cS 341 - AlQocithms | Winter 2033 . Un'wus‘.t% of  Watecloo

Lecture L : Course Introduction

We wil ficst go throngh  Somz logistics of the cCourte. and then have G ovacview of the course.

Thea, we Stact with daﬁw\‘m& +time Com?mlt«g, and  then work out & Stmple  and ir\%efesﬂng problem

we Cn Qtion

Tor Section 4 ond &, +he Coucse page oddcess s Mt\>s~// CS uwaterioo.caf ~lapcht [ Cs 34| /.

The urse  Outline

can be found in  the Course pPaRe.

We  hove O P\&Qk pPage Loc OunnounCewments ,  ditcusgions  ond Q&K

See the Coufce page for the (ink.
We wll va;d\z handwaitten Coufte potes

and they are wcwolly  posted o day before +the lecture

Please  be considerate to others

tucn off Youe  phonee . fefrain from to\tth\& ond  do not  use

Computere for  activitie<  thot are not dirqatuﬁ celated To the course (Q.&. (o.ad‘mg and
W{It\‘nx notes  afe 0kau\\, Youtube ond  Qpadial wmedia are net oka\A)

Wwe wuse  three mfurlmt books ond VZfQ‘( Yo them \As‘mg the %Hm‘m(g gm"’*ﬂmmﬂs.

- Low) A\go(ﬁchmx, b\a Da&ﬁu?hx} PO\?ad?mVﬂ‘\om and  Vezigant,

- IxT) Nguﬁt%m o\u:%h) bLg K\anwz and  TacdoS
- lecurg) Trtroduction  to Q\Sn(\ﬂxms , \”Zx Cormen , LeiSecsom , Rivest , ond Stain .

Course  Overview

The main Foows of the course is on  tha odesign omd  onalysis of  effictent Q(SDTTHW\S and

these oce %wndammta\ BVMDL‘\»% blocks 1n  the OL}L\/Q\O?W\EV\T a{* Qm?w‘@( Sdence -
Towardse +le ond w§ the cCouce .

however -  we Wil (alize  that we do hot  hawe &’H:cbzvﬁ

L\l&u(?ﬂw\& &10( w\cxma H\njtkrg_sl\‘mg o Uv\?orfar\t \Bfo‘o(ramg,

ond  we \will  infroduce +he
—E}\eov\é e'% Np— Qom?[ztanggs ‘o JLXF\z:C\n +hs Fl’\lr\bmzr\an

\Cormml(é

To develop aw giﬁédm& algerithm  that %S usﬁut n practice | thee  are a -gzw %mFSA

ond  motlematical

Ticsk,  we need to  understand  the  Struwctures

Preyﬂrjﬁeg 0{ the mem
<L&‘ a e Yewurenw  (elation

Then, we

. o?t\mo\l Solution Ts uv\}%ue‘sﬁcw,
e these  obgevvatione  to O\Qg}gn Q\SOY:'H’\W\S ond P‘(D\/L That the m\gm\ﬁc\r\mg QAle

correct

ond w\akuﬁt the +imae c@m?hxﬁa;

?Mc&\hgz (WIS w\ma wee  Some good\ dato, Sty uctuces

+o %P;zszd\ u\b the bPQ(qTTOnS . onol
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aleo ‘m/\P\szv\av\T it Qﬂuzfu\(i o oPﬁingz the Pﬁf\cormm\ca

This courge 1S ﬂ\@f/&tim\h& oftented . Wo wall Afoeus

on +the ’E{(St “two QJVQ\M and

%’\)ﬁ,V\d\ moSt o—§ the Time n matlemoatical ?YOO‘%S‘
Tor doata vuwcbures . the Standacd

ones

that ﬂom have \o2orn® QL&. %rﬂuw , Stock }\RQ\L

balanced searel Avees ) Will bo zmm&% 'go(‘ the Pucposse cf& +his

Coluprsa. | Ox(% l/\UbLSL\

k)zLP inomind That  Qeme of  tle {‘Mﬁzﬁ Q\gor‘ﬁc%m& kzqvﬂ\a rdj on  the wee ot

SoP\q\ sticated data v ucturas .

