cS 341 - AlQocithms | Winter 2033 . Un'wo.(sik% of  Watecloo
Lectwe 14 D\Anamlc P"’OX('O\mm]n& on  Graphs

We use o(;:)nomn ?(ogramm’mi to o(eSLgn algmthm '{\u( Efughs, im(uotmg Shorfest poths onb(ems and TSP

gih%(t—gourcl Shortest Poths  with  Arbitcowy Ed?f- Lengths

Tnpt A directed gm\ﬂ\ &= (VE). on edge  length R¢ foc each edge 2¢ T, and & vertex ce /.

_Qutput @ The Shorkest  path  distances from s fo euery  vertex ve \

Dijkstfas Algocithm

This problem 1S Solved (Aé'mj D'\ka(\'o\ls algmthm n the g@ecmi Case where  the 2dge mr\&Hs A¥e r\cr\»nzgodi\/e,
Wwhich Yuns in  near~ [imeor tTime

Tt turns out that al(oww\j negotive edge \er\ftks makes +he P(ob(em C,onslderqb\i\ hacrder

Let’s Licct cee m:\ Dt jksteas mtgortthm does not Lork in This  more SQnQ(&[ Qett’mg

In  Dijkstra’s algor\{hm‘ we mantain o et REV Qo that distlud is Computed Lo((ad(g) for all veR,
and then e Qrow R gruomg bLA OLdoL'mj o vertey V&R cletest teo R inte R. 74" ww
1o
\Y]
TN 2o
<
O\é }OX

‘ 207y
this gmmﬂ qlgurithm does not mointoin  this  invariont Qﬂjmerq_, %\

With the presence of r\anﬁvt eok§o_ lenpths.  however,

Tn  the QYO.MF[Q, the vertex v 15 clsest to s and  is  odded to R jeffsf, butt oist Tyl =& as
the path Sy X,V s of [ength % because of the negortive etiga QY
The Coxreckness of Dil\dtn{s a)gorithm cmcluthé wes  that  the (ant% of o prefis of o path Cannet be
Shorter than the [Qr\gﬁh of  the Pqﬂs, ond this doesnt hold omﬁmort with the prescence of Y\anﬂ\/l Edgm
With  4his u(ong Stack L Di‘)kst(o\/s o\\go(fthm well add. W  omd w to R
DMZS after vertex x is odded and 2xplored [oter, we vealige that there s o Shorter path Trom 2 to v via X
Then. we Know that the distanes to w and W ate  not Compuked uwedlﬁ
To fix t- we need to  ute the neww distance to v to update the distane  to W oond G
but  then w2 Can No lor\g&r Smé that ocach verteyx s omhé va?med\ once
We Con Qetend this Qwampl  So that €S update Process needs to  be dene many Llmes

This s where  we Could nelT  maintam  the hear-(near time CDY\/\%}[QK\{*LA for Soku]nﬁ this  mece genecal P(o&:\ew\

M%MQQ

t
Another issue n{ P\quing nz&odt\\m edges s that thece may st Y\ngﬁfium Q%ctes 1/70
SR
-1
-4
Tn the QK&MP\Q, \C(om s to t . we can Qo ocound  the hagqﬁve %cu oS many 14)\\)0
-T

times as wt want. ond So the Shertest poath distance s not even well- defined §
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Th +he \Col(ow%, we will gtwi:& algeclthms  to  Selve  the Qn((omm% P(ob\mmg

@ T’? & hoS  no Y\ngﬁtiut Q&ckey solue  the S‘mg(z—Soucu_ ShovtTest Paﬂxs Pro‘olam

@ Gilven o directed &ra?k G, chek i thece axists o negative cjgu C. e }ECQQ < 0.

