CS 224\ - Ngur?thms , SPrinS 2021 | Un'we\'s'\ka of  Waterloo
Lectwe [6: Bipartite Vertex Cover
e shAdxé the mintmum Vertex Cover Prob&m on \oiparhtt %rqehs, the dual” P(oblem of bipartite mcﬁcch‘m&

We will prove 0 wm-max theorem between these  two problems , ond. S2e Come Tacther interesting  applications

Bipartite Vertex Cover

Griven  a g(qph G=(V,B), o subset of wvertices SEV s Called o vertwx Covec
W for evary  2dge woe® o Luvl ngx ¢

Tn wotds . S s o vartex wuer £ S intucects Quary Q&SQ,

Xﬂzu\_'t ﬁ bipart’ltz %(Qph C,’(: QU/?)

Output < A verte cover of  winimum cacdinality.

Soma 2 Xamples T}% /m m m

e Could \[motg?na that  this problem  C in Jenecal grm?hSD s wseful  In Computer wetworks,

&oué b% mi‘mg the  wiaimum  number 9+ Computecs to  moniter all the lLinks n the notwork

Min- Max Therem

The wvevtex Cougr p{o\ow_m Moy Seem to be wunrelated to the mtﬁch‘m& Prob(am ~ but thmg are aatm[la
* dual of cach other on bipartite §raphs, 0 G predse  and V‘r\@o.n\ngQM way

T st e <ee their Connection, FTivst  we observe  that i there s o matchrrg with & edqes
than oy vertex cover  mast  have ot least  k  vertices.

The 7veason g QSM?[L ¢ince the k moﬁt@hmﬁ Q(‘J\jé,s are  vertex oUsIom‘t, L T L
we must  use K oodistinct  wvertices Just fo over  thete ko adpes,
and.  So any vertex Covee  must howe ot least kK vertices

Thacefore, +the $i;e of o mawman match?/\j is a lewer beund on the $i3e o% o minmmuwm vertex Cever

Surpeisingly . this s olwoys 0 tight lower bound on  Dipactite graphs

Put 7€ ™ onother WQ%, Y\qu'mg o lurga mo&d\?n& ts  the onha Qason  that we neadk o targz vertex Cover .

MQKSM@ Tn o prthcz ngh/ the maximum Siig of o vv\utdmng s Q%u\ml to the minimum S‘ge o% o veyrtex Cover
P\’OO£ We  will provide  an atgm’zthm}c proof  of K'o'nig's theoram using the au\gmen’(inj FMP\ algocithm

We il prove  that  qiven the current matching M of sﬁge k. »[\c Wwe  Cowldnt find an Qusmmﬁng path
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of M, then we con Find a vertex couer CEV  of siye &
This would imply that M IS & moximum mmchlng and C i< o minimum Vertex Couey , becaxse we  Know that
7 !
thete cont be a modcchmg lc«(gzr (because of C ) and cant br a vertex cover gmaller ( because o} M)

Fc[[owmj this PLQY’, lels considaer +the itecation  when there s no Q(ASYV\EnfTh& path oWC H

@Yy O®Xpy - @ Xy X, Xy

e ® e’ % 41 O Ya

Let the wverticeq of the bi@amt@ graPh be K:{xl)y\,\,.,xmg ond Yt{%;%p..\,%wﬂl

et +the Current mmcb\mg M be M\g\,wvkahé, Mvmg k ¢dges - colored fad in the pictuce-

Then  the free [ unmatehed  yerticss  are Kger -0 Xig 0nd Yy s Yy~ Colored black in the pleture

To search for an Ougmenting poth of M. we concider the dicected gra?k C?;L as shown en  the cight.
Tn which thae i< o0 supec-Seurce & with  cicacted rdges <X for all k+L<~1£\X\)
oand. there s & Super-Sink  t With airected, 2dges yyt %( all K&téjé\‘{l_

Al the edges in C:M pointed  clownward from K Ao ¥ | except the oedgec ™ the mmtahfnj M pointed
up war ok Trom Y to X. ( Not all  *the 2dges  are shown in the P\‘Ctum‘}

Now . Suppose  thew s no Qugmenting  path of M

Trom lost lecture, (€ s equivalent to  that there s no  directed  path from s to € In Gy

From  what we hoave learned in BES/DES . fet'c cCol the Set of  vartices feachable Lrom < be S,

then we know that there Gfe no  direcked edges  with ks fail in C  and its head T V-S

(QS otheiwise we Cowld  ceach $eme Vertices out<ide S)

[et’s  wndacstand  this  pietuce.