There  wil  be

Come. ?\’Dgﬁxmw\?v\g ?(D\OLQW\S n the QSS\(BV\MEY\TS

to P(D\LHCQ \Aomr imF\zm“Jrqﬁor\ clatle.
S%llabus

We il (2 am bosic  techw ques to

dgg\gr\ ond O\v\o\\\a%k Q\&M\\%V\W\S

NSRS PonQW\ Tn omffugm“ %Pigg,
The  4entaftive Qehad ule

. ‘H/\rou\&ﬁ\ thee
%%\u}\kg o&\

nclude

- AAhe  and o quec ond

go\\/‘\ng T4 CUNTLn Gl C 24 \z&uu&)

%imv\g %rQ\;k a\im‘\ﬁhmg \,@Yng RFS and DES &% \LU[M(&SB

%‘(Slzd\\a m\fgbf\rﬁ\nm& €3 la ctuves >

d\\gf\avw\\Q ?vo&(AMWYWS C 4-S lectucec)

moximum A low (3 g chwces )

NP - CMP\LEXV\L%S and  veductions (& (zgt\uzg>

Tha Concept o’&- veduction is

}m\wr‘\aw% n o\:zs“lﬂmng a\gor:thms os  wall ag S}'\O\uiT\S

acdness  and  antvact o\\ot\‘&\g .

The  moximum flow Pmt S O nww oddition o  C<3GL &T&(Ting thie  tecrm.

Two Classical Problems

To \&\l\ll You & more concrete Ydeo oabout The Coucse, let's

Concidker  the ”Go\\(sw‘m& two Froblems
We oare Qiven On wndicected grm&ﬂn Wit N verticeg oond "~ _QckgL&,
whore 2ach @d&@ has o ‘nbh—na&o\ﬂvq_ cost .

The ’Ha\/i\m% salesman pre&:[qm oske we  to {—ind\ On

veartey owﬂ the &rq?k at \gast

NS
Mminimum

cost  touc Yo  wisit ,va\a
once C visit  all c{ﬁ@) .

The  Chinese  postman  problem  asks  w to  find o Minimum oSt tour  to  wisit euery

!&c}\ﬁe e% “he Qr aph oX  leost once Cuvist  all Qv 2t ) -
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A noedve a\\&o(\ﬁc\nm +to 2olue  the tro\vdv‘nj Sale sman PYD\DLQM ¢ to

Znumerate all

PJU mutatione Anad {eturn the N A i ceost

ong . TL\\\& Tokes GLY\L > ——\—\\ML
\N\,\\d«\ s \/\J(xg\ o0

2oy (‘L—& Cant Solve More +han 1< Ve exices >

OST\'\% dﬂr\amrc ongvmmmiﬂi . Wwe  Can Lolue T n OClY‘) time L, and  this 1S
QSSzr\t‘uo\lL«a the \DQSJC <hown O\\SM?H\H\ * hat we  Knouw U%

We wall ?vo\/q that Thic Fyobkzm e 0 Nr\)fcamFLeﬁa )/, Onde ?(obmb(\é edficient

O\\gm\“c%vv\& %w RS Y)va\oum do not exigt.

SMTYYQS\\Y\%\A L, the C\Winese antmmn ?ro\@\Dm L which  (ooks UULA Gimilar . Con o

Solued in OLY\Q> time WSTV\% tuhm%us Ji(om gYQP\,\ W\of\\cwng.

learn ng Qutcome

Know well—lknown m\gmit%mg well .

Haove +the c¢kills <o d\ag\gn new O\\i[}(:\th’w\& fyar QFM\D\L Pfoblzms

— Cow prove Co¢fectness  and avwd&%e the +time Qom?uxﬂ—g o—% an O\\iw‘ﬂ%w»

Use  Yeductiony ‘o <olva \Dro\gkzmg and  to prove hatdnesg

Time Com?(zx‘.t\é

How do we dL{ma the ~“ime

Covv\?lw‘\fé& OJY an O\K&D(\L‘t\/\w\ 2
RD\ASH\A SPMKW\5, we  Count the number b%
Ove

b?a(o\ﬂor\g

that tle o\\gm‘\ﬂw\ rz%m\(u,

Wai Count on\c%\\a how mm\g5 b?@,(o«ﬂong

gmé loon Comparisons o Sert N numbaercs.
The precise consTant is \wu\oab\% moaching - dependent (oLQ‘EJz,Y\d\W\g on  the primitive
sperations  that are  Supperted ) ond may . be ale  diffienlt  to  wok out
So, the <tandacd prachee 15 to use  Asympbtic fime  Complavity o anolyze  algecithms.

