CS 24| - Ngorfthms ) SPﬁnS 2021 ., Un'wevs\'kz o{- W aterloo
lecture (§ ¢ NP- completeness

We Study the class of NP problems  and show that 2-SAT is  NP-Complete

The Class NP

At we discwssed  [ask time, we Could do  reductions between different problems  and Stowlé build  wp
a huge  mop Shoming the felations of all the broblems.
But & would be ethstir\i to do So many teductions. or ever Just to losk up the relations
Tt would be e W we could dontify  the " hardest ” problem X o  a large  class .
Then, when we have o new ?robwm \(/ We just need to prove thot \/\SPY ond  then Y would,
alse be ot least as  hard as  all  +the ?(ob[ams in the lariz class.
This  geunds UQ% goodu buk how Con e Show that a Sﬁrobmm is the hardest Qmshi a (O\rgl dass 2

For this. we need o Qeneral and more obstlack defimtion  that  Coplures o very large class of- problems.

Short  Proofs

A Sar\zra( fzat\m, QNC all  +the Probumg that we have <een s that QHhuu&k it may be dtﬁ:mkt
to defermine  whether an tnStance i€ a  (ES-instonce or  not it s fasy  to wm{% that Tt
is a  YES- ingtane  in thr Sense that  thece is a Shert P«w{ Tor this fack

Tor examyple . given o g(aF%, we  dont Know hew +to determine (F Tt has o Hamiltonian Cycle Z-Hinznt[\Lj,
but  we Con Qaslké Vui{g that 3t 1S o (ES-mnstance W Someone  talls ws @ Hamiltonian Cycle
and. we  ust naedk to vaify that ol the edpes in the cycle afe rm(tué present in the groph o corfirm.

A anothey Q\(Qm?b\, glven o 3-CAT —chmta, g Qasy to Confiem that 1t 18 a  YES - umstonce
W Semeone  tells  ws  a So\t‘.qﬂj‘mg G5 gn ment

In Short . a[thwgh "t Moy be CDmFl‘tD\ﬁD”Dxu% difficatt  to  find & Solution {*or these ?(olo[zms/
s easy to wveafy that o Solution s Cocred

In{u(md\s, NP is the class of Prab(ams for  which €here s a " Shect Prm&” of ite  YES- Instances

that can be checked Q{%xc\uﬂﬂ

Definition CNP) Tor o problem X . 2och inStonce of X s rep cesented b& o b‘l\arg Stvinﬁ <.
A problam X 15 T NP if thee 1S a polyromial Time  verification  algecithm By such  that
the input S is o Yes-ingtonce 1§ ond an% M thee {8 @ choi" t  whieh 1§ & bt‘mrg Str}ng

o&- [Qngﬂw pokg(lS[) go that Bx (s,£)  retums Yee
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The ey poiats  Oro By s o polynomiol time alporithm Ond £ is a shoct Prso{— of KQHEJCH FD[AQlS\>‘

Tn most {)rabw_ms, t s Stmgkg o %olution and By s an effrarent al gocithm to chek € £ is indeed o Solution.

This definttien  is o bit ob%tract , Qo (el <ee  Seme  Conerete  examples

M ( Vertex covac) s The Problem X s whether a §roph has o vertex  covec of sije ot mest k.
The  Tnput  string ¢ s a bm&“{& Stm\& teprasentatisn  of an  input R(oph G=(y,B)
The  prosf sﬂ\ng t s a hmmn Stmng Cepresentotion of o subset ScCV of ot mest K vectices.
The vecifieation olgeithn  Bx Wil take < and  t a¢ inpwt. o thoowgh all the edges In &
ond  (efurn  YES if and only if $ indeed covers all the edges o &
C\amlj, the preef g of  langth pmt&[\\/D (short) ond  the verificodion a[gori@nm (uns  in polytime Ceffrarent).
?‘mo\LL(ﬁ . the  Verificatien olpocithm  will onhs accept  YES-Instances , (e For o Qeaph  with no  vectex Covec

e{ Size at wmest k , the awists noe Proofy that Wil make  the Verfitation algerithm to return YES

Qo, the  decdsion  Vecsion of the  vertax cowvec ;emb(zzm ¢ in the class NP

Exomple 2 (2-SAT) © Given & 3-SAT {ormulo,  the verification  algerithm  @xpects  the Prool fo be a
gb\{]sf%‘m\g assignment and WML vetwen YES i 1T ndeed  Satisfiec  all the clauses.  Cleacty . the proof

C Short (?0[34‘36)' the verification is 2ffictent QPo(dtmz)) ond. 1t ar\hé acepts Ye < iInStances.

