CS 341 Algocithms . Spring 2025 . University of Waterloo

Lecture 1 @ Introduction

We wil ficst g0 f\r\rou\gh Some  logistics of  the cCourse. ond then have an ovecview of +the Course.

Then, we Stact with ddm‘lm& time CDMP\UI%\S4 and  then work out a Stmple  and ir\%eresﬁng probiewm.

Course Info tmotion

The coucse ?a&o. s ot L\—ﬁ\” v/ cs.mwo«&gr(oo-ca/wiapchi / ce 34 \-202§ .

The Cowrse Outline  Can be ‘%Ound in the Couvse paje.

Onnouncewnents ,  ditcusgions  omd Q&K ; See the Cource page \Cor the [ink.

We  hove O plaga Page Lor
We will provide  handwritten Coufte notes  and they are uswt[g posted. a dLDL\:S before +the lecture .

Please  be  considerate  to others © tucn off You ?hws . Tefeain Trom tox(t‘m& ond  do ot use

Qum?u‘ce(& for  activities  thot are  not di(‘qctlul& celated To the Course (Q.g. (Qad‘nng ond

w(?t{ag notes Qe oke%, Youtube  ond gocial wmedia  afe net oka\A)

Wwae  wuse  three Wlfxzmma boolks  and (Zfz‘( to  them \As?hg the {lbuf’w\w‘x SL“’YT}\O\M\S.
~ 1o®v) Al gocithms . ba Dasgu?m, Papadimitviou and Vazican,
= 1kT) Ngw?t%w\ d\u‘\%n 3 b\a K\z‘m‘oefz and  lardos

- lewerg) Irtroduction  to a\gm?ﬂ\ms , \Q\ﬂ Cormen , LoeiSecsom , Rivest , and  Stain

Course  Overview

The main %DWS o the course Ts on  the d\;u?gn omnd ana\t\i?s of {{'—f‘\cmvxt a(joﬁﬂqm& and
these ore ’&:lLY\d\(IV\’w_th\\ \o\,dko(‘m% blocks 1n  the dlvz\o?mavd- afr Qm?\,ﬁ@r Sclence -
Towards the end of +the couse. however .  we will (2alize  that we do hol  haw &’H:ciﬁ.vﬁ

N&uﬁﬂwg %o( w\m\\a H\V\JUl(y_si\‘mg ok TMFu(mﬁ \)Yob(ramg, ond we \will  introduce  the

—%}\eoné e—% Np— Comv[zttness ‘o0 JZXKJ\ri\r\ this \)L\lhbh\zr\an ‘Eormo\l(é .

To d\evdr)? on efficienT O\gn(\t}\m that %S ULS{&\,([ n PTACﬁCL‘ there afe o %zw %JDLFS-

Tiesk,  we need to  underttand  the  Structures  and modlematical Pra\nc‘rieg D{ the Pm%lzm

(L%‘ o mice Yeturcent  (elation _ optimal Selution Tt unigue  sate)

Then, we se these obgevvations  to d\l@ng\ a\govtﬂws and ?mvb thet the m\jm‘\ﬂms Qale

cortect and O\V\D\\\/A%L the Lime cm?lm%.

?mmkk%/ (WIS ‘N\oug wse  Sbme good\ data,  Styuctuces +o %Psuzd\ wp +the bPE(q‘ffons, ond

L01 Page 1



alco }va\zzw\av\t it QJ?\(Q’E(AM:& To @Ptimigﬁc the PQ(\Cormoch

This cbuvrge 1S ”U\@(Q‘t\co\\\\& of Tented .

We vl {chs on  the ﬂ:ust “+two

QJYQF; anch
g?;u\(y\ most o& the Time n ratiemocal FYOO‘%S.