Asuymptotic  Time Complex‘\\f%
d AJ v

Qlven  two Jiv“c&\m«g %U\% &(h) >

\J & gm\%
- Cuppac boundk, big-0) g = OLfy) 3 i f;::\ <o \C?( Some  Constont C
(independent of n ).
= Ulowse bownd, Vig-51) g = ALEGY) af e {D‘% > e for some comstant c.
= Csama order . big-0) gt = & (o) W J}R& = < for seme conctont C
(lopse Uppec ound, mall-o) gy = o (FLY) g e {Q‘% -
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= (losse lowar bound, wa\[\am> SU\\ - (’EU\)) \\& G A 00

n>0 —‘%Uﬂ
o 2 2 &) "
Sewa  2xamplas o n = QQV\L) _ 20+ e = e(f) P nlogn = OCV\l) B = o(n®), 7:\:0@\)‘
? [DE S g lug\c&h
3n oo N logn a
Qb\gsf\sy\g: How +to CDMFQ\'L pB : AVAN Y\L § - Jhovg )_S—i . 1“ Ve n } 2

(We wont 02 these tﬁak\A fmvfmg tima bounds 1n this  course , but thzz\ appeat  in resea(ch)

~ R 3
Side vemack: Come P‘Zo?kﬁl +hink  that Tt s more ag?m\)r?q%a_ to  \eite SQ% n e On )

Jc%;»\k;ni a% O(v}> os oo <ol OW( 'F\”\cﬁmg,
2 2
Come Pgo?\L wiite go\\a r\li On™y and n 2 00 +o h?gh[\ght thae  (elations.,

RBoth (e o\cu?tm%\z n thi€ Coucse

Worcgst Coase  Complexity

Wa gaa oan OLLSDFICL\M ag Time C_DYWP\QK:% O(‘%Uﬂ) \\{ Wt ra%mrag ot mest O(f(vﬁ)

\Ur\\m‘\ﬁvz_ mec;Hon_g %ov all \\M\F\ATS c% STSL n (L&. nobids Lo

numbecs — N vertices ,L’f(.),

B\a Duob?ﬁh& “the &sﬂmptuﬁc e ComE\ax\\%\j) WL o Tgh‘cr\w\g e Uloxdglr\g consT ants

and  loger  ovdec  Torms .

\Do
Tov exomple , e will Smg that oan &\Sm(‘\ﬂm«n with \fummﬂ& Tma 2wt s {msur

Hon  onother odior?cl,\w\ with \fumv\‘mg time hz ) O\H@\wgk foc all Pw\d\‘cﬂ ?\Ar?osu +he ng

0\\%“(?%” s ’g[}\st?_ﬂ

Tlesk . thix Yo\rﬂ\a Noppens Clout 1t does  hoppen  In recearch papers ), ond  even T{ it L\QFFXHK

\Agmm\a the (%qouﬂ\c} o\\go(iJcL\M Can ba \\myrmx to  have wnch Smallec CUL\L{\\CM,&,

{00

Move .‘W\\’“%W‘H‘&) e 2 N fime odgormqm does  cun  Faster tlon tle W Aima

a\gmrib\r\m when no s \mg& Qhwgt\ . and t 1S “«nuu“ﬂg WOre z«f—ﬁday,%.

Al whan  oue Computers baeome *‘Eo\gba() the PMHQW\ e that  we con oleal with  wil

bo come lmgerJ ond  thig asnmvfeﬁc Ow\ahag\\& would  be  naore  vTeasenable

Lo, 2van T\\bmgl,\ this qg\amPtbﬁc Qm{\jgk VV\OAG wet be \/;zua oCCuyate MLaSura a{‘ o Q[forYf%m;

\)ro\cﬁu\ \jﬂr\ﬂormo«nuL T+ usaoﬂkﬂ PESN %ood\ wsasute  and 1t makes  Sense %L@orahco«\(j

Y Crood . Aleacithms

Tov  woett wﬁwﬁgc&im \)fe%\amg, Such as  the trmzt‘mg Salegman PYDUszm) Thece ¢ a gtro\ght&mwm{

Qxponentt ol HBme Q\&oﬁ%lnm,

Tor  thowe \)ro‘p\zmg wi  otxe  mest interected n O’\Qf"\v?v\% a Fo\ﬂmmml Hme c\lior?%hm,
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with Vunning  tTme O(n ) fw Corme  Constont \v\oLngmmwt o{» n -

A Rin,  an LD‘DW AP0 - s a\ﬁm‘d%w\ would  not  Tun ‘?m&ur than o 2 - time alqorithm
Tnooowe [Wetime . but sEIIL T Yo o @iﬁhlﬁdm& ochizvament  Yecause Tt talls
us  Hhat e problem  has  Qome Sundamentol  propecties  that allow  &s o solva Tt
’go\{ru Than brute -~ force  2numecation | and thig distinquishes  the Fnb[ 2m ‘f\{m

otle ¢ Pyok\zms that  brute-force  onumeration i< Qggqnﬁatln the  bast alfmrtﬂum.