Execciges Show that  Cligue, TS, HC, HP. Qubset ~Sum  are  all in the class NP

Tt gheuld be apya(ant that the class NP coLFtuuzs all the P(cblm\s consideced in this  Course,

Since ‘H’\J?,kg all  haue Shert golutions  that axe 1&55 o \/zri%t&.

Remack 1 (nbn%})((}mgl(s)

gup\)ow_ the Probkam it to  odetermine  whether & g(ap% s non-Hamiftonian . 12, o Hamiftuian Cﬂdeg.
Then  no one knows whether this Prbb(@m is m NP, and the Gmmen  belief s that it S not In NP
Tn othec worde. Wwe dont know how to Q{%icxuﬁg\a check that o Qraph is @ No-iastoace of  HC.

Tn ”?OL&, WL dar\’t know hew To o mmuch better than Q,numurﬁny\& olf ?OJWJ\JE?Q( Hami tonian C‘id@i and check.

Remark 2 (co-NP)

Contrott the aboue Yemark with +the bl\yo(titq, W\ofcch‘m& P(obkzm , 'Qoxf whith  we know  how o Q—HT(I@r\‘H\g check
whethee o %(w&;k IS o No-instonce ( (e no w&d\\nS ok Siye >k). b% chuhm& o vertey Cover trg e ¢k
A problem  With  short Omd QM&~tb«d\QLk proof s for  both NES amd NO  instonces  §5 in NP (O Co-NP

Tor Qmm\;m, & min-mav  thesrem  Suth  ag Ké‘m&’s theorem  wouwld  Show thet o problam s n NP Qc-NTP.
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But the Common  balief  is that mest ’Prvblm& in NP are net tn NP 0 co-nP Csolfzg N MiX~ MOX ‘Chew@m)

Remark 3 (PEwp)
Cqu(ki, Q\/Qr\i Puk\jnnmm\ time Soluable  olecision P(o%(h« is in NP ¢ The \/Qr’\{t(mﬁon o\lferit%m is gim?hg

the al&o(?’t‘am o detecming  (ohethee  an ‘m(mt s o YES-inStanw , without the need of  a Prauﬁ gtdmg

et P denote the class 6f  dedsion P(obum soluable  in Pn(gnom?m( time . Then , P S NP

Remark & ( non-determmistic PDL\\.Sf\%m\C\l time )
NP 35 the class  of P(ab\@mg galuable b\j o nen-deteeministic pcﬁu‘ﬁ"\mg m(%a(ithm _ hee the name NP
A non- oetey ministic maching, (mgk% SPLO\KM& . has  the powec to Qbﬂadhg Quess o Selution o0 an uw{;tmj \)odch

So, as Em\g as thew s o Short Solutien | & von-deterministic  maching  wil mp.g}gq(hé Lind 3k

Remack S ( P= MP?)

TE s the most  Impoctont  open \mmm in  theoretical computec Science  to  QnSwer whethee Pxap o P ONP

Tt s now one of the Seuen open ?(obums in  Mathemodics ?astuk b‘:& Q\c\a Moath Trstitute . with  §lovooes  award
The (ommon belief is that PXNP |, owd the Mbuition 15 that on  efficient o&gevz{hm to \/mf@é o Solutien
Chould.  nel  owctomottt Cr«\[% ’(W\?L{e& an Z’g%tdzrﬁ ngov‘(ﬂqm to ?ir\ot & Solutian .

Tor lkam?us, Someone  who Con (ua&rﬁi& gneck MuSC d\op_sn’t ‘\MVKS thot ﬂ“‘& ore & Kmd\ Cow\\:aser/

and Semeone  who Can  check @ mothamatical proof doesnt mply thué couldl  Come up  with the F('Do‘L

NP - completeness

L’\ﬂ?ormo\\\&&, we SOL% a ?(ob\Zm is M\)—Qem%mt& K{’ tEUs a hacde st FrcHlm in NP

Defanition (NP~ completeness ) A problem  RENP  is NP-Complete - M <p X foc all Y e NP,

Trom the definigion . We Con ’FO\'HVA“LA Show &hot o NP- Complete Frobmm s o hacdest ?(Gb[zm in NP

J@M P=NP i and or\lﬂ Hoon NP- Complete ?fc%lzm Can boe Qolued in Pw%nvm?(}\\ Time

Cook and M(izge“d\%ﬂg leuin ’€0TYY\LALDLTZA the clasg O\C NP ?robum; and Pro\/m the &L{winﬁ impo¢ tont theo cem