Tor data Shvuwcbures . the standacd

ones

that k&ou have \2aent (L&. %cﬂiwv o Stack | ]r\sw\\,

bolanced s2areh trees ) Wil oo Q,V\bu&]r\ ‘Go{ the

Pucposa c-g +his  Colesa | a(%%ougk

\(,ML\? in mind That  Seme of the "%‘D\szs’k C\\goﬁjtlnw\&

L\qu‘\\\g rdj on  Tthe
SoP\'\\\ sticated dato

wee of-
Structures.

There  will  be

Come. ?‘(Dgﬁxmw\\mg ?(cblﬁms n the O\Sg}xnmzv\ﬁ

to ?rad?cg \Aomr "\M\Fumzﬁnﬁx‘or\ clalle.
S%llabus

We Wl l2am bosic J\‘Qg\nv\\\%uu to dig\gn ond O\Y\o\hagok QKSM\\H’\‘N\S . JCLWDM&A +lhee
%J\Mdua 0% VO iBuS Pxo‘okgm 3

n OU*ffua nt o toplet .
The —tentative Qehedulz

A\ Y\Q&wd\Q .

Ve and QD_V\%UJL( ond So\\ﬂng T2 CUNTLNn (o C

3-4 kQLJ\_\AfLSB
g?\fvx?\s?_ %ra\v\’\ D»\ibr\\%hmg

ms?ng BFS and DTS (Gas \Lc’wru>
- %‘(Slzd\\é &\ibv\\*ﬁ\qm& 3 \chﬁag>
- d\\gr\a\m\c P\ro&(o\mw\?ng ( 4-S lecturec)
- moximum - low Qg g clwcas )
- NP - omPut@y\zgg and.  veductions (&« (zcth&)
Tha  Concept Dﬁ‘ Ceduction IS important  in duzs“lgmni &\&or:thms o8  weall ag
hardness

S%owir\i
and Intvact o\bt\i%\s .

The  moximum  flow paut S 0 new additien o

L3¢l Cince Wintec 2022,

Two  Classical Problems

To \&\\\/KL You & more concrete Ydea oabout The Coucse, let's Concider the '"Q‘o\\ww?n& two Proble
We are qiven  On undicected gr@% with o Verticeg oo "~ Q&&LSA
where  each Qo\gg has a ‘r\bh—mz&aﬁ?vo_ cost .

The ’(\(m/saﬁv\% salesman Prcb(Qm

osks  we te {'ihd\ o Mminimum coct  toue  to  wvisit  Ruey
vactey o% the &m?k at \oast  once C vist  all elities ) -
The  Chinese pestman onbtam asks W to Lind

O 1) Mo CoSt
Qc}\g@ a% “Ahe %r (,U\)P\ ot

tour  to wisit

eyar

leost  once  CWistE ol Qdcaets ) -
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B nedve D\\J&or?{\nw‘ to olvg  the JU&VUWX Sale sman onblzm i to 2num ef ate al\

PJU mutat ione ano, feturn  the Mintmuwm  cost onz . Thiv  tokes OLV\L Yy BNme
whidh s \umg oo tlow (L& Cant olve  more +than 1S vVegxices )
Ug‘m% Okzsmmtc Frog(o«mm?ﬂi we Can Solue 3t in O (> } time . and  this g

asszmmua the best nown cx\gur‘\thm “thot we  Know r§ :
We Wil prove that thic F‘(Db\ZW\ e Y NP comFLQJ% ”’ O ?(obmbh& efficient
m\gb(‘\t%m; wtw This Y)YD\'DLQW\ do wnot oxigt.

g&/wxg({s?v\%\:& . thao C\nese Fog'tnr\om Pro\akpm L which  (ooks \lani Similar . Con  loo

Solued n OL““) time ngV\% J(uhr\‘\amuzs {(om XTQPL‘ YY\O\JFCMV\S.

l_earn nq Qutcome

- Know voell=lknown a\\S’m\\t\r\w\& wall .
- Have  +the ckills  +o O\Q‘L\g(\ new o\\gmﬁth«v\s fyer gim\alm P‘(ob\zw\s

— Cow prove. Corfectness  and (lY\rxL&%({ the time QOM\DL@KH—\A of an O\\&Dv‘#r%m-

—  Use  Yoductions ‘o Lolva \Dm\g\zms and  to prove hotdnese

Time Comg(axit\é

How do we define the +ime QWF\M‘&A ot an a\&o(‘xt\/\m R

ngmg ngb]nS, we  Count  The number bfy opacotions that e o\\gb(?ﬂwﬂ Coguices.

