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Lecture & Divide and Congsuw,r pid

We will cee more QYQMPIQS of divide anok Cor\%mir a\gbr?mmg > n

oneg

Com?\do\t}owm\ &ZOmatYua

ond

others

" Computer a\gd;m o for which  divide and conquec Qives  the fostast  Kknown ngb(iﬂ\m&

Closest Pawr  TkT &.4]

Tnput - n PD“\AK wa\{\ﬂ , b(lj\,b) el (Ymkaw} on  tha 1Df?\qn—2.

Oufguf(« 1< \\ <:} <n ‘t;’\ﬂt VV’:Y\\WV\:%QS t}\ﬂ_ Emc\:dg_ov\ d\\gbo\v\@\_ \J LY{*‘YJ)LJV (j[>ﬂjjl

Tt ¢ clear that +his problem  con be Solued n OCnT) Lime b\a “wj‘m& all pairs.

We  we fthe divide and  Conquer qurcuk to givn oan TmprouU\ Q‘gb(ft%m‘
Q Line L R
| o
o o
o
o
e o \PM\AM rom [k1 T.¢)
& 0
o o
o
o o
\We {‘”\J\ a vactical line L %o Qz?n\(oﬁt +he \aa‘mt cet inte  two Malues ¥ call the <ot o{ Pr{mﬁg on
the lft of the line Q . ond the get of points on the r‘\glﬁt of the line R,
Tor &"mn?\icwé, W oS%Sume  thot ruery \\)D‘w\“( has o dietinet  Y—value We lowve 11 as on gxeccile
to See  Wwhare thig s\ggum?t(m s wsed and also how to  fewmeur Tt
The veetical [lne  Can e fouv\o\ \98 CDNFM‘GM& the waditan based eon  the X-valur _ and FL«% the
f\rﬁ = ?D\M‘S in Q. ownd the last |5 Pcw\&s n R
Now, we recursively find the closest pair within  Q _ ond the closest pair uithin K.
guppu&z the  cleSest posrin QO i¢ of distance D . ond it is Smallee than that in R

To solve the closest oy P(ohmm in all n yo‘mts, T cemang  to %m&\ the  clogest \\crogsthg

Pore  With ene \)uﬁﬁ in A and the othec point in R .

h

Line L
Tt doetnt Seem thek the closest Qmss‘mg poic problem 15 2ocier  to solve : - !
| i
The Tdea is that we onkuA nede to  detecmine  whether +hec ¢ a Q(OSS\W\X Eq_z_ ) :
5/21 1: :r i
Lcodecsad——=l =
Pax  with  distawe < % o T
R R U S
Boxes —— ! ! '
This allows us to  Testaiet  aftention 1o the ?D‘\“Ts Wwith  YX-valug  within '"T"J‘.
et S LI
1 ]
4 4o the line L . but &l all the pswts can be here . i !
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This  odlows