Thescem  C Cook = Lovin) 3-SAT is NP~QDMF(?ﬁe

Cince pa%nw\ai time (eductions oce EY¥onsitive. \‘\C we Con Prove that 2&93@? XENP_ then XK 355 alo M’?—Comy(@z

Tor axarmple,  we have \awum& n Lt that  3-SAT Sp TT L oanmd Qo the  mdepandent Set ?robmm
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is also a  hoacdest xgrobtuw o NP geod.  veason  thol we Conldnt  golue 1t in polynemial time

Then, it alts  folbws  from the Yewlts m LIT that VC and Cligua ate NP-Complete

?(‘ov‘mg NP - Completeness
To prove  that o problem X s NP~ Complate . Qirst we ghow that XENP. then we fiad  on
on NP~ Complete ?(shkam Y and blove +hat \{{p)(
The teduction Y €p X s by o polypemial time  algoctthm.  So intecastigly  we  prove  the hardaess
of o ?(ebkzm b b& Pra\n‘i‘\r\f on  2ffictent ngnrxﬂxm to wse X to sslue o hard P(ob[lm X
But nete that this s quite diffecent Lcom ?anmi on  effcient algorithm o Solve ¥,
Whea we ey to  find an algorithm o Solve X, we wse the algecithme thot we know (238
bipastite  wmotching) and tey to  apply them to desgn an  cffietent algorithm for Soluing X,
When e ’cr% to Prove X is NP-Complete, wa asSeme  thot  we Kaow how to Selie X, and
we need to Seacch for an NP-Complate problem M ondk uce X to du?gn an  offictent Q\&p(ft\nm Lor Y
This 18 o vecy it ecent e¥perient ond.  often we doat kaew  what X te  start with
We will do o few MP~CAm?meus P(oo{; i the next  lectuces mony ook quite magical , 2.q 2-SHT <p TS

’

Tt wil take a bt of proctices o acquire the skt o prove NP- completenets  (esult.

Cook - Levin Thestem

We woeuld |i1ke to S;(ow(, “hok 2-SAT s N‘?~Com\:lzta The ur]g‘mo\\ F(oe{' ohrggﬂ% does Tk

Folﬁbwm& the Yeferenw books 1t would be easiec Yo introdut  some  intecmediate P(ob[zms to oo So.

Ciccut - SAT output
./’-L\
N (AN
Tnpul: o afcuit  wWith  AUD/oR/ ST qates . Some known Input  qutes, ,{‘,’{ TPy
and Some Anknowa m{mt 30\&1_3 e \.y__ -
(o)
=
Output - 18 there  a truth  assipnment  To the  wnkasn input qates \
— =
) Lor ) (anD
So that the ouwtput s True — —
VAN G
[ 2 ) {2
AN y A

We can aSSume the input ciredt (S & directed acgdtc ?(RPL\/

and. each  AwD /bR qate  has ah% TLwo \anm'mj 2dges.

Thes(em Cicewit-S4T s NP - (Lom()&ﬂ,fa

Peoot  (sketch) To prove Such o Jenecol Statement . we mneed  to start from the abstcact definition oJY P

Our goal Is to  prove that  foc any Kenb X Sp Grtwt-SAT
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Sinte XENTP bj defuwition, Thece s o thﬁr\vm‘va\ time  verification algocithm By Such that 1§
on instane S 35 a YES-instence , therw easts  «  Shot  proeof £ such that  Bylst)  vetume XES;
otherwise By (s 8 vretume No  for al € /F oukput YES /o
venification
Lel’s think  about  what 5 an a(gm\\t\rw\‘ a\gmﬂchm
@y ’?O( X
It can be written a$ 6 program  Gnd @xecwted on & mackine. /TT /\\ ,M\ W\
T the  wverifieation a\gm]“chm (unsS iy POL%USD time \npud 8 ?wa% €
then  thece s a0 machine  that eveeqtes % 3s PDKAQ\SK) Hime, S/ Caduction
onk Qo thefe s aq oclrewt with erx[u(\ PUMQ\&L) 8122 pukput YE < /o
“\m?lzmentm% the atgm:t\«m as it only mqsu}rz; \DaL%US\) opacations R
for By

We oce \DJUY\K skatcmd about the reduction H£rom on ngocithm ‘o o cirewit

-

To do T predtely. we nud o Tomoul  definition of o nondetecministic Ynow n N
'yr\\yurt N 1ant t

Twml mathine and the detolls are quite  tedious

The modn Conceptual  Tdaa hete ts That o Cirewit  Ts os Qenetal oS on algorithm.

