CS 23¢( - Ngor?thms , SPring 2021 . University of  Waterloo
Lecture 20: Hard part“\tion‘m% problems
We will See that +he 2-dimensional YY\ﬂJtC]n'mg Problzm ond  the Subset-Sum ?(‘Ob[ﬂm ofe !\JP»Qom?Lm

We then end with swme  Aiscwssions

3 - Dimensional Hatd\‘m% [ kT 867

This is o genecaliation of the bipartite mactching problem.

3-dimensional hwidﬁna (2oM)
Input: Dislmnt sets XY, Z each of sz n, & set T & XrY xZ of  Eriples

Ouﬁp@‘n Does thete awvist a  SubSet cﬁ n tr]Ples Mmoo T e that <ach element bwt XoX ov2Z 3s

contained in Q\uxdchg one o& the %({F\QSQ

The bipactite matching  problem s o Special  cote when We onhé hawe  K.( and pas.

X o oY, Toput ¢+ Moo %), Y20 )
b{?o\({i’ct X’f ° Y= . L%B)\ﬂl‘zvj ;o DYy =)
ma%t\mv\j =,>§€ Output Q\/\,\ﬁ;)lﬁ, (ng\jplﬂ,
Xn e [ &:Y‘

(\KLIL:\QJZH,) s a Eg(fggt mo&(hn\x

A Set of o trples T perfect  3D-watchinp I 2veqy dement s Contomad n @¥adtly one of  thew triples.

Theorem 3DM 1S NP- Complete .

Proe C[mrk% ADM 18 in NP L We Rhew that 20M s NP-Complete b% \)roulng 2-S4T EP 3P

Given o 2-SAT instances with N vacdables A %2 .. % ond m clauses C,.Ch._, Cm, we would lLike to
Construct  on DM Instone  so  that +the formulax s Qaticfiable \«% there s o perfect %D—moﬁ[chmg

As 10 the Homiltenloan eycele Prvb[tm, we would like 4o Create some  variable gadgds to  capture
the binary decisions ef the vaciables .

For each varioble v: |, we cceate the —Fo\[omnj qodget .

There are wm wveefices X, ., Xpm. m Vecticas Yo ,ij L and
Im Vectices 2., ?lm cyeated jcor the variable V;
There 35 a triple  %.Yi,Zai. foc 1<i€m,  ond o 4riple

Riar Y1, 295 For  (41¢m-t ond & teiple X\:L&ﬁwl;_m

TIn owr cConstruction, we will ensure that the  vertices Goys are  net  contained in any other Lriples,

becides  the Two teiples In  the varable qadget
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in the vacioble qodget:

This EmPL{es thot thee are OM& fwo poss?b;uﬁzs To cheote +the Triples
Qor(aS()M\ds ) Cortasponds o
§dtmg the Qzﬁw\g the
2 variable to voriable to
be True be Tolse

X, 2o o X,4,,2 0 Once this is decded . the mmmnmj decistens  ace  forced

choos2
varioble

erthee  wue
we houg ona 3&(12:16 Lor  cach

To cover U, .
variable . as
“ ’”

This QO\PJ(LA(QS the b‘\nq{t)) decision {or 2ach
Tt (emans to odd  some  clause  structuces to the 30u- nstane g0 that onh& SOCtiS{-’\smS assignments T Suevive

— . (The clause elements can only be |
- matched if some variable padget
leaves the corresponding tip in'E.J v o=

gmﬁ we have o clowse C\\ (Wv@\ﬂ@)

Clause 1
new  uertices Ko, fcr CJ.

Wa cveate twe

If o vacable appears at v Cbut nit )

we add o teiple Yo Yo, 2oy,
Otherwise , f o variable appears as U,

we odd o Triple  xe.yc , 23] -

V3

We do the Same for each  clouce Note. that the triples  for  diffecnt clouses are disjewnt
because tlwﬁ wse  Aditfecent “ﬁ\;g" in  the vacriable 3&(13@@.
be.  2am-wm = (an-Um  wntover €ips (eft  over

Boch clouse can Cover ona tp Thare  waill
Can-Om  paics  of L\dummajl vertices x/,g/, oand. for  anch dumng poir.  we oadd o

We will Cceate
tople Cxlylz) for every 2 in 2uary variable  qadget

vertiees and.