Owe VV\Q\A Count LYqCH\a how mm\\é BFQM\*\?MS . g“é \oon Comporcisons o sert n numbers.

The precise  con ctant 18 ?m\oab\\é mwoaching - dependent ¢ oLqu\ok‘mg on  +the primitive
s«eanﬂ\‘om that  ave %\A\v\?oﬁzd\ﬁ ond may be  alee  diffienlt to  wok 0wt -

Co., the stondacd Frc\q-\ca s o Ule Oxixﬂ\mp\wﬁc B ComPkm}f% to m\mlﬂgt Mgﬁr‘\ﬂ\m&

Asymptotic Time Comp\zx‘\tga
< A) L)

Qiven  two {'unc’t\mg f&:(h>/ &(r\) . \we Qm\%

C Lppec cound E?&>O> gu\\ = QC{LV\)) }% mn MS—K:}x S < &Za( Some  constonmt <
me (independert of n )
- (\mgr boun A, ‘olS~9\> SU‘\ = Q(”gu\)) \\& &;ﬂo@ ‘E"% 2 < 'fof dome Congtont Q.
€))
- (gama order . \92%/8> %QM = 6({'0\)\ ‘§ E\‘g‘w J§W =< Jg\m Stme  Congtant C.
(losse  upper ound, tmall-o) SU\\ = o (fe)) it lim L

n-=>o0 —%U\\

L01 Page 3



— (loose lowae bound, QMQL\J’Q) gLM e (’gb‘)) \\£ im M = 00

nS> —g(\'\\
~ 2 2 2 .
Sewa axamples * oo = DLy 20t TZE—V‘ = B . Mo&v\ = o lw1> l(@\o&h = o(r), 2=0ln).

Sn lo logn b
O\b\zst\cns: How to CDMFQ(L PR AVAS N SV\/ JT'\ (VAS 1“ , 1n AVAS r\l. 2

(Wo wont see  these Teleky v(mh\mg time  bounds in  this  course , but they appear in TeS&arch_)

~ . > 2
Side vemack: Ceome PZD?\Q “hink That (S more ag?mpﬁoﬁz to Woite Sa% n € Oln >}
th«'hkmg 0»% D(v}) os oo <ef o& 'E\”\cﬁo\/\g_
2 2 N
Come '\)QD?LL wiite Szx\g v\l < 0n D, Y\I:QCY\%) Loen 2 00 to hgh(\ght thae  (elations.

AL are acuy‘tm%u In thi8 Coucse

Worst Case Complexity

We Say an alporithm  has time  cmpleaty  OCH) it vegures ot mest  OCf ()
P(im‘\t‘\vz oPmrﬂ(?or\s for all inputs o{» Size n (JL&- nobits L on o numbers o vecdices L eto).

Note “that we on\ﬁ stuokg detecministic  alforithms in this  Course.

BB odopting The  asymptetic e Complexity . wa o zgw‘mg the  laoding  constant
and.  loger  ogder  Tacms .

Tor evample . we  will Souy that  an o\\ghr‘\ﬂ/\m with wwm& Bme 27wt s ﬁm;ur
tan  onothee o\\ioaﬂ\w\ with vunring  time o O\\Jt\mmgL\ foc all practical  purposes  the "
olgocithm 35 Foster.

sk e Yo\mk\a hoppens Cbout & doer  hoppen  In Tecearch papers 3} ond  even T,{ 1t L\AFFsz

\Agum\\v(\ tha Qa(uw\(rﬂ\c} quo(‘\'&l«m Can ba \\mPrD\wJ\ o have wunth Smallec Cm{—{%\cud‘.

o0
o>

Mbye '\M\wrfmxﬁu\v rle Y "N fime o\\gorf’chm dozs  cun  Faster tlan  tle n Eima
a\gbr“ﬁc\zwv\ when N 1S ng& szhv\AgL\ . and 1t 1S "mkuavﬁ\‘\\& W Ore J&f’ﬁdzyﬁc.

