CS 24\ - Ngor?thms , SPﬁ“S 2021, Un'uvevs'rka o{- W aterloo
Lectuce [T Pﬂanomiq\ time redactions

We Stv\dﬂ thjnam'xa( time  (eductions 5, which wowld allow ws to Compare tha d\TH:gw\%ﬂ °J€ biffevent ?Vob\ng,

Polynominl Time Reductions
(9]

Once we have lgomed wore  and  wmore O\lgo(\t%ms, "U\eg\ become  our bqumX blocks  and  we moy not
need to  oesiyn  algocithms  for  new problems from  ccfatch every Time

So it bewmes more and  more IMFMJ{OW\J[ to Y2 oble To we LxistTing m\joﬁthms to  ¢Solue New Prohkems.

We hove rx\rmd% feen Rome  veductions.

For instomces. we have  veduced.  Subset-Sum to  knapsack . longest  increasing  Subsequance to  longest  Common
Subsequence ,  and  boseball / basketboll league  winrec to  moximum  bipoctite matching. etc

Tn queral. if thew ix an efficient  Ceduction from problem A to  peoblem B and  there s an

effictent algocithm  to Solye problam B. then we hae on efficient  algocithm  to  Solue  problem A.

Decision Problems

To fo(ma\iga the notion of o feduction, 1t iS more Convenient o Testrict ouc otteation Lo  dedsion \)(obkems,
\Cor which the output Xy ‘Juust YES o NO, $So that Quuu\\ P(obtam has the Same oul put J{Drmo&
Tor zxo\m;(q, yngtead o'f {mdmi A Mmoximum ma‘tt‘n'\ng, we considec the dedsion version of the Pﬂbb[em
W 4
Does (‘q hoave o VY\OCCLHH\S s’g 333& at  f(east k .
Bs we will discace  lotec. Ese ol the problems that  we will considec, I we know how to  Solue
the decision  vergien of oLl Prc\)[lm in PDLﬂhom\O& time . then we Con GSe  £he  dedgion a(goﬂthm as

o blackbox [ subroutine  to  Solue  the Seacch vecsion of our preblem  n PDL%nchQ( time

Deg‘\n\t(on C?olﬂnom'\o\( time feductions)

We Say @ deciston problem A ts polynomial  time  Ceducible to &  decisien Prob[@m B

A thee s a ?Dkxdr\om\a\ time  algrithm T that  maps [ transfocms any instance Ty of A

into an iastence  Tg of B (that 1<, FLX{\} = Tg) cuch thot

Ty i o YES iastane  of  problem & ¥ and only f Tp 15w YES instance of problem B
We wse the netation A é\j B tp deaste that guch o Cedwction  exists ., {nimth\% SOL&“"& +hat

Probum A IS net more difficutt  than B in terms  of Po\«incmm\ time So(xmb](t%i a

T
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\nstoncec of P{DbLﬂ_}v\ I\ nstance < q—g '?(bbum R

Now. Suppese  we hove  guch @ PDLjr\mmim\ time  Cuduction &lgmi%hm T oand a Po\t&mmm Tlme o\kgon’thm

Algg to <oue :?(o\;tfzm B, +then Wwe haye the {louow\n& Pu(i\nnm‘\ql time D\L&odt\f\m to Solue problem A

Algorithm (Sokv‘mg ‘)roblem A bﬁ redwttion )
Xﬂp\,ﬁ( . on instonce IQ‘ 0—% P(obk&m A

Omtyut\ whethec Ty 8 o NES - instance

{ Ute the ceduction Q[ga(ithm *  te

map [ teonsform Ta into Ig = ?(X‘Q o{- Pro‘u(,zm B.

2. Refuwrn ALl (Tp).

Corcectness  follows  fvom  the propecty of the (eduction ol gocithm T that  To T YT L~ instance
of problam A HE Ty is o YES-instance  of Probkeh\ B, ond the Gerrectnsss of Algg to Solye ploblem B

Mm Suppese T has time Comploxity  p(n) foc om dnstance Ty of Si3x n owhere pled s
0. poluvemial in o, and ALy has  time Qum?(u‘\hﬁ glm) Tor  an instance Ty of Sike. m

whece Qemd s @« Po\ﬂnom‘\al in m

Then the absue mgoﬁ&hm hoag  time Qnm?Lui%% %CPMﬂ' Q ?D\%Y\DM&O\\ in the 1nput SF3L n

Pcouing  Hacdness V‘Si"fr Reductions

So Far 1t 18 all familiac ¢ \We reduw Broblem A 4o problem B efficiently . and. wse  on e{fraent

O\\gbrl‘th‘m For  problem B o obtain  an  efficedt &\gmithm to  Solun \;(DL\M AN

Now, we axplre the  other 'tm?“[}l{‘(ar\ of the inz%wx(?fa ?\SF B

gMPPOS‘L F(ob(@m A s Knoun to  be impossible to be Solved  1n Fo\\ﬁr\owﬂ(}d time.