Rellman - Ford B(gor}{;hm LkT 681

Tntwton * Ps\ﬂ«ou&h Dklkstm's u(gbsithm may not Compute all  distonces Ca‘((&cﬂg in one poss . itowl Com{mﬂ

The oistontes to Seme vertices coweatk\j, 29 the ficst vectex on o shertest  path

In the example above, d‘\ﬁ[\@ will  be Computed cnwuﬂi

Then. if we do the update on euaqy edge again, then we would get distl¥]  vight for Sure

Then. with one more  upoiate Pphase on every 2dge | then we woald QoL dist Ly} correct  omd So on

Hows mm\:\ fimes we wneed to do 3
T—ry the g(uw\ has

no negative %dzg, then any shovtest walk  wutk be A Simple poth .

which hat ot mestk n-1 ’LLJ\KQS-

2 ba wymt‘mg the ugdfxﬁv\g Fhasu ot mesk n-l times , e Should have C,DYY\E:MJCQ_& oll  Shertest ?&ﬂ«

distances (Lormddj, with  Time Cb‘m?\zx‘tflé about  OUnm) .

This s basIcQLLj the  Bellmon— Ford Ofgocithm.

Munqmic P(og( amm‘nng

To {O(W\D«US‘L the oboul tdea, we dzs?&h on O\[gm(iﬁlmw

ms‘mg dﬂmm\a ?rog(o\mm‘mg to  Compute  the Shortest

poth distence from ¢ to auaey vectix veV  usig ot msst T oedges | Afvom =1 (base case ) fo i=ned
Then  we will  Show thot this i Qguivolent ‘o the Bellman-~TFord a\%orf‘c‘nm we Sz 1a taxthoeoks

Subproblems © et DV, 1D be the shectest poth distonce from s to v using ol mest T edges.
Awnswers * Tor cach vel, D(u.n-1) 1s the Sherfest path distance from € to v when the Qroph has o negative cydes

Base cases *  D(s.0)= 0 and Dv,0)=00 Hfor all ve U-<

Rocurcence : To Compute D(u,i+1). note that o Path  with ok mest 1414 eokgeg from s to v must  be

Comin& from o Foﬁvh uk&.n\i ot wwost 3 QOKSQK Wc(am s to —?o\( 0n Yr\‘V\szlSkbor 78 o{' \-

Qince e oo +o Compute  the shectest poth distance J%rmvx S to v LLS\WS ot wost 41 ng@&, we  Should  use

w
a shortest pocth \AS\\V\& ol most T ngzs Trom s to w . < O/—\/W\>D\/

We “t(\ﬂ all possibilities c\c w and get the (ewwrrence  yelatien

‘D(\/,-H(j = Yoin EL DLv,7) . min { DL, + QM\/ ?'1 E

wuvek
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Time aomzlw\t% Griven Dy, 0 for all velV, it takes in-aeg(w) time o Compute D (w, 1) .

Lo, the time 4o Qom?u&!@ Dﬁw,‘\ﬂj —Eo\' ol we\V 1S D&S \“"d\lg[‘ﬂ’XBiOQm)

wev

We do this for ST € a-l thus the “total time Ctomplexity 15 OCnm).

Spoce  Complerity A dixect Implementation  equices B(n) Space . to store all the valwes  D(u,i)
N q
Note that to compute Dlw.it)  Ywel, we just need the  values  D(u,i) Yuey  but dont need

DL\I,;\B 'FD( t\é -1, ond So we <an thiow these &mag ond or\h{& use  00n) Space

S’;m;;k@ algocithm  The olgerithm can be made euen gimplec, m(ﬁdx’mg the intuition that we wmentioned n the Eaginv\'mf
dist{sl=o, distTul = o Y ovel-g -
Tor 1 fom 4 te n-1 do
WCN 2och edge uver do
W distrud v Qyy < dastlyd

distLyv] = dactluld + %y and paceat TV} =

This ts +he Belwon-TFord O\LED('@L\M The stmplification is  thet we dont need to use two aflays
To See w‘ms we dent need two OJ(A&;, note  thot U\S‘)Y\g bn e O\(Ycug could enha hove the inteemaediote
distoncac Smallec . ond t\\mﬁ Ceman to bo Uppec bounds  on  the true distonces . <o u&?v\g

tighter upper bounds  would ast huk Cond may spreck wp  in ?(uc{\‘co.3-

Shoctest Path  Tree

As in Dij kstros qLKuﬂ{hm owe would ke to cetuen oo Shortest porth Lrom ¢ ko v \o% %dkou‘wﬁ the szd\gu Q?o(tnﬂu’l,\/)
Tn Bollman-Tord . thee ore mony terotions  Tn tha mdca(tao?, and. T 18 e Clear whethee these  gdges -t \Cn(m o tYeo.
F\cﬁm(hﬁ, L ts pussible o have oo divected cycle  in the edjes U\:c\centiﬂ,\)) ) W oe—oV

but the ’go(tou‘mg emmo. ghows +hat +these divected Qﬁdu must  be nzgm\\m QLSL\QS,