(an-0w -2mn < QYY\lnl (XUU’V\M\:S triples.

new d\ummud

odd. 2(xn-Om
N Po[%nom‘\o& time .

can be done

Tatqmj, we Wil
wasteful  buf szto{\r\hﬂ

This s The Construction . which s a (Tthle
sotisfrable  THF  thecw s o ?aqcut ZD*mthH(ng.

Tr temalas te prove that the formulon s

) Suppese thece I & Sat?s{gtw assignment

TL u=T . we covsr the variable Sc\dgat using the euea Tips | Leq\m{j the odd tips dree

otherwise £ v;=F . we cover the variable Sc\dg& ug‘mg the odd Tips . leqv{ng the even {lips Lree .
o lteral wuior v satistied

Since thig aig‘\gr\mev\t NS SQf\X%LﬂlhE all the clouses %or eoch  clouce <, there is
available in the variable qoudget for Vi, So that We can choese that Triple to  cover e Yo

Go, there will be a tip

120 Page 2



?If\v&t%, Ror the *(ama‘m‘\nf& Can-DOm  wacovered TIPS, we we the ddlmm% triples to Cuec them all

This Qtues wus a  Pecfect lDfmc&cth

é) gmppu&t thee s a P@(Guﬁ %thwqtchrni

TFor each variable 3&&3&, there are on% t e ways to couer all the internal weckices K.

I% theca kd?lzs oLDr\,’t Luec  the odd tips . Wwae Sk the Voeioblt fo be Truw  othecwice  Talse

Qinee we Can Couver +the clowse  verticss Xe,Ue , one of the thize tips 1t Connects 4o Vs fres

Qsz not b““j used bud the Toiples ?rom the Vartable 3&13&),

By our construction, this means that the clouse s Sotisfied by that vartable.
4 4

Stce  all  clouse voactables are  tovered, we have o 3qﬁs§\j;nj QSSRgnWLnJ(‘ a

Qubset-Sum  TKT38.8]

Tnputs n positive integaes a0, 0 Ond  an ‘mtzgu K.

Output:  Does thece 2uist o gubsexr S ¢Un] with WEGS a.= k 2

This s o problem obout mumbers. Qo Seme hew ideas G mneeded 0 Cotnett to  preyious Cambinatocial

Theorem Cubset - Sum 15 NP comy(etq

P(oof Tt s clear that Subget-sum 1 In NP We prove that it s NP- complete \og P(cv‘mj 3D H QP Cubset ~ Sum

Griven  an instonce  of  3DM ., we will congtruct

an instance of subset-swm  go that thete s a

per fact %D«mqtdqmﬁ it thece Is o Subset of  certoin Swum IS (whau value s to be detelmined (ater).

The idea is %uiﬁa natucal We  will

Lacst mep o triple to o« bit ~ vector , and. then we  will

mop o byt -~vectsr to O numbec, oOond  ge @,uzzntu\auﬂ a triple will be maPPad\ o a  number

We frest Show  the  ceduction \L@‘mg an u(m\w, and.  then  desciibe T mere \Cﬂmq\l%

\ © 7 o o
Yl o ¢ ( )
2DM ingtonce — %3] o 0 o |
with G Triplec ol ot o 0 o
Y| © | o \
(\(\,Lﬁ\,zﬁ) (. ,le,zz), | o & ( o
2, (o) o] V) |
(Ylf\jyzﬂ/ (X3 Y2,2) 2,] ) o °
2, o ] { o

Yy Ny v, Vg

et IXI1=IYl=1Zl~n aad let m be the numbee of  teiples in the 3pM instoance

We  will  create o bit-veor for each teiple. Each vector has 3n coordinates. one for cach vectex.