Alco. whlan  ouc Conmputect lbeeome foster, the \mugm she that we Con deal with  will
b cme [q(gerJ ond  thig ohsbm?hﬁc Dw\ahas\& wouwld  be  nore  veasonable

Lo, 2van rt\,\mgu this &s\&mPtotic QmL\AgTs W\aa net be o \/Qva ocCcuyate  MEaSura c«§ o a[gar?ihmi

?fo\d\‘u\ FQ(‘%D(W\QY\C&, it msmoﬂa SN %bmi waaskie  and 1t makes  Sense %un(qﬁcm\(d

B Groock i A‘QM’TU\MS

Tov  wmost opt mi gation \)Yokumg, Such as the trwat‘mg Salesman Pwum) tThere s a g{m\gm&ommd

_uponentl ol Hme q\&oﬂ‘blnw\,

L01 Page 4



Tor  those \)ro\a\emg wiL oxe  mest Infecested n o’\Q?\ih?v\g o Fa\\\,\nom\a\ N me alior\«%%m,

with ‘(Lum‘mg time QQr\C> '(\N Come  Constont < '\V\MPend\ILv\t Df n -

o oo n
ng?w\) on 100 N - Bma O\\Soﬁﬂ'\w\ would  net  (Tun ‘EM\LJLF than o 2 - tBiwe a\gorithm

Tn owr ((fetme . but sl W s a s‘.&n\f:mnt occhrzvament  bvecause Tt taels
ns  tHat  thig Pt oblem  hat  Qome 'antiamznta\ pr opecties that allow «®& 1o olve aw
rgo\{r;u Than \g(mg—{orcz Lhnumeraon | and thic d‘\stif\guishes the qu 2m *E{m

otle Pm‘o\zms that  brute-force  onumergtion g QS@W\V\D\HZ\ the  bast O\L\(D(T“CHM.

We vl come back  to PDK%\“OMIO‘\ ~tHmae Qomru&o\ﬂons Towarks e end o—f This Couysr .

Computation  modals

When  we Sony that we have an O(Un")=Hme o\lgoﬁ{m\/ we nRed ts  be  moere Fmdg@
absut  what are the Wim‘ﬁcwt onmﬁoms That  wWe  assume -

Tn this Course , e ukgwm\a os¢ume  the wocd —REM  modal  In which e oS¢ume that

5

\We  Canm  access o ar\aTJb(arta \)t) ition D{' o Oty ma In ConStant time and  algo

that ®och  word opecation (ewh 08 oddifion , vead [weite) can be done in Coustont time
Ter axample, 1n @ grqy\r\ With N vectices. wa need to we \DSIY\ bits o Idznt‘\lﬁé a

vertex L but we usmu& Jwst o assume that  these Kogin bite can e it dnte  one word

and Consider an ovg{aﬁon swch  ag Comporing the labels a{ twe wvertices  Can  be  done

in Constant +ime

Thig  medel 15 mgumu% good\ Qv\bmg% ‘N \?racﬁCL >, becouse tle Pﬁs%h{m Q;S‘L Can LASU\D\.HH’

be. ‘@T% In +he moin  Mlm m'\a , ond Ww  the woxd %\\%L ¥ (argq QHDL«S}\ ondk  2ach
memory Ocrss  Can ba  donae  In mate of less the wWma time
TFor example ,  we Can dho b‘mwvA gearth 1n & Wordk-RAM mode | in O UOK n) o ocd ope retions

winle Vn o Tm(“\ng wmoching  (with a  one-dimensiong) fo\\m\ we  cannot oo b\wma(\A ceacch -