L 2mmo T thee s o dicected Qad& C n the uigu Cpacentlv), V)
then +he Cfld& C  must be  a negative Cycle (3
Proof et the dicected cyde € e Vi Vy L with Wivgg R D TSiS kel and vev € B
Assumz  that Uy, ts the [ast 2(}\5@ in  the cade C ormed  in  the o[gerit}\m, i
the cycle € fomed when Vg betomes the pacest of vy . while pacent Tvid = Vi, already for 2=k
Consider the wvalues oistlud  rignt before vy becomes the Pacent of v,

Sinee  Upq 1€ the poarent of V5L we have  oistDu;d 2 distCvid+ Ly vy, for 2<i<k

(R
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(No{z thot at the time whan we <ot Pa(gn‘h[u—\lzu;ﬂ\ , the ir\l%mu{b& holdS o  an e%&qtztg i
but (otec distTui,d could decrease and It moy become an ir\ztgm(”\ﬂi

Neote alge +thot e Connot howe C)dst[vﬂ< O(‘lS“(iu»\,JwLQ\,H\,‘ o< vtherwise Pu(@r\ttul woulde be u%d\oﬁdxx

Now, when we et paentlud=ve. 1t must be because distlyld > distLud + Lyy, ot that time.

\= a

K« 3
Aokd\mg ol these k me%m(\ms . e hove 5_\ distivi] » Eld‘&&[\ﬂ + }QCQQ , which implies that ECD%«)-

The (emma iMPUz& that 1§ +there afe no neqative Qaﬁdu, then Thete are ne oicected cycles in the zdges (Jeomnt[\ﬂ,v).
ASSuwﬂv\& that Uy vertey  con be (eached  Trom vertex S ) then Qvecy vertex  has ancttg one Rr\cm‘mg odlge

h QForenﬁfulU] , ond thee are no  directed 9_[{ges bj the lemma .
Co, the ngas (pmu&[xﬂ,V) must form o directed tree L e o ftree ith adges ?om{mg Qway ’grom <.

To Concludt , when +thew Qrfe no r\p_gat‘ma ngu, the wfzs (\)mnﬂ@,ux Qofm o Shortest Puﬂn e %"om S.

Negative Cydes LxT 6]

Tdeas : We Can oxtend the dﬂnam\c ?m&mmm‘,hx a\gori’chm to idmtl{g a m&at‘wm tycle HC 4 ooacte.
FEven wikh negative ugclas, oftec k tterations  of  the djnam‘\c pfo&?mmm‘mg Q(gnr‘x{‘nm) the fame Veturrence  (glation
provas that e Compute the shortest poth distance 'F(om s fo v wmg ot most K mtgu YueV.
To Solue the s'mg(sugmrm Shortest FWS Problam L We m% used  the OLQSumPtior\ that there ae no negahve Qﬂt\&&
to proue that the m(gor\thm can Stop  ofter o-\ itecotions ond conclude that  distanes ave Compuked qurecﬂﬂ
T thece ace arfe negative Cycles , then  we woeuld evpeck that DULKY > -0 as ko0 %or Some we V.
-1
Tor example. in the graph Dﬂ/")j'l have DLt .2)= -\ D, =4, OtV =-T1 A SO On-
ple. grap S f}o—t , we P . ,b) = 9 . , on
On the otter hand. ¢ thece are no nggative Cudes. then we expect that Dlu,n) =Dy, n-1) fo¢ all vel
ond  this implies that Div,®) ¥ -0 os k>  Loc all vel .