The ¢eoductlon Can  be cortied out  in ?ckinommt +ime ( e Can thmk a§ it ¢ Seme  Kind
o{ o Compiler yYoceduce *hat  tcanslokee  om alzerifhm inte  a Ci(cu‘ﬁc)

The original  proots of  Cook and Levin directly transforms Q@ non-deterministic Tufm& machine
%Dr the verification ngor?ﬁ\m nto o CNF fo(m\dq C Moy \earn ’E(om cs3bo or CS 36¢)

Once  we accept  this (eduction con be dene 0 po(gnom‘\m +ime, the Cest ¢ %twdght?wwu(dh

T s 1s o YES- inStomee, then therw IS

oand hence  moke the ciccdt  oulput True

T£ S s oo ND-mstonce ,  thea no In(mt 1t of the

Co, & s o YEC.mstanw +o Pmb[am X ({{ there s

Y ha(dga(v\ ,

X €p Cifuwd - SAT e oy XENP. g

o proof  Steamg

that Wil moke

the

ciradt il moke ot

om?m

olRorithm  Yetun NES |

Toue

o gtﬁixf%\‘ng st‘lgnmuﬁc o the Curent- SAT ?rn\elkm

From cirewt  to  Focmula
Now, we Just weedt to Show  thot o CNT  Fformuloe hac the same expressive powec as o Civeuit.
Progosition  Ciccuit- 9T $p  2-SAT
Lmr& Given o oircwt of n %mtu, we Wil Constiuct o formula  tiikh DY pumbec of variobles
$o  thot the droult NS Sat\sfio\b(a - and onL% o the 3-ONE ‘Formm[q is Qatigfiable
Tor cach qate in the ciewt , w2 create  one vodlable in the Pocmule

Then, we odd  clowsee to  the Formulo. So O

o
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[

W:‘mo\(%, to @nsuce that tha hvﬁ\?uf\‘ of the Cirewit is

Tt <hald be

Ao, 1t sheuldl be clear that the cirawt s Satisfiable 74 and or\Lj it the formula
o thece

4
Gate ¢

g9 q
g N >R (/"_\\_.
ke (OR ) (AND) (NoT)
ot \.‘ ¥ N\ . / \ P \ . /
( true ) | false | 7\ AN T
TR PTN R |
(’I) ('/) Ill [ ha /ll | | /J2 \ h ]
\__/ N .’ N/ N/
(g V h2) (V) (gV j)LPY]
(9 Vv hy) gV ha) (gVvh)
(GV hy Vha) (gV hyV hs)
Th thers 18 o0 True gote ¢, we odd o one liteal clowse Cg)
the Formulee wae  must

g that to Saﬂs{!
set q 1o be True, WGNH\?MLLA S\'W\ulo\ﬂng the circuwit

o Known Talse Qate j L we add a clowse

Qma{w\ﬂ, —?o‘(

LC—S) +v fore g to be w2t teo Talse
For o NoT Soﬁw_ g, we woant the value ot i and s Snpat K to be

DUH‘Q(UT

/

ond. we coan 2nfore this Exé OLd\OL‘\hﬁ two Clowges ﬁCﬂ/\MI\V\LEf\RDZ &E\/;}/\(%\/Vﬂ
Toc

on BND gc«tt § - W wont o othe Twe tnpubs by ooc Wy s %0\(91,

+then g s %mtsz‘ Se we oadd
(‘ivh‘) {\QE\M\Q‘ ond, 3 hy ond h, oare true then § s true

Se we add (g\/ hjv‘rTL),
gimikarkj, for on OR Sm’a g . we adkd. (gu‘\v‘\{ﬂgvil) so that tf hy oc ho ¢ true  then Q

must bz set to True o &M\SM Ehe %(mwkm) ande we  add (%\/h‘\/h1> so that 1§ W, and h,

ate  boeth Toalse ~then q must alse br St 4o False o

Tewe , we odd o Vvorioble o and,
add o clause (> to ensuce that o Wil be

set to lcue
cloar  Thot

this {roansformodion

'?rDW\

a cvenit o o 3-cuF Formula Con be  done
n po(gnrm?m time , A8 w2 Ton 'jm’t do

“local MPKQLQW\MT” Lov  gach Sﬁe bki  locuses .

s Sotisfioble,
IS 0 one-to-one Lovrespcno&mct

between the variables

and.  the qates
onde the clouses 2nforce  foithful Cimulation  of  the Qutes of  the cCicwit. g

With the Coek-Levin theotem . we have o fiem —%w\dmﬂo,\ +o P(ova that Q Frab\zm is NP-hard.
We  will Qlow  our List of MPﬂQump[atL Prahlams in the wnext lecture

Refecences : T KT 82.94Y , [ppy 83
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