B mole F{qatica\ SCLnaX 0 Us  whan we Gmokﬂaq numeci cal o\\gbﬁt‘nms Such  as omm?ﬁ‘mj the

detecminant . As Yo may know \ové dblr\% Gouwssian  elimimotion Th  on p\r\ov\‘d\ro\ra manner,

the Inte(mediote mumbecs  Could  blow wp Xx?onenﬁo\\\g _oond So T TS mel (eatenable

anumore to actume  thot 2ach  oafithemet operodion can ba demne 1N Constent  time
TFor  thee problame  we usua(t% Consided  the it - ch\?m\at% _ iz how many bt oyzraﬁm&

invelvad  in the oﬂgoﬁtfﬂm -
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Qu, 'PlzagL pay Some  attention Yo these asemme‘(onS When

wao o\v\o\hégl o tiwme Qow\i;h\[\i—g
ofy an Q[J{br?thwx, {SPQQIO\H% %o( numeico | Prablamg,

That Savd . the We(o\~Com3€K2\<\t(a and b?k~com\?\zxitlé \/\QL/L@HLa dont  make a by‘j 0(7<ﬁﬁzflhu/

Tn TWiS coeurse (Q,&, at moest o Lagtw) rgo\c&or) ond  So  We Sust use  the word - RAM  mopde]

3%0M

lot’c do o Warmup Prob(zm to See  the Process of o\as‘xgmng and ou\a\u&m& qlfnﬁﬂ\mg.

Thic kind D’% P{OBQ\MS e Qrffzﬂ astked

n o job nterviews at  tech  Companies.

The 2-Sum \’)(bbum T< &‘\M\a\L to  Sfate * we are Qven n# Nnumbers A, .04, 0y andh <

onh Wwe  would  \ike  to deteswine T«E theve oave 1,1,k

L/j» Quth  that O\{‘lfo‘j*‘)‘k:c—

F\Iggc%‘t‘nm 1 Enumecate  al) ﬁ??\es and. chackl  whethee  ts Sum 1Y < . Time - 0(n*)

{Lweitban as

A\%Df\t\«w\n DI Observe  that Q7+9\]+O&K:C Con bz

\Wo Can  Caumerate  all })a\rs

C-ai-ay T Gy

O\TJcO\S ond  chedk Lohethec C o= 0] is e%w\ 4o Seme Oy

To do this d\lgk?m& &—“{c\‘zr\ﬂ\&‘ we  Coan g\\(%f Roft +the n numbecs < that  o<o,<,. So,

TL\U\ U\au@n& whethe ¢ C-aj-o

| 1S Z%WXL to <ome O Coan be done b‘é o ‘D\NMA seacch |

N OQ(DS n)  time -

%mf\\mg \omana ¢eacch —go\( 2och  pave

gb/ The total Cu\m\:\@\(\hg s 6C h\ogy\ 4+ w \b&n ) = OCn" \wg )

\ootithm 3 A enerol  principle  in algorithm design i to (edwe the problam to a Simplec problam

We can  (ewite the condition to check s 0{+Q =C-ay .

This 1s a 2-SuMm Pro\:lem \Cer o fixed k .

go, W2 Con  Yeduc [o} 2-Qum \)(OHQW\ Tnto n 2-CuM Prol;lﬂms L, one ‘F(of each k.

%\AP?DL@ O\go\,‘w\ that we  Qwrt the n numbers <o that q\so\Lé.,. < oun

“The ideoa 1< Fhot %I\VGV\ this  Cocted

O\(MA ond the Numbecr bzcgfoLK we  Can

Check Q.g,gxc;en“a whethe ¢ there are \\f) Swch  thot Qi+ a3 = b.

Tn othee word< |, the 2-Sum ?(oh\um con  be  Solued  Tn OLV\) +tima g\vzv\ the  Sbefed O\Wa%.