u¢ to  Testalct  aftention to the po‘mts wWith  X-valug  within D S i e
N -
1 ]
6 %o the line L . but still all the poits can be hece- ! |
We divide the martow (eglon into  guaace  boxes of gide  length % oS 8 8
Shown in  the PTC‘MQ, Here comes  the Tmportant  obseryationt. (X’TQ*“VQ from ile)
&=
. . S <%
_Obsecvation L Each Square box  has ot mest one point . > D\
S, 2 g L %
Proof T{  two points are in the Same bex . ther distanee ot most %}Jv(_l\ :’€<3.
Thic  would  Controadict  that the closest paifs  withing Q0 omd within R have o\xmw@zgﬂ
Observotion 2 Each Po‘m“f needs on\% to Cbm?uﬁl Alstonces with \)o‘mTS within  two \r\wigmto\l L&\aarg.
Proot Tor two powts  which Qre sepacfed by at least ~twoe horizostal loyert (see picture), 0
5/a
then theiw distance wowld be were than & ond weuld net be cClesest . 4/ >4
With obsecyetion 2, Query ponl in @ 2quafe box  need m\[% To check with Fo‘mm in of
most eleven othec  boxes  ( boxec in the Same [Qner omd  the next two (ajus )
Ovseryation 4 Says that thece 18 at mect one a‘>o‘mt‘ in each squace-
Com‘o‘mmf these, each \yo‘uﬁ( onLZ\ Needs to Compute  clistances with ot mst eleven other points .
in ovder to Search for the closest pairs Cie pave with digtance € 6).
This cuts down  the <earch  Space from Q. paivs  to On) ?a\'\rg‘
Bgoﬁthm
1 T tha dx\v\o('m& line L bﬁ mmpwtiwi the median wsing the  Xx-value . Time = D(R)
—_ n
2. ‘RQCu(%‘xqu Solue  the clogetet  pair prablem 0 & and in R Get & Time = TCT) .
2. Usmg o linear Scan. Temoue all  the pointe  nat Within - the Macfow  (egion definad bg\ $. Times O,
4. Qort the points  in Y\b‘{\»M({JLaSIV\& ordec bb& their (A~utxme TWM?OCMDSQ
. TFor each pomt » we Compute (tc dictance te  the nect  eleven pointe  in thic ki~0(dxirir\&~ Time : O(n).
(Note that two \:c’mﬁ Within  two LQ\QQ(S must be within 14 pointC in the \fwd\e(/ 0s €10 bovwes in betwezn,>
b Return  the winimum distonce "Fuuw\o\

The corredtnese of the algor\thm T$ egtoblished b% the two oks!r\/af\w‘f\&,]u&ﬁfiiv\& that 1t qufficec For

20.Ch Pomt 4o Compute clistance o OCD) other pownts 0 desceibad

Time Cmnv\w\ﬂé‘ TCn) = 1T(%3 Y D(nkogn\ =

T = OQY’\\Dle}B

n Stz? 5.

Note That the bottlgneck 3¢ in Tthe Sorﬁmi gkz\v oand 1L is ot nzczsswkﬁ to do gw&‘m& within  Yecycsion
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We Can Qort the points bUA \jwa\uz once in the bzgmmnS ond. Wwse thig omumg t%roui\mwt the alzurit%m.
This  yeduces +the time (‘,Dmp[zx‘\hé tv  T(n) = 1T(’n’5\ 4 0ln) D T = D(n\gg n) .

g\m‘\lm\n, we dont need o Compute  the medloans  within the (ecursion

We con Qort  the points b\s s-value 0Once  In  the \oxginn‘m& omoh  we Lo the dlv\dtn& Step

This would wot imFYO\IK the  uortk case  tiwe Lvm?[ax\{r\a but  would ?m?(b\/fl IR g ‘F{Mf\cﬂ Fzr%ormmca

Questions | whece did we wee the &SS\AmP‘c(un Thot +the %-values oave dictingt 3

2. Whal de we rneed Yo Ckanﬁz Co that -the a[gcv\tkm wowld  work without thic C\QS\M\?HM?-

RomarK «© There s a Twotomged\ ()L\_go(:'ﬂ'\wt To —E’lr\d\ a clotest  powr  in Q\(PQC‘CW}\ Ol time. See KT 1277,

Arithmetic Problems

Atithnetic problems ace where the divide and  Conquet  approach s most  powerful.
Mony  fostest algocithms  for bosic arithwetic  problems  are bosed on divide ond Conguer
TnokM we will See Semz  bosic ideas how this  approach works. bub \).,V\‘go*(t\kf\mtehg we Wil nol See the

Loctest a\goﬁthms as ﬂ\eﬁ (equire  Some backgm\mok in O\\&Qb(m C o\ﬁhoug}\ not  too yuch ).

Tnteger Multiplication |y .6
This ¢ a cmu% fundamentol ?mb\am that  our Computers  Selve euuxgcmw
Crivea two n-bit  numbecs A= Ry 0ye- Oy andh b=b b, by L wa wowld [ke o Compile  ab Gfi—gil‘\er\‘ﬂﬂ.