Thea A é\; B tonplies  thot B Cownst  be

Solued. 1N ?o\immxmt time  2ithec. 0s  sthecwise  we  Can

Solue  problem A an Po(ﬂnom\c\{ time msrng the yveduction q\gori(ﬂr\m proven above .

Therefore A s Lomethibn&\LLa hacd  ond (\é? R then B s alko Qomekdm'\emx(lvé hacd

%5 ow( CQulreat kﬂe\,.xLQd\gl, however., W& Know Olwmest Y\aJt‘ﬂ\ng abeut ?‘(bu\n& a ?m\;mm Connst  be Solued  n

K)okﬂnomml Lime. ondk So wa Could not

Afam  Such o St(cmg ConcliaSion ‘E‘\’om {\S?B_

But Suppose thece s a

?ro‘o(zm‘ CQ”‘S the J((qua['mg SaleSmon ?]’G")(E_m in L\&,  which is \/U% {amms and
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hos ottracted rmmd britliant  researchers  to  Sslve 1t In \ookjnumm but  withoat Qmé Success
Now our  bogg gives  us o preblem T, omd  we Couldnt  colue Tt in PO(ﬂt\am\oL time.
Tnotead o§ Just nging that WL &oudd\:\/t Selue i1 In Po(ﬂl\omxa[ time, t wowld b tuch  yove

Qor\V\rxc'mS '(—Q we  Could Prove thot TSP i? c

The %L(owng is oo Ca(toon ’F{‘Dm the Classieal  beok abeut M{*Cmv\?ketm\us bﬁ wamé ond. IohnSon.

———7

] "t Finsd fEicient ithm, 1 I'm just toe dumb.”
i an efficicnt. skponthm, | gucss ['m just 100 duml “1 can’t find an efficient algorithm, bul neither can all these famous people.™

This 1k what  we will be doing  In  these few  lectucec!

Simple Reductions
We will  Show thot +the {D(Law‘mg theee Freb[ams are  equivalent in o terms  of Fa(ﬂnumim\—t'\mt Sokumbi(:%i,

eithac thza all Can be  Selved iy Po\j/\om‘\m\ time or J(}\ga all  cannot Yo  %olued In ?b\ﬁncm?m Timae.

Moximum  Cligue CClique) A Qubset of vactices SEV is o clc%u W o we®  Ya,ue S

in?mﬁ‘ GMPP\ ¢=(\VvE) on integes k &S

Output:  Ts thece a cliguz in G with at least  k  vertices 2

Moximum Tndependent et (15) A Qubset of  vectices $CVU  ts  an indejendent  Set ouwdE Yuwe S

Xr\Fm{' GWOLPL\ &= Q\I,E>, an ’rn{egt(‘ k.

2

Output T<  thece  an Independent  Cet in G with at  least k  vertices

Mintmum  Nectex Cover (V) A Qubset o  vectices SV is O ve(tex couer ‘qﬁ %M,VEC\Sito Yuuek .

<

Xr\?uﬁ' G\(O\PL\ G = (\/,E), an ‘mﬁgt( k. ??\
Te | G 1 at k 2

Output- thece a  Vertex Cover  In vertices

Ecogos}ﬁon C('\c%ua é(’ < and. 1< é? Cl‘%uz .
?roof C\'\%me, andh LS are very <imilac . one wants  to {imx at least  k vertias  with all zdg:as in
between and one wonte fo  fink at least k vertices with  no edges in  betwzen.
Lo, +o (educe Uiaﬁut to LS | we S\Lﬁt need  to chqm&t 9dges  To Nen-edges and e - vefda

More WEO(WALL\S) to <olue Cligue  on G=LUE) , the reduction Q[&nr\t\/\m T woawld Construct  the
-~ & <N\~
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- o < <