Q. mtmtwgm\\, ‘mg ch&bn& \‘IV DLW =D, n-1D Nuel, vue Con determine E{- thace s a nejative Q‘idl oc nob .

Assumption = Tn the %o(\m'mg . we Ossume  thot every verfer  can b veached from €.
For the problem of \Cmd‘mg & negative Cyce - this S without loss  of gznw\k’mg Sinc we n  rvestrict our

oftention Yo %tron&uﬁ connected Components  and  We leacnt £eom Le| Now to Eo\cznt‘\%ﬂ oMl s In [inear time

Obsecvations
We  make the above 1deas Plecise ELS the ’gouow\\'\g claime
Claim 1. TIL the gmpk has o negative Cﬁciaj then DUV K)o - as K200 for gomz ve V.

L@Q‘i This Lollows {(om the de{;n‘ﬁt\w\ biy D(v,K) and the assumption  that e,\/uwﬂ vectax can bo veached Erum S g
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Clam > T the 3(09% hos  no neqative cycleS.  then Dlv.n)= D(v, n-1)  for all ve\/.
Proof An% tycle s Noa-negetive . So We Con GSSume  that ony Shortest welk f£rom S to U has no CLJ!‘_[eg/

and thut It i of lenpth ot mest n-

Cloam 2 If Dy, n) = Dv,n-0 Qar all vel, +then the graPH hac  no nzgomvz Cﬂdas
Proof  TIf DV = Dlun-) for all veV, thea Dlu,ntD= D(y,n) For all vey , ac the recurenes are the same

More Prumuj, the recuirences  Qare Dlu,n) = m\r\g‘ Dlwn-t) , mmn %D(u)r\w)rf quzg‘g €

AUV ETE

So. Dlu,at) = min 5\ D), mn L opeg *MH

UWIEE

\

i % Diu,n-0), \:W\‘A:eg ‘% DW,VVD* K\w]]l} ( because Dlu,n)y=D(un-\) bu ‘o:g QSSMm?t‘\on>
= D(u.n) ( becanse of )
Hence . b% induction,  DQv, )= Dlu,n-1) Yv YKZn-l, and thus D(v,K) 75 Linite when k-w \Cor all velJ.

Therefoce . by clarm |, there are no negative Cﬂdes in  the Rraph 4

Note +that +the <Same p{oof oS tn Claim 3 Showe thet  ag (ong s Dlu,k+D = D(uk) Yuel , then
Dlv, ) =Dlv, ) YueV YL2k » ond so tue can Stop n &hat iterotion with oll diStanes Compuked cormﬂg-

This peovides  an QM(g termination Ywle that IS wseful ia proctice (when Shortest pocths hove Tew zdgra\-

Algeﬁthm&
U'\ch'rr\czz" Claam 2 and > together imw% that o g(aph has  no negative cz&cﬁas HE Dlu.n-D=Dlwn) YueV

Since we can Compute  Dlun) and D) Buel in Olmna) time . thic imples an Olmn) time algorithm J{nr checkir\g_

‘F'mobng. The nevt Question < }f D(w.n) < Dlun-1) For Seme W , how do we Lind a Y\QSQH\/@ C(jc[a,z\
Here we ogsume that we wse the OUY-gpace  dynamic profcamming  alpocithm for Compicting D Cw,n).
and that we have stored  pareat (w,0)= w o Dl = Dlu, n-1) =+ fow .
Tirst, gince D(wy,n) < DCw,n-1) .  we Know that the poath P From = to W with tfotal length  D(w,n)
ond ot most N zdjes must  hove amcﬂ% n edges . s otherwise  Plw.n-1) = D (o,
B poth of length  n must  have o Tepeated  vertex . aad thus o cycle €
. . s W
Wwe  claim that ¢ must be a negattue Cycle
P = ,
guppe;L not . that C s a honfh[goﬂtlut cim s < s P
Then, we can gk‘,Y the CSQLQ C +o th o poth P/ with ?zwu zdgtu thon thot in ©
and [zng%‘n(?lﬁ < D\U\gjﬁ\kP) Since (G o hbnﬂhggoji\/z C%cLQ
But that would lm@lﬂ that  Dluw,n-1) < fength (Y since P’ has ot most n-lt edges ,

and  thus Dlu,n-0 < ngthU”) < angth (P) = Dlw.n). & contradiction.
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. the cycle C must be @ negative cycle
BB t{adng out the pacent ULg‘u\E the Stored  information. we can find P oond  thus the Cycle C.