The Mul’(‘\\s\\\c,a;%\\w O\ISW‘\'HW\ that we leoent  In Q\Em{r\t(}r\d cdhool  tokas  ©(nTY  bit opefations.

N NOTE Numbecc Qdd‘\n& one \:5 bng - @och  addition (E‘%ul&‘e& Bn) Wit operationg.

Lat’s opphg the divide ank  Conguec  approach  to integer multiplication.

Suppose  we  Know  how  to Multiply  n-bE numbecs G_&%ic\\h\f\&.

We would like to wte 1t to mm\h\;L\A 2n- bt pnumbecs %mcu\ﬁ.

Griven two  2n-bit numbece X and Yy We wiite x= X, X, and U= Y9 - where XY, e
the }\RSMPNKLU n-bts Gn ok X5, U ace the  lowec-ovder w-bits

Weitten Yv\athamat\cmlg B X=X\~1“+X1 ondk Y= W ‘1“+(i1.

Then. xy= Cxe ) (ue 2 v un) = oy 4 et ey )" 4 Xy,
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Sinece %, X Yoo Yo Oce n-bit numbers. fhe products Xy XUns oY s XaYa Can be  Computed Vuwg\\/ﬂj
Therefoce . Tn) = L"T(%ﬁ T 0Un , whece the odditional  OLnd bit operations Qre wsed to odd the wumbers.

( Note +hat Ay, T s g‘mp\% Sk\ﬁing XYy, to the left h% 20 bits 3 we dont neek a multi plication opeqation D
Qo\u‘mg the Yecurrence Wil give TGV =0 ) . et \mpmving the elementary School a4l gw‘\thm\
This shouwld not be 2w pris‘mg , Since w2 havenl done ahﬁﬂfmg clevec o Combine  the  Subprobleme . and

we  should nef axpect  thot Just b\ﬁ do‘mg divide  ond Congued  Some Spredup would  Come qu&omat\cattj.

Kuratsubas  alpotithm ¢ A Clever Waw - to Combing  the  Subproblems.

Thnetead 9—% Q/DW\F\,{E\Y\X XY Xiws > % Y, ,Xltil L/Lﬁ\n& J‘Yw( %u\b?wbumg_ Kurotsabo's Jokeo is o
wse  three sm\mmmg to  Compufte XY~ XaUa andh (Xt Klv(%ﬁ\i;).

Aftec thot. we can compute the middle  *erm Y. *hy, by noticing  that
G+ KD - Gt U0) = XYy~ XaUs =0 Xy T U+ G W Gus — XY, —XaUs = XG0, + KaY,

That <. the middle tecm Con be Computed in O(n) bit operatisne  aftec So\\/‘mg the three Sm\;Prob\Jem;_

Thecefoce , fhe total me?(zx‘\h\;} g T = ?T(%} + O(n), and 1t Follows —?{Om Ynastec thescem  that

(08313 \ﬂ)V

Tny= 0ln = o(n

This s +the Tirst and €Tgr\?§‘\cavﬁ ?m?fbvzme\d‘ over  the Q\Qmav\tmrﬂ 2 hool Q\Ssrﬁ‘nm-

Po\t\‘num\ al  Multiphi cation

n N
Given two dggree \)O\\incwﬁo\ks) ALY = GaX" 4 na 7 oX+ Qo ankh  BOO = Eo byx'
. NS .
WL Can  wSe the <ame Tdea to  compute ABK n On Yy werd opefations
where we  agsume thot oib] can bz Computed in oY)  word Operations .

Nouw will need o Wotk ouwt the details in  <he ’Progmmmmi ’P(ob\zm»

Motix  multiphicatim {DPY 2&Ty
> . . .
We oMl know the O D wocd opecotions O\\&O(\t\“m to nw\’t\;:\n two N moatrices .
The divide ond ComQuer approach Con alto  be gu(czss%,‘u% applied o matrix multiphication.

