CS 341 — Algorithms

Lecture 19 — Hard Graph Problems

28 July 2021



Today’s Plan

1. Hamiltonian Cycle

2. Graph Coloring



Hamiltonian Cycle

Directed Hamiltonian Cycle (DHC): A directed cycle is a Hamiltonian cycle if it touches every vertex exactly once.
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Theorem. DHC is NP-complete.

Proof. It is easy to check that DHC is in NP.
To prove that it is NP-complete, we will prove that 3SAT <,, DHC.

Given a 3SAT instance with n variables x¢, x5, ..., x,, and m clauses Cy, C5, ..., C,,;, we would like to

construct a directed graph G so that the formula is satisfiable iff G has a directed Hamiltonian cycle.



Graph Structure

For the reduction, we need some graph structures for the variables and the truth assignments.

The idea is to create a long “two-way path” for each variable, so that going the path from left to right

corresponds to setting the variable to True, while from right to left corresponds to setting it to False.
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Reduction

Now, we would like to add some clause structures so that only satisfying assignments “survive”.

C‘ p= (.)(u\’xl VKS) clcanonlybevisitedffgh-é C, = ( X:\V X- V 0
. VX X
cycle traverses some path L J K
° in the correct direction. G

,—"::’ C, = X‘VXQVX>
:! 2= LKV X U

L o AP
’/k 7 ’ ’ d 5 \/\(\/ \/\f-d TN
/’// /'/ J o Clause 4 e law (o
L = ) 10: .................. (=) =&x, 2 -



Proof

Claim. The formula is satisfiable if and only if G has a directed Hamiltonian cycle.
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Proof

Claim. The formula is satisfiable if and only if G has a directed Hamiltonian cycle.
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Undirected Hamiltonian Cycle

Proposition DHC SpHC.

Proof. The idea is to use a length 3 path to simulate a directed edge.
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Proof

Claim. G has a directed Hamiltonian cycle if and only if G’ has a Hamiltonian cycle.
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Today’s Plan

1. Hamiltonian Cycle

2. Graph Coloring



Graph Coloring

Input: An undirected graph G = (V, E), an integer k.
Output: Is it possible to use k colors to color all vertices so that each vertex receives one color

and any two adjacent vertices receive different colors?



Graph Structure

Theorem. 3-Coloring is NP-complete.

Proof. It is easy to check that 3-Coloring is in NP.
To prove that it is NP-complete, we will prove that 3SAT <,, 3-Coloring.
Given a 3SAT instance with n variables x4, x5, ..., x,, and m clauses Cy, C5, ..., Cy,,, we would like to
construct a graph G so that the formula is satisfiable iff G is 3 colorable.

Idea. Assign one color for True literals and one color for False literals.

True False




Gadget

Idea: For each clause, we create a “gadget” so that there is a 3-coloring of the gadget if and only if

at least one literal in this clause gets the True color.

(The top node can oTﬂy be
Lcolored if one of vy, v, or vy

does not get the False color. )




Gadget

Idea: For each clause, we create a “gadget” so that there is a 3-coloring of the gadget if and only if

at least one literal in this clause gets the True color.

(The top node E;m (;nly be
colored if one of v;, v, or v,
does not get the False color.




Proof

Claim. The formula is satisfiable if and only if G is 3-colorable.



NP-completeness Check List

Suppose we would like to prove a problem X is NP-complete.

1.

Briefly explain that X is in NP,
State an NP-complete problem Y that we are going to prove Y <,X.

Describe the reduction in details.
Briefly explain that the reduction can be done in polynomial time.
State the main “if and only if” claim.

Prove each direction of the “if and only if” claim.
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