0

More formamﬁl to solue Cligue on G=LUE), +the reduction Q[&or\’t\/\m T woauld Construct the

_ B . ¢ ¢
Complement &(w\:h Cq: (VLE) . where wue® it ond only [SENIVIVE 2 @Q -
N

Clwﬂﬁ, the redwtivn o\(fnﬁﬂw funs  ih polynomio time, “Ct“‘“ﬂ n linear time
TU Showdd  also be  clear Adrom the (onstrution that S s a cti%a{m G ¢ < s an independent set \n G

Thetafore . 1 Gky 7S an YES-instasce  Foc Cligue e {C;,kzj is an  Yes-instonee for IS o

To 3es the Connection between inckepen dent sets anhd.  Vecteyw ouecs ., Wwe nged  the ’Q\O((Dw%g observation
Obsgecvation In %:(V,E)) Ce\ s a vectex Cover o{ CT FH‘ V-S 15 on 'xr\oizfammnt <et in G
?rgg(; I S s o vertex Coved . then V=S is an independent STt bectouse & there s om <

G~

Qd\:gm e betwaen twe Verdicer n VU-S.  then 2(\&:@ and S s not a verfex couer @

g%m'\(o\(\%, '1{» U-S g on 'md&?znzmnt b, then all the adgu " Cq’ hove at  least  one

thxPo]r\t n S/ and.  thus S s Q. Vertex  cover. 0

< <
= p 1S and IS <p e .

Pfogogvf\on NG
Pro The obServation ahove States that G has  a wertex Cover  of  Size af mest k Hf  and only W
G hos an independent  Set of size at least n-k.

So_ the ceduction Ot(go(}thm S‘Amﬂ% maps {G,kﬁ for VO 4o {Q,Yvkg $or IS, ond clearly T oruns  in

pn({u&nmm[ time and 1t maps YES/no wstanes for ve  to YeS/no  tnStances {or T mspe(ﬁaveuﬂ o

Note that Pohénam?o\[ time  Yeduwctiont oce  transitive .

[ emmo, IJ; A é? R ond B ép C ., thena Ai? C.

P(oof T thew =xists o Pok‘shom]m[ time Q(go(\\’thm T that maps  instonces of A *o that of B ank a
Poﬁﬁt{mq, atgcfiwm H  thot wops B to C. then HeF maps A te Cin polynorial time.

Alko, Hob hos the Pmyem& thoat 1t maps YES/Mo — instomnces of A to YES/No- Iingtonces of C r“\’uﬁ“dﬁ’m

Therefoce , Q\T%u. TS and VO &re Q%utwterﬁc " \)o(gr\umiat £ime Sc\x/qb‘d?fﬁ,

Moce. S mple Reductions

Hom:i[tonian ng& (HO) A Cﬂde is a Hamiltoaian Cgcla it 't towches ety Ve rtey Alxohcﬂﬁ once
Tnput *  Undirected  qraph G= (0,8,
Output Does (&G have o Hoamiltonian Cycle 3 %

Homiltonian  Path (HP) A Fath s a Hamltonian PO‘H“ ittt towches ey Ve rtox JLXOLLH:X once
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Homi{tonian Poith (HP) A ?OLH\

is o  Hamltenian  path if it towches euery  Vertex fxactly once
Tnput * Undirected  §raph G= (v, B,

Om@' Does (& have o Homi(tonan POCH’\?, A@

Tt < net Sucprising thot these  two Frab\am are e%u‘t\mlu& in term<  of Pe[ﬂr\bmiq( time Computotiva
but Wt Kk« Soeck exercise to  worke out  the veductiens

PVnED%\tmr\ HP ép HC

Proot C:rr\/u\ (}(:(\],Ej 4Szor HP , we Construct ({:Q\/*&El) \’5 C,apxj‘u\g Q{ and Oukdmg o hew

<
[}
veltex &  that Conmects +to vag vectex in

C\Qo\chj, the vedwdbion (uns  in Sfohjnomhx[ time

wWe cloim that G has o Hamltoman path ¥t QT/ has o Hamittonian cyele

55 1§ G has o Hamiltonion ?m% P waith endpents A and b, then Pisa+sb s a Homlonian Cﬂdz n CT/

&) 1’&: Qy hos o HomiHonion QL\,S(‘_\(Z_ C . then +there ore  two ngu incident on S,

Call them So and sb. then (-so-sb ic a Homil(tonian ?o\tk in C;(

The other direction is Shghﬂﬂ Mmore “mt@msﬁwi

Prugos‘&mn HC ép HP

Proof Griven G=(v.®8) for

HC, we pick an Qrb?tfang vectex  x eV, and  Coastruck (O

o (iuQKIQth!L 7\/ 0’% X and.  two  pew ai&gr@e

Yeduction

)
one  vertex T aand £, o Shown ™ the pictuse

C\Qwh:\ the reductien  ¢ang  In

Pahjhum\o\l time.

