term oand We

o

by

ConStont

have  the gum TS DQ Y\C) , Wwith *the hidden

d&\)zv\d?v\& on o, b,e ( thic s where we need to  agsume fhea ace  Constawnt )

- T¢ %G S| then it Y on lncracng

gaomat(k Rquence , and it s dominated 103
tle last e, oand  we have +he Cum

te OCO\LDSBY\ B: O(‘(\\DSBO\>

To Summocie,  we hove  proved  the fesult Known as  the mostes  thedscem.

Maste( Theorem

L TG = aT(E) 0" for Constonts  &>o, b |

. €20 . +then
O (Y\C) T{ [} ko%b&‘

ol n" kagn) iRy
O 8w %) F

Tn) = c = Ln&bo\

C < lo&\go\

Remark : Tt ¢ morg "\m?o(%o«n‘v +o  remamber tThe method. +than +the yesult
T4 s 2osy to derive  the (esult  back

Blso . +tlere ore <Qcenavies +thot the ~theorem

de¢s  not C\P\)\Z but the wmathod

L Wworks  ags we Wil Qee.

Mofe  Recufcrences

g\mg(i Sub Pm\glzwx > Thig

RS Common  In qlgm)\*thm avthﬂs?g )
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TG= TOE)+LU , we hove  TG)= Ollogn) | \o;mva cearch .

Exam?\es*
Ty = T(2)Y +n L we hove (= oln) qeowettic Segquence
Tle) = TR +1 we  have T(n)= O((uglogn) _ C,O(AV\‘H'\& levels .
- i
kIr\ leved 1, the QuEP(OMJLm S o‘% siye n2 When T:L‘)gkugn } 1t beocomas n " = O(ﬂ.>
Non-ouen Su\c;@mbk@ms T We Wil S%ee one “m%am;b‘n& oxample  latecr
T
Ty = TCEY 4 TCF) +n °
TR) o/ \OTG—W
QD TR = OQ\’\\O \n\- 3
g i \ \ {Dshgﬂ
SER TR T2 20 An
é&u D z) TR T(‘ﬁ ) " [2vals
Lenel\s
Cn n T n
T = T3+ Tlg) +n /o\
T T g demee

b T = Oln) -
/& /\C o\z((zw;‘mg
T L dlg) o n n
F) () T3) TE) @‘6

Could chedk bkA MmducBion that TW)<$4Gn.

T ponentd ol time
\

T(n) = 2T(a-1) 4 | /\/\/\ 3

n  levelg . g

So, Tla) = 0Q"). 1 t
N A AN o

Ogﬁor\&\
Cor  we ;YV\\>(D\/L the runtime ‘\{“ we  howvae T = Tlh-0)+ Tlh-2) x|

the  Sbonace QQ%(AJLV\(,Q_,.

This 3¢ +ha R ova Yeuffena. O
US\W\& e 'Yﬁdm\vqswm ‘U,\qf kdo\/\ howa [?.O\Wrt in MATH 1%% (Co\m?\&ihi foots a+ ‘Fnljnow\\\o&s)’

it cen be chown  4nat T(DH= o Q,PV_EEY\ ) = o uﬂg“} ) J%%J(U @xponential  time

Thic  kmd of (ccurrence Shows wp often in ar\o\hﬁm& ?mstu expornentiol time o«\gn(iﬂms.
Consider the wordmum ndependant  get problem  where we  are g%vm o gra[ﬂ\ &:Q\J}E)}
and ouc¢ tatk 1S to {w‘r\d\ o oaximum  Subset  of  vertices CaeV  such  +hat

tlere are  we eokgzs betwean Q\JQ\{K Pa\r m{- VerticesS w,ve § .

A nowe olgbdt%m e Toe  enumerote ol subSefs | oandk  thig toakes Q(1n> Sma .

Now  Consider oo Gimple varhant .

Pilck o vertex v owith  waximum degeee.

There  are  two posarbilittes eithec veS or V&S,
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Tn the loatter Cate  we delete v and reduce +he Qraph  Shye ‘ou\3 on e .

Tn the Sormer Case ., we choose V. and then we krow that all neighbors of v
Connot be cheSen , and So w2 Qon  delate v oand  all its nelghbors  So thed
the Rcaph Sine To reduced by ot least Two

Co, T < T =+ Ta=2) 4 oln) . and it s S%T‘wc’c\A Smaller  than D(z“'h>
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