11[ thic is truae , then wi  Com  Obtain an On ) - Bime Q\&o{‘\thm qur 2-QuM
\7\& fni&‘m& \7=:Q'QK ‘%br Qouch 1Sk < n
2-SUM © Tt termeins to ghow That 2-UM Can  bo

<olvad i On) +ime gi\/nvx a Socted O\(v'aj )
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To &Qt on 1deo , lets < an anmPla B o On g
b= 1Y
Lo falelelal veftafao
L\/" A < S
.+ 3 & T
A[giﬂiﬂ\m
We Keep a left index L and @ ight  Index R
Tn\t\‘m\ﬂ/ Wwe Set L=\ ondk R=n
While L <R

Check  whether  QL+ay = C It Co. we are done.

Otherwise. £ o tap > ¢, then decrease Roby 15

elee if O+ Qg < , then incvease L by 1.

’\\g\glg\ﬂl\ ' L(Q[Lo‘
The tdea 1s  that i€ ap+ ap > 1% 5 o
we dort  nad Yo check  thoge POACS.

then we know that O+ ag > 18 %Dr all R/ZR, and, <o

TThis 35 L of Cowrse, net o proof.

Proof of Correckness TL Yhere ofe  no \X 2uch  that ajtog = b . then we wonf f{indk  them-

QM‘PPDR i +ay =b  for <owme iil,

Since tle Qk&“"“”“ Yuns il L=R, There ¢ an ‘fecotion guch  that =\ oy R:j.

Wikl os¢ | Qappoce That L=1 happens first , ond R>Y 5 the other cote 1§ Summetric .

As kw\S as R>J, wae  have Ay £ ag > Qi+ aj =b , andk 3o wa Wl decrrawe R

o t+ha Q\S«xr'\ thm

R-L  decreases ‘03 one.  in eaeth tecotion

Tivwe Comiux\t%\ < On) _ becauwe

Wil gtop  within -1 tecations 0

Remack : gm??m( thic Yo an R¥xam \)YDB\QW\.— Mow  will &zt ok least hm\ﬂ the  marcks "1{“

\Aou\ gi\/a O\\&O(‘Hc\nw\ 2 You will &e’t at laact L\qt{ the macks IWL wou ctote ql&w:wM

3 Qowut\tg but  Aid wet \DYb\f\d\L the  Covrectness *\Droa{_ Yow will ge# %ml marcks i
Weite ?\((LCISL Codae 'QD( the O\\KD(‘\fhl’V\,

\AOV\ to both - Nete that Kﬁa\/\ dDh{C n2ed  to

The Q\%M\‘fhm oS n the obove QKQW\FKQA

S JIN quu& ‘\{— You describbe

For homuwork Fvo\aumS, however . we will fows more on The cocrectness proof

k-SOM  Th Autorials . we will o t\n(ough the  move gemem\ k-SuM problem‘

Litecatuce Coptional) Tt hac baen a bh(% Slvm«zk‘m& open YNDHJLM whetler O 1 bP‘o‘Mal $oc 2SuM
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Mcmg paople hove worked on —thig pmbkam Without  Swccest ,  and  they Stacted o

Comecture that 2uwch alpocithms o nol axist _ ond  uce 3-SuUM  as \\L\aro\]/ oblem
\ g s

to prove Ahat otle ¢ an\mhzmg do not hove ‘Qc\shzr algor\\%\,\ms o The W&WL N \‘{ a
problem A Can  be solued Tasker  Thon  OWLw ) time , than  2-SuM com be  Solved Foster
“hon OWWND) Wme . omd So Tt i< ?mPoss\Hz.

We WL talk much  move obout  yeductions when  we S‘bmd% NP~ CovnFch/u\eS<<

O b ( / /3, _ kN < N

chzv&ka , tlare T oan Lr\ / kogy\ nglbgy\> - b(h }”f\ml qlgbmﬁam diccowred , So

the S\“runﬁ {»urw\ c—\C Tlo Conyecture 'S not  tvue . bt it Cemalns DP—GV\ S"<“5 wletle

1999

an ol n )~ time m\gn(ithm {D‘( -SuM s Foss?b\l_
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