W will come back to Pokﬂnm\al«ﬁmm COYMFWVD\T\W\«& Toparoks Ha enok o”f This Couyrse .

Com put at\on  modelg

When  we Souy that we have an O(n)-Hme D\lgo(T{jL\m/ we nRed  ty  be  more Fwdu
obsut  what are  the Py‘\m‘\%wt on(Qﬁom That  wWe  assume -

Tn Ehis  Cowsse ,  we mgu\m\ha S ¢ume the wWovd—RAM  modal , In which we. o8¢ume that

W  Can  access o ar\ﬁjwana \)ngJv‘\On D'% on mrma In ConStoant time and  qlgo

>

“thot Lol word opecation (suth as additon . \'Lo\d\/w(T’vLB Can be done n Counstont time |
Tor axample, 1 a grq?\\ With M veetices. we need  to use \bgl‘(\ bits  to Idznt‘\lﬁé a
vertex L bub we usmu& jwst assume  that  these bgm” bits can e Fit dnte one word
and Consider oan b?)zfa‘ﬁon Swch  ag CDW\PG\({T\% The labels arg +we vertices Ccan  be  donz
in Constont time
Thic  model 3% wswxlk% Y odk ;zmmgl« n Practice L becouse tlo problem S Can ww“%
2och

be ‘@‘\% In 4he  wonn VY\QW\EY\a , ond 0o the Wocd %T%L 1< Largq an\ﬁ}\ Omak

YY\Q_rv\o\'é OCess Canw ba  done T mote of les¢ the wwma time

For example, we Can do b‘w\ma Seacih in o WOrd-RAM  wmodel  n OUOK nD) o werd opuaﬂom ,
while Vn o Tw“\v\g wmochine  (with a one-dimensional *c\\m \ we  cannot oo ‘o‘mané geacch .
A more ?{ attiml  Scanaxio Us when  we Qﬂokﬂg{ Nnumei cal a\gwithms Such  as (*,nm?m*mj the

detrcminant . As Eﬁo& may know | \OVA dc‘m% Crowssian elimination

Th On ar\ov\‘d\raré Manner,

the Tntermediote vumbecS  Couwld  blow wp ,Qx?m\am‘h\qlh& . oande So it T¢ mot (easonable
onumore to oactume that Lach  oafthmet oberotion  Ccan ba dene  in  Constont time
Tor  thee P(oaumg Wa u&sua(hé\ Conside¢  Tha it - QDW\\;LM‘&LA e how Wmm% bt op-ec atisns

Tnvelvad  in the a(goyitt\m.

Q'D, \lease a some  attenfion Yo these  ascumptions Wen  wo analuxe  Ha time  Complexd
P ey f 93 P

o% an O\[@M‘lthw\, {SPQQIO\“% —%or Numet ol P(ablflmg_
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That <avd . the \NO\PD\~CDM1€\E\<KTUA and ‘OK*CDM\)\UKTIA \/\QLA,GLHLa dont  make o by‘ﬁ d?«ﬁ%(lnw

in WS coeurse QQ,&, at most o Lng(m) r%aﬁmr) and  Se  We Tjust wse the word-RAM  model|

3%0M

Lot’e do o Warmup P{ob[zm to See the Pmca,gt o’% des‘«gmng and omcx%g)n& sz\gD(Yﬂqm&.

Thic kind of ad-hoc Pmmm; are  often  acked M Job  nterviews at  tech  Companies.

The  2-Sum ‘\')(bbum Ve &‘W\\:\SL to state ' we  ave Qiven N+ Nnumbecs QA,.0,,... 0 oA c

oandh we  would ke  to detemine \\{ theve ove \\,S, k Quch  that O\Y+Oxj+ak = c.

AlgDth\am 1+ TEnumecate  all tf‘«?\es oand.  chacke whethee Tt Sum 18 e Time - O(n*)

E&\ggdﬂw 2. Obgerve  thuwt AjtAjEa=C  Can be YLuwcittan  as C-oi-aj T Ay

Wo con  @auperats  all Pa\\r& O\T+0\S ond  check  tahethec Coog-of s eg«a\ to  Some Oy

To do this chzck?w& &{&;dzmh&, we  Coan f‘\(% Roft  €he n  nuwmbece <o that o<o,<,. Son.
Thew C‘/\QLK‘\Y\S whethe ¢ C—G\;ro\j 1¢ a@%wx\ to <ome Ay Coan be Aone b% o ‘olr\m\A seacch |