We ned  to prove  that G has o Hamiltenion

Q&LL&L \f»&i Gg/ has  a  Yomltonian

ﬁ) TL  there 7 o Homi ltermian Cycle In &. +then thecee ¢ a  Homiltenian FQ‘H\

v C’{

qu%;

(&g\o@ivxj XY, bi X/%, and X/t‘ and  alss qdd[mg Kt .

&) T4 thew s o Hamiltonion poth ' ,

in G

then the Two vad\Eow\‘tS musgt

be t, and 5 Stnee H\z% are degree One vertices

Then, ‘LHX’ must be In  the Pmﬂ\) and Call the other hz?&k‘ob( ot X in the pocth ba Y.

Cinee X 35 aq du?(lm‘rt ot x, we know that x hat an edge te Y, n G.

Wa also know that Tex  must be  In the Hoamiltonion th, Since £, Is O degree one verkex
Se, btj rQP[QC{Y\X tm(’,

XY and  tix o oin Cz/ b(g wy m G, we have a  Hamsttenion Qndl in Cq a

L17 Page 5



A Commen ‘tv,chm%u& to  do (eduction S to show that one Probhzm i o Sp@_dql cate of anether P(ab(@m.

Wwe call  thig {‘zd\m%uQ $j@admigaﬂm The {»alkam\ng ic an exomple

Eragusxtian HC éP TSP
_Proof Given G=(vE) for HC . we Conttvact GI:Q\JAE/7 {u( TSP cuch  that E{ wue® . then

we Set Tts waight In & to be L. ond fouu kB, then e 2T itS weight  3n Q{ to bz 2.

Then & hoas o Hamiltonion gﬂc\z f and mk:s [E

< : reduction
/ >
& hat a TSP tour

with Cost .

_An_important problem and a nontcivial (eduction

Fivst, we intlodwce  the 3-SAT problem, which will be importost in the theory of  NP-completeness

In this pmbkqm, we  are glven N boolean  variobles X,,%Xs,..,Xn , 22ch Can <ither be Set +to “Jrue or False
We are alse  given a  formula  in Conjunctive  normal  form CONF) , where 7t is an Anp of

the clowses . and each clause is an OR of Some _(iterals | where a  \iteral is  &ither x; oc X

For eomple, (X V¥ v dad A U X UKg) A (X, VXV Ra) A Cx,u¥g). there are 4 Clouses,

eoch  clouse ha¢ at mese 2 litecals , and  the ’go(muﬂq hog OHLA 3 wvariables X, ¥, Xg.

3 - Sa%\s%io\b\\‘&% (2-SAT)

In?wt‘ A QM’F»fDrmmﬁq i which  2oach clause  hag al mest three (iterals

Outpul = Ts there o tluth ascignment to  the vociables  that satisdres ol the clauses 2

Tn the aboue grample, gattmg =T, =T, %=1 will Soﬁc\‘sfﬁ oll the clauses. and. hence the ‘Fﬁ(mu[m
This ?(ob[am {ooks %mta diffecent  thoan  other ?robumg that we have Seen

Do?nj Q  (eduction  between  Two Seemingly different wa&ms \Aswd% fequires  Come new 1deaS.

Theorem 3-SAT §P 18
Proof © Given o 384T Hformula, we would like to  construct o grth G  So that  the formula I

Qatisfiable £ and only o the Qraph G has an  imdependent Set of  Certain 832
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Figure 8.8 The graph corresponding to (Vv y V) (e VvyVz)(eVyVz) (TVE).