Since 8 Cannot <(each £ . no verties in ?Lgm,./\ﬂmzj are in S L 0¢ othwwise T coan alse be (eached.
Let YL%J,UJK?) be +the set of vartices  in Y that afe in $  (ile vYeachable from <)

Then . XKJ,.,XKA ate also in £ becouse o{l the dicackede zdgzs Yt X %ur J{{sk
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Also, since  vertices Yoo Yjo QR not in S b\:& our ossumption . the Vertices Xy .. X| oare olse net in S

A

because the or\hg wo‘ﬂ J\lar S to Yeach X, ... xi" is thrwgh Yoo Y5 as  ach ¥, has of\tﬂ Tnolz&ru one .

The followng  claim il finish the proof . by wlicitly  chowing  that thece is o verter cover of <ize k.
Claim % ) AN )(5,\3 v i Yisw gkg 'S O vectex cover a{ G . (Su the h;ghtighfm blue vzrtiws)
M Tt clear that all ma'tdr\"mg edges  are  coveced , So fowus on  the edges wwt Tn the matching e edges in E-M
Since S has no outuing edpes. thece are no  difected  edges Leom XX\S,_JMX\Z] to \(~(m,.\,‘j\<},
which  means  that there are no edges ia E-HM  are batween { K3oneo ng and Y- Q Yy, %KH.
So, the vecticer in 4l ..ycd Cover ol the adfes in E-M with one endpoint W b xj,. g
The (zmmnmg edges in E~M  have ore  endpeint i Xx\,.,,x@@ . Ond o thzﬁ are cevered \343 {x‘, ‘,Xj_la,

Therefore, ix,,.,xkﬂ uj{%,.,gkg Covers oll the edges, and thus o vertexw ovar of 3¢ k .g

This proves that both YY\O\tCh(nﬁ and  Vertex couec  oafe optimal , and the Min-meax  theorem fo[(ow& a

We Summarize  the olgorithn  in the proof as £ollows
Alqorithm bipartite vertex over )
[. Use an  2efficient &lgor\thm 1o {m(k o maxXimum moﬁtchm& M (d\uasnyt need to  be ngmanﬁﬂg Pcdch alfar?t\r\m]_
=
2. Congteuct the directed %ro\w Gu  os descibed gbove ondk in the  last lecture
-
3. Do o PBFS/DES  on CTP}I to quntiﬁﬂ all  vectices  SeV  veachable from

4 Return (Yas) v LK»S] os the wvertex couver (. QX"-\,KJ',J) U%‘_&j,- ,Ejkl] in the P(ctuft)»

Time QOME[Q\A{? Tt ¢ dominated bﬁ the ?‘mt Sﬁzp, os the \’emamh\g S%:L\Ds ankﬂ toke  OUngm) time.
Using the Ougmenting path algerithm i LIS gives o Olmn)~ time algerithm fov  bipactite vertex Cowc.

Us‘mg the O0(min)- time olQortthm b% Tdmond< anok Karp gwes o 0mIR) ~time algecithm

Good  Characteci 3ation

Kongs thorem is o nice  ample of o qroph- theoretic  characterization

To ke this Rrv\qg'ml thort You work for a CDmP&r\\ﬁ and Ypur boss  asks You to wc'md\ O moyimum mrﬂmhmg
SmA to assign - Some :Sobs te  the QM\)LO&JMS

f Wour algocthm  finds o ?z&ut matching . Then Your boss  would ba ‘anpj.