3 ol Tne -
n Dj n)  time gmﬁ\,\é \o‘ma% gracch, fox gach pare
M <+

ge/ the total CDW\P\QV'\\?A s 6 h\ogm ~+ Y\’Lkbg‘(\ ) = O(‘nl\mgns,

Mgmthm 2 Thig +time  we \wxite the  Condition o check.  ac as+ D\j = C-Qg.
Suppote  agein  that  we Sert the o nuwbecs S that o 2an € € o
The idea  is  “Lhot %{vavx this  Corted o\((ag ond the Number b::gfoLK _we Can
check. Wwhether there are \\f) Such  that O+ aj = b.
Tn other wWopd< , the 2-Sum Prmh\am can  be  Solued Tn olr)  +Hime g\\\/zh the  Sborted o\vm%.
IWL this is true ,  then Wi  Cam  Obtain  an Oln ) - Bima algorithm Por  2-20M L

\Q\A f\’(i\\“& b::Q'QK '[%'D(‘ Qg ach 1<k < n

Thoat 1.  we (educe the 3-SuM P(DbUZM to N instonces  of  the 2-Sum Fro‘p\zm.

2-SUM © Tt remains fo ghow that 2-SUM Con  ba  golued in Oln) time gi\/w\ a  Sorcted o\,rm:],
To et an 1dea Lotk see @& axamp |
& n X MP < o, O g . ?
=
‘\\g\g\g\fﬁ\ u\ [({»LLD‘
L A S SO

_A_[gm

W e KzzF a  left index L and @ \f?&\qt Tnoex R
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Tkl “\\A .o Wwe ket L=\ oand R

=n.

White L ¢R
Check  whether QL +ap = ¢ - I Co. we are dwne.
Othetwisz. 4 o +ap > ¢, then decrease R

b\g 1:,

else O+ g € a , then incxease L b% 4

D falefsfal e [1afzo]
The idea 15  that "\{ ot g > 1% L °

then we know that Ot ag > 18 %Dr all R/ZR, and <o we dort  nesh Yo check  thowe Poncs.
TThis s L of Cowrse. net & proof.

Proof of Correctness TL there ore

no \& 2uch  That c«(+mx = b . then we woey {ir\d\ them-

imwom a;+ay =b  for

Lome ié\s,

Since ta Ql&“““‘”\ Yuns  wnti] L=R, There ¢ an itecotion <cuch that L=V oy P\:j_
Withwk LSS . Sappoce that L= happens  Fivst , and Qﬂ 5 the other case 1§ Symmatvic .

Ag KDY\& as R>j, we  have a + Qg > Qi4 Ay = b

) , andh o wa Wil decrrae P

i C X :
“Time omploxity D)

becauce R-L  decreases ‘03 one in  each ttecotion R0 the o\\gar\ﬂw\

Will - gtop  within -l Hecations L

Remark : g\n??'oi& e Y< an 2xam \)YOL}\QW\- Nou  will &zt ok least half the  macks

W

\SQVL g”l‘o\,JYSZ Q[&br\ﬁrb\hf\

\Aom %K\/SL O\\&Dﬁﬂ»m > You will &e# at leact }\a\{ the marks ﬁ(

3 Qowut\u(X but  did wot \ws\,‘\&t the Coveedtness \Droo{.

Youw will gz# «lel marks TJF

\&DLA ko both - Nete Hlat L\/low dont  need to  Woite Y)\((LCISXL Coda ‘%m the odgo(‘\ﬂwm.

Tt s okay (f you desceibe  the algerithm 4t (n the above example.

Litecauce Loptional) Tt hac baeen a bh(% S%&mﬁ,\& open Pfouzm wletlee  O) 1 bP‘dMal o 2SuM

Mc\na PQDP\L hove worked on  —thig P( oblom  Lithout

Swecess ,  and 'H\e\é stocted  To

Cenectuce that <wch akgoﬁt‘nms oo

nwoll axist . ond uce 3-SuM  as o hard” problem
to prove that  Otlac problems  do not hove faster Algo‘(\ﬁ\,\ms o The logie g - if a
pm\a\nw\ A Cn  br  solued  foaster thon  OWLw ) time , thlan  3-Sum can be solved foster
Ahon OWL~D) Wme . ond So

Tt ¢ ?mPoSs\Hﬁ .

We Wl talk mMmuch mwe oloout 2 duct lons

when  wae Stmku% I\\?~m}>la_ﬂr\es<<
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Kacmﬂa L tlare s oaw OQr\l/ UOgn /Lo&LDgY\>1/g 5 = o(hl> - tBme qlgmithm oiccowered . So

the Sftong form c{ tla Conjecture & No— true - bl it Cemalns Open Sag5 wletle ¢

1-999

On ol n ) < time m\gn(\t‘nm ?D( 2-%0uM 1S FDSS?E\L_
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