Reduction ' Tor gach

We wouwkde [Tke

T Sqtisﬁa the *Fcrmm(o\, We nNneed +to

Tt is Zb\S\g to do S

s

The mFortm\t Pount

2ome Clouse. then

To enfore cnns}gtenqi, for  cach vaciable x-

appeacance of X3
We alse  add ad.ges
one litecal in

[itecol

Cory])

n we Create

the formula,

one. vertex in  the g(a?h

Qa Qat\sﬁ%\mg DLSSLSHWM{ o{ the «Fo{mmq Co(ragpbnds te Qn ind\LeQnmznt Cett . ond ulte Vecso

Set  at  least one literal Hoc each clawce 4o be  True.
it we Saticfy  cach clouse Slparodmkﬂ,
to be Censisteat ovec  the Cheices . e, f we Set K to be True o Slkﬁff%
we Cant cet x to be Talte to Sqtisﬁg Some other clauses-

., we add  an edge between  X; ond x; , for cach

ande X; . So that X5 and Z uwn/t bosth bamg to on inmagzﬂq@nt et
between literals of the Some clawse, To ensure that we only Choo g
2ech  clawce to the ir\dzggndznt Qe -

o, there are two tﬂPu o{\ 2dges

One Type  are Ldges within  2och clause  (ie. onz ftriomgle for 2ach clause of Thre (tecals )
Avsther type are  edgec  betweea eoch  appearance oy omd X fer L <isn.
Ckemkj, the  Consteuction o»& G can b dene in Pohénnmtu[ time  Tn the  Side o the Lormulon-
The %o(u}wms Claim  will  Complate the  proof of  the thescam
Claim Suppase  the  focmuloe hase k  clouses Then  the  formulo i gatigfiable & ond only Tf
there s an ndependedt Set of  sRRe Kk in the Qraph G
Proof >) TL there s a Sat\s{-%‘\ng assignment . then we Cheose  one litecal thot 18 et to  True

i eoch clawse  (eg vf %=TF in the satisfying ossignment , then the literol ¥y s Teue )
and Fuj{ the o&fcesgev\o@r\i Vertey e be  in the "mo{q?und\zf\t Set
Crnce  the assigmznt s Samsfieble . thae s at least  one  Teue  liteca] in 2ach  Clause,
ond. So  the Set  has at [east K wvertices .
These ¥ vectices /Fbrm an EnoLg?mmnt et becaute  there are no 2dges  of the Aﬁuk %ﬂ& between

them o5 e cheota or\k:& one  Literal  vertex in gach  clouse |
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the Sewondl tﬁet 0s Wi wen®T  Choese boeth  X; Gnol ;-, oS +the gaﬂs&l%‘mi Q&S?&nmuﬁ IS ConsisStent

€) Suppese.  There ¢ on Tndepondent St of <SiRe Kk in G

Smee there  are edges  (of the fiest type ) between  Utecals  in the Some clawse. ony W dependent

Set Con CPV\M& pick of motk bne  vertw  In Roch clause .

Since  there are onk% k  clowses. an 1nd.ependent et of e kK muwst Chosese ;anctté ong  vertay

J;(orv\ each clause

Alss, becauwse of the Consistency  edges C e 2dpes of the secend &LAPZ) , 2och woariable we Choote

ot ™Moect one (itecol ( note that W Could Choose  none of  tha Ut@(o“§>~

Co, f Wwe choste %y in the 'mdz‘;qr\d&r\& et . then

we  Set Xy ot ba True 5 otherwite,

we <S¢k X; te bz Talse

Baa +he (,ohs‘\sﬂﬂcﬂ ergsz.i, thig

st:\znmm& 1S \Nzlt—ddm;z,o\, ond. Since  there s o vertex
in @och clawce . thig mgs‘\gnmeﬁ <atisfres Z\/E(% Clowse - g
a
Concluding  Remarks
J
We have inteodaced the notion 0‘\C Q PDLLAnumIDLK Limae feduckion _ ond  used Ot to

establish (elations  between dffecent P(ob(!&ms/ ond %o {»o\r

we  have

IS
O Do 24T U =~ o HP an edge B P\

meang B < ﬁ R
F
C,L‘\%\«L & \O <<

Tn Pr’mu?[l, we Can cdd  new ?(DB(QW\S and.  (elate to

these ?{ohumg ., and S‘““\A baild

(o b‘xi web  of all Qbm{;uf(o&ibnm( Froblzmg

A SF is  transitive | Ouug Sf(cr\ghé Cannected Cwn?onmt in this web formge an Q%mvatzﬁt Closs q{

Prob[zms in tewmg 0{ PBLﬂnbmiO\l time Sn{uub\‘\ﬁ\g

Ts thete a bette \Aag to do [t than to Considec  the problem ene b% one 2

Refecencas TkT 80321
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