To¢ 2ach "t(‘{?w_ CX*,}M)ZIJ , we have a bit-vedor with 1 in the T-th Qmj)rth, ond. (2ntK)-th  coocdinates -

From ouc Consteuction, 1t 1< QQS% to \/m{ud Ahet  thae s o pa(hct mmtch\ag in the 30M Instance
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£ ond only & there 15 0 Subset  of vettors  thot  gums to the allone wvector
In the aboue QXQMP\JL; the wvecters v, U, V4 Sum “up to the all-one vector, ond the cormSgor\rm& tf‘[pkes fufm a 3I0H

We (eave the wverification of thic claim  &e the reades

>

86, now , we hove proved. that the problem o C‘ﬂaoSihi & SubsSet o% o-\ vegers that Sums to 4 s NP- Complete.
We would  like to freduce this probem 1o the Qubset-Sum ?(obum to Shew that 1t ts NP-complete

A veey notural  Tdeo s to think of  the 0-L veder  os  the bimxms Cepresentation of @ number.

3 antk

T na
That s, @Qach taple (x5, yj,2¢) s mapped  to The numbec PR B !

With this mo\ﬂﬁng, \\{ there 158 o Subset of  teiples that 'gurm a PQ{%QLt %D’Mqﬁd«‘mg, theiy Qo(ves?or\ddnj
3n )
numbers  would  add wp to = » the numbac  that corcesponds to the all-one b}nq% St(‘mjv

iz

2n

Howzuu, v there s ol Subset of numbecs thot odd wp to ELIY, 1t moy e urms?ar\ok to o perfect %Dfmatch‘;y\g
The preblem  is that when we add up two numbecs  Both with L in the [-th wecdinate . the (em&{nj numbey
has oo 1 ‘™ the Ll&\}ﬁ\ Coocdinote  because of L\Qmm&‘mr{.

This s net ous intention, which s to choose o vector with o one jn  the Lym“th coordinate

Thece VS o Simple  t(lck Yo gt‘b Around. this “cmwsinﬁu PraHzrn, So that the oboue P(Rn wouwld  work.
Thee ore ot most m  numbecs .

So. ¥ we chosse o lage enough  bote b=mil, thee could be ne carcying Yo the next dfgrﬁ/ngrt{gn}/

i 1 ntk
Finol conctructton Tach teiple (3,43, 20 75 mappedk o the numbec b 4+ b S b

.
Define % = ?sb\ . the oll~one number 1n base b (axeept Hor the lowest Fositlon)
N

TL s clear that this Can bae  done in Pb(gwmml time.

«~
>

M
T

Cloim  There ts o perfect %D~ma‘cch‘mg T there 35 a subset with gum K=

=) This diretion is 2oty and has beca evplained in  the brt~<..tﬁng Settw‘r\g.

&Y Since  thee 1S o Cancying, for eath pesttion L n the base-b  tepresentotion . the Subset Sum
(eeords  how many tTimes we have coversd  the L-th vertex in the 3DM  aStonce

As  the Jcm&at humboee X hat sn2  in each position . the Subset  mast Correspend. to oo Frz(fed“ mo&ghmi.

This claim  finishes  the  proof of the theem

Coco Loy Knapsack 1S NP- Complete

Concluding Remarks
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Concluding Remacks
S

Tirst - we  gummocize what we have dsne o far

all probleme in NP
/]\ Csketch) € pgans <f’
cirewit SAT
T

1N

fo,X\ /:c g\ %DM 2= Goloring

Cligue 18 TSP He

swhbset -Sum
)
kr\q?sqck
Unlike  what we hove done in 2orlier  foples . whete  we  Showed  yow  Some basic exomples  and
asked You to  Similar oc mere advanced @ramples  in homework [ in NP“LBW\?(CCQ[\{SS, we

howe Sheweaed wow the diffrowktt  vedwckions and will ask You to do  simple Yeductivng in homework

Technigues of cloing  (eductions
v 5

As wr mentioned  befoce do‘mg Ceduction requires o differert way of thinking

We need to find oo hard problem Y and. show that Y Sp A for our problem X

Tt Cequices P(o&t(cei to  fearch for  the \"?g}\t P(ub[em Y.

Onee Uow kaow  mubte  NP- QDW\FLLUL Prub[@ms, 1t will be eosiec to  finde o similar Preblem to  do  the
Ceduckieon . 2.4 Coveqmp type uses VO, pactitiening type uses  3OM  ete.