This gives an Olmnd-time alporithm to fmd a neqative  cycle. using Oy gpace

Space ~2fficient  imple medtation There s also an O(mn) - time  algorithm  using only Olnd  Space

The detaile ove wofe auslved.  amdl we (1{'@( to LT @—LO‘X.

All- Poirs  Shortest  Paths ILAVER

IY\EWJE' A dicected %{AT{)% G{’»(\/,E\)/ an ld\ga (ength SLQ for AN

Outpul - The shortest path  length from ¢ to t . for all s teV.

We can  Solue  this P(OH—Q}W btﬁ \fwn',,\& Bellmon ~ Ford, %o( each $S¢\/.
This wouwld take OWAM) time. Wwhich Could bz On*) when m=H0)

Tt ts possible to Selue  the all-paire  Shertest  poths  problem  in On) time , using a  different  (ecuc(ence

Here wa  present +the TFloyd- Wac shall o&gor\ﬁhm,

Dynoamic Progcamming
(%) > 3

In the ?(o%&wwgmu algofithm, move subprobleme are  wied to  ctefe information  for each pair of vertices
Subproblems ¢ Lat the wvertex <t U be %l,g_,n?]
Let DCLLI K) be the length of a Shortest path Lvom Verfax 1 to  vertex i uﬁ'mg Mk%
veetices {1 kY at intermediate  vertices  in the path.
( Bnother P!Lrha?s moYe natwcal Chelce s D‘U,S,k) which  denstes the [Qn&H\ of o Shortest \>1LH\
Lrom 7 to ) wing ot mest Kk edges Similar to That 1n the Bellman—Tocd ngorit]ﬂm
We leave Tt oas « %UJ,SJH:;V\ to think about D’(‘,,‘S,K) doacnt  work as well as the LFLan_st‘r\on\l gmbwgmzm)
Answers - D(\,;),n) \i‘(,‘ge\J.
Base coses: DU,S,OS; K’L& &} ‘x;\eE ond. DUL0) = oo S R
This is because DU, 0) TS osking for the shortest poth [enpth from i o i without e tntermadiate yectices.
Recurrence s Assume PCLj.k) afe computed Cor( ectlu, HEJ‘&G\/ Loy some k
We would ke o Lompute DL E+1) W LjeV.
The only  difference  befwasn  PULY k40 and DL KDY is that DU kD s allewed to  uswe
vertey kel ac an antermediate  vertux, while DLLYLK) s ot allowed to do <o
To  uwse wvertex kA4l as  an infermediote  vertex qcor oo path  betweesn i and 3y -

the path hos to Qe feom 1 te k| ant  then Trom kAl o J
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Wwhat ¢ the optimal Woy to do ms"m& enha vertices %(,1) ,k+13 as  Intermediate  Vectices 2

0‘% Larse, we should wce &  shoctest (mﬂ\ Leom T to kel m‘mj "i 1,2, ;,k7] oS infermediate Uectices
ond a shortest poth Leom kil o 3y uu‘mj { 1o ,k@ oS intermediate wectices.

Note that we oLcm,t need  to wse vertex kil wmore than once , ¢ there @re no negative cycles

T‘nqrqto(a, DU/S, K+) = mia % DU,S,H, DO kel k) + D(K—H,‘\S, ) 2} , whee the first tem

considers  the poths not going throuph kxl, while the Setond term  Considec pathe that wce vertee K

Kt
usimg i) >0 wanp {3
F(ogd— Warshall cxlgonthm . /\/‘/ \Jo
. ~ E §
DU'JVO)jDO NARE A DL(,}OB:LJ Ui&@t / boce Cagec
JEor k Ccom 1 o n do 4 QLLDWMS move ond. mwe  Iintedmediate  Vertices
Lor 7 Afrem T te wn do

H 7 Qoinp theowgh all  pawcs
Foc 3 Tcom 1 4o n do

DLy, ke) = m'm% DLy &), DU kL k) + DQKM,‘J,\O%

M&%‘ Tt s cdear +that the (untime ig Dﬁﬁg)

Exerciset Given St eV, vetuwen @ shortest path fom 2 to t.
Open Qrcbhm Tt has been @ \w\g if&ﬂdlng open K)ro‘omm whether thece Qxists  a tnﬂi Qub-cubic  time

mgoﬁt\w J§o( Cnm(m’t‘ng Q!(~Pa\rg chortest Paﬁs (re. OU\%riﬁftm fsf Some.  (onhstant «2o | 23 ®Qr\1ﬁ)\).