Criven  two 2nx2n  matrices B and B, WL Conm  think of coch  matiix qc Cw\s?sﬁn& e{

Towr 1nxn  blocks such  thot A= Q Ao Ae Qnd R= &E“ B \>
A,\ A):_ E)\ B))
The AB A\A A KE\\ B \ Ay \2"\\+ A Ba AuBiy + R By
no = -
A)\ A;\L %—;_\ BlL A)_\ Bl\ + B‘»} %1\ A‘d\ E\m + Angiy

Theee  oge elglr\t Sm\op(ob(im; To  <eluet Ay By BuBy L ARy, -AUED / Al\%ﬂ AL B MR An B, .

Aftec that . we lms% need  to  do OLKB worh operationt o sbtain AR btl M‘*‘“& the QW\D?FDEMW\S
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The time  compledty  is TG = 8TCEN A 00, which Tmplies that DI’

ﬁgo\\v\, This should not be iw\x\stw% ., 08 W2 Ofe Susf okn‘mj the Standacd q\gorithm in block f—urm.

We should net szact to gzt an Tmprovement  witheut db‘mj ami\H\‘mi clevar.

Stcassen's A\gor\thm

Tor Some timg . the O a\gur:t%m W as ﬂr\bu\g%t 1o be gpt‘\mm\ . but  Stxoscen %vv?r‘xgu\ the wocld

btﬁ Mg mqg‘\g ”go(mulo\ : AR = P§ %Pq - b, Pe P\ -+ PL
P2 £ Py PP -P - Py
whare P - A(\ (B\lﬁ Bas) P7_: (P\[\'F A\’l) By . P-%i ( Ayt A‘.}}) B\‘ X Pq: H;@Kgm” EH>)

Pg = (An‘k Aaxv(%u‘f lew p P(,: < AD” }\11\)&E1\+ BJ}.\ s ?7: ( Au” Am) (E\\+ %Dj.

The Po‘mt s that eoch Q\A‘o\%ebwm con  be Compuwtaed ms‘mg one mmtﬁp\‘\mﬂbv\ ond O additional opecations.

The +{ime Qumptzx‘\tn e T =77 T(%B + Olr\lﬁ .

q )
Tt Sollows from the waster theovem that  Tn)= of N I T A AR

Aftec Steossen’s O\lgbf‘\t\nm‘ thece s a Long ling o-% reseacch  (uith  Rowe recent ouudo?w\er\tsﬁ ngh;ng

31
the time QDY«\D\WWK Of matix  multiphcatien to OU\Q% )

2
Seme  researchers  believe  that  matix  muthiplication  can bz done tn O(n ) word opecations .

This s Qmu“ﬂ\j D’% thestetical intecect m\\%. as the akgormms are oo Complicoted to be i(V\?IEMQY\TQ,z}\

Qb1 scen’s Q\gof‘\fhn\ can be implemented  Gnd Tt will be '%&Ste( than the <Stondard akngﬂ:m when 1 Z Soeo

Applications

Thece ore mony combinotoriol ?ruHQMS that com be (educed +o matrik mulh?\\mﬁm; and

Stiagccens  tesult tmplies  that fhai Com bz Solued ftxstzf Thon  OW®) time.

As an anw\?le, the p(o‘obzm Of d\iTIZ(W\‘\MwS whether o gfczp\q has o memgl@ Can be <edued to motaix

multiplicotion oandk  we leave it as o puﬁ\xz fo You o Jf’ngm(& out hew

Thece ace \rv\o\v\ﬁ Combinatortal ?(D\a\xms in the \terature whece the —%msus“t known O\,\SOY\\H«M s E:& o A% rvmkth\\mﬂmn

Fact Fouciec  TConsform {DPV 2.6)  TkT €71)

There s a very  nice algorithm o Solue integec  multiplication and ’PD\\:&ﬂum\\G\\ multiplication  In 'O(Msgrﬂ time .

The precentation 1w Udby 267 ¢ HKM\:& vecommended  FTov thote whe oace intarested in \QO\(nIn\K it

Waleclod  hace o S%((m% S\:\mbonc Cumxgwtc\ﬁov\ Qroup And You Con leacn 3t in CT 437
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