There ace  thiee  Commbn thrmTC%/&L in P(ov'mj NP- completeness .

QQQQO\\‘\EMion

Observe  that o hard problem i a spectal  Case  of  Upur P(DHLM.

This s the oeosiest  but alss  moest  wseful tachnique.  os most F(m‘uul problams  are often  wore
complicated with  diffecant poarameters - ond of ten Yol mowy Cealize thot vestticting to  a  Simple

SQttir\j aum@d Coptures  an NP-Complete.  problems.

Seme eomples  fthot we have sten aclide TSP and kr\o\Fchk.

You will See mefe  in HwE  and mwlemmﬂrké RXQreisks .

L ocol veplocement

This ¢ not oc gimple  ag speciabization,  but wnett as  diffreult  as qadget design
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We teplace  eadh  Simple  Steuctu@ in problem Y by o Simple structure in problem X

Come 2xamples that we have $een  inclwde Circul - SAT <p 2-SAT  where we veplaced  each Logre qate
b% 2ome grmpka clowses  with the <w0me {lmdxmmhf% , DHCSp HO whete we @placed Qoch  divected 2dge
b% on  undivected path of \ar\gth three  onde onnect the pocths OLCLOV(XTY\SM , 3IDH <p Subseb-2um  which

S o mere nen-trivial Q\co\mF\zL o this Kind  whece we reploced  goch m?m b% o Number

Yow will See more  in HWS  and  Supplementary  xereises .

Gmdget d@s}gn
This requires Uu&‘wa% and. %oad\ nmdzrgwnounx to OULS\Lgr\ 30@3@5 ond_ olso the ka\ for the veduction
We have Seen  OAT<SpUC | 3saT<p DHC. 3947 Sp DM, ISKT Sp %wmom\% ore all of thic Kind.

We worit osk  this tnjpa of %uuﬁbns in Hw onde in 2vom

2 vs 3

Tt < an \nfﬁ.(&&{lﬂﬁ phenommbn to obsecve  that 0 Tg uugu&khg ety bur 2 i %;mtué\ hoord
TFor Jz,kam?m , LSAT  Ts Qms% Csee %u\»p(@mar&w% Quorcise Wst 1) but  2SAT s herd,

l—csLnr\nﬁ TS @osy but 3..—(0&&»\(3 ic hacd , IDme\tdn‘mg s Lasy but %D»mqﬁd\mg s hard.
USuaLL%, PEENEN emg because once we make o dedsidn  then QUQ(%%\(\H\& elge < \Comd\,

while 2 1s duffiewlt becawse aofter we wade o dedision we  ace still left with b'\nm5 dadsions

Decigion peoblems ve  Search  Pproblems

You mowy wonde(  whether res#r?cﬁni Lo dedsion  problems Wil limit  the Scope of our Frobkemg,
because we afe msmqlhs Tntecested  in J}mdmj on  optimal  Seletioa .

Momlg Seacch  problems  Can be mg:% reduced.  to decsion  Problems.

For axample. to Lind a Hamiltonan cycle ,  we  Can delete  an edge  and ask  ogem  whethec  the Qfoph
L has o Howi [tonion eycle . to Cemoue all thae Q.cig&s until we afe left  with oo Hamiltonian L\\)\dl

You oafe encoutaged. to oy thic  $or  other problems . Q. VC , subsetSum , ISKT . ete

(\c‘mq(L%J ong  Con  prove fb(mo&hﬁ thot ony NP-Complate  Search ?fabulm con b2 (educed fo
?okﬁmm‘xo\ua many NP- complete  dacision ?cabmms, ‘05 (@wn%tmc:kmg a  Solution bit by bit.

So, in tewms of Po%r\bm‘\txk £ime golumbtt‘xhi, this ¢ withouk  Logs a€ gmualit%

Y’mal%, to  determine the optimal value Lga% fo¢  min-Ve, Max-T18) . we Camwm simply  do b“\haa& $Qa.0Ch

to —Qigu(( out the optimal value \0\3 Qsﬁv‘mﬁ a Lagw‘\%\nm‘wc number  of  dectsion ?robtzms
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