T"Q\lO.ling Salesman  Problem T O 667

Input s A undicacted Qroph G=(UVE) . with o vnonnegative  2dge  length  Liy foc all e\

_Output = cycle € thatt wisits auary Vertex  @wackly  once Gnd vinimi e ?@CJLQ‘

Tt s one of the must Fomous Prab(@m in Combinotorial  pptimizotion-

B we will ghow in +the lost pmt o\C the toucge ,  thig P(ob\f&m ¢ NP-hard

There 1S o nawe odgur;tmm for  this Proh(zm i b‘j Zr\uw\?»(octmg all posg‘,bke o{o&umgg 1o vistt the wvertices
This will doke OCnl n) time . Tt bocomes oo Slow  when n=13

we P(esmt o dL\,ﬁ/\am‘,Q P(og(amm,ﬂg Colution Lthat Can P(qumfj worlk wp  to n=230.

Dunamic.  Proge ammin @
) e ) T
The dlﬁ'—tmtt\d of the P{ob\Qm is that 1t is not enougk to  (Zmembey( Or\h:g the ghortest Paths,

but olkes tuhat vectices  thot we hove visited Qo that what other vectices &[‘: ‘o yisit
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The rewcrene. is nlike Q\/U\\'&@nv\’\& that We have Szen S foc, as 1t has u?nnmmtﬁ mamy gucho‘oLzms[
M' et CGlLS)  be the (Qngtk O\L o Shortest Po&h to go {(am 1T to T, with vetices in § on the po:H'\.
(Note that e dont coxa about the omhu‘mi of- vectices in C in the path . and this ¢ wheye
the  Speedwp over  the mae  Olgocithm is Coming fLrom }

Answess - min { COV VY =+ Ly g - {rmm 1 o < Ms\hg all vertices wn VU one. than come back +o L.
eV

Base cases cCi i) = O for all Tel.

Recurreonce : gupqngz we  have  computed.  C (i, Q) gor all Subsets S of Siye K .
We would. (ke to ue thesw to  Compute €1, ¢) for all subsets & of  she kel
To ompuke CLLSY for € of siye Kl we vy all possibilities of the second last yectex on the goth
Nete that the <econd lost vetter wmust be from S, and of course the bost way  to

Teach the gewnd. (ast vertex J s To use a Shortest path from L te 1

that 2ecy verkex  tn Q- Qxadh:j On L.

Tharefere,  CCLEY = min 4 € (3. 3d) + gy |
1eS-{3%

&lgo(if%m © Evercise
Time Complexity :©  Thete are OQr\»f] Su‘o(}(ob@mf . Qoch Q%wn@ oln) Time +o Compute
Co, +the +total +time ComFLmrt& S O™y,

The moain dcowback  of  Thic algertthm 3¢ that  the Space Compledity TS O tn 2.

Conc_ku,d;mg Remark : We have Seen mor\% Q,\(om\?(u ond.  gtruwctures  To d\lZ_SNgr\ oknr\am\‘c, P(o&mmw\m& algbrlthms,
J
{(ow\ WBneg  +o  trexs to g(q?hg
With the help of  homework  problamg  and %uFPliw\m\%m\s execases . T hope that Yo il be famliac

with  thic fuhn\%u, with  which Yow uld  <olue o much (wng elage og Inwutini F\(obtzms.

2

T 2022 . thece 18 o new popec ® Negative - waigkt Qwh&(@-gowc‘z Shortest-poths in hear linear time

So\vimg a Wr\g S‘mnd’m& open %uedior\ on  +this  Fundomedtol peoblem.
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