But Suppose there 0s no perfect matching in the gcaph . how coukol You Convint yous bess about the non-gvistence?

Mow( boss may ‘Au&% think  thot You O Er\umgz%mt and. othec Smarter pec?li couldh Findl o bettec aislgnmznt,

With the Aufmentieg  poth algorithm. magbe  You could 2ploin  that  thern te ho  augmeating  path  for
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Yo u match'\f\g ondt 20 it IS moaximum , but  this moy not ba  So 10&3 Yo JL\(P(a‘m to Yy ouv bose.
n .
A more Cvr\\/'mciv\j L\xo% i to ghow Your bose o Vertar Coue( O\C Sije <7y, Gnd sz?[am that 1‘%

thete 1S a Per\cegt mqtch'\ng Such o werfax Couer could not  exast

These win-mox  theorems are  Some of the mest  beawtiful ceSults in  Combinatorial optimization _ F(ou{din\?

Succinct “proofs” for both thr YES-case (a lage w\mhmgﬁ ond the No-cose (o small veckex cover)

T%% show the non-gxistence  of  a Solution bg the existence of o Cimple  obstruction .

Remack @ To \7wt the aboue discussion Into perspective consYder the dynamic Ffoer\mm'mg Q\gor?thms

Tuen ‘thwgh we  Cowld. <€elue  the Preb(ams (such s o ptimal b\‘vxmﬁ search tyoe)

in ?ohy\o mial time,

we dont have <Quch a N swecinct Qha(mtlﬁgm?m\ {or the NoO-cases.

4 Uour boss  asks \M\ﬂ thece s no hetter Solution, 1t wowld be guite diffreult  to szxp\am

(Qg— we  Seasch Toc oll possible  gelutions um\g this  Yecurcence  and ouc {s  an  optimod %umﬁorﬂ

The \\P(oafb s gtill Sweantt  in the Sense thol 1t s o poh:\r\nm‘m\ Siyed table . buk i is  nef

Nearly  os  elegant as the Promcg provided bg the win-max thestems

Halls theorem chacocteizes  when o bipactite Qraph  Gr= (KLY, E)  has o perfect matching ov not.

Without (ot of gz(\um:es, we oSsume  that (XIS, as sthecwise thire S no \)u%ut YY\QJ((I}\Q)\g‘

Theoram ¢ Hall) A bipartite Smp% G= (Y E) wieh =ML has o Pgr%@gt vwoctdm\g T and only B
{*or Queey Subset S CY L Tt holds that LRI Z(S] where NS i3S tha nzijh}m( Set of € in Y

Y
(1T wordS QUU\(& subset  ScX  has ob least 1< nzrghbocs n Y ) I

N(S

Execcise ¢ Datve Hals theoram  From kﬁm‘\grs thaorem .

Halls thesem 7o On imprtont  result  and  has many qpy(ico&lor\s Tn %rqp}» 'H\urﬂ.

Weae Show one CD(DLLQH(,S . Which Moy be wsed in homework .

Corouqrg% E\/Q_(% dw(agumr bipwﬁ&z graFH G- (xx;@ hos & meu’c \’T\qfct\mg

P{no£ There  ae dIX| adges  iIn the XFQ(JK Note that W=l oas & 3 (JLKQLQ(
Ang cubset of  vecktces & wikh LSU<Wl-1 con cover ot meskt d (1KL-1)  edqes

Se, QV\LS vt Cover needs ot least X1 vertices

BLA \<6n;§’s theocam  Thee s o YY\afd\mj of Si3e ot least [X(=(¥[, hence o ?Q&ut ‘mu’cckmi a

AEE\iCoft‘\ons
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Applications

There are m&ma \ntmst'mj and pon-teivial O«PFchaﬁcwns of jmfk (ho&cw\y\& ond  network £ (ows .

We dort have +me. S0 we will Juskt See one Such emm?m_ ond w2 break +the P(QE(QW\ inte two \mrti

Capocitated  \ob  0SSighment
J

This s luut o Small juarqtzsatim c§ the. S"b O\SST&!\TY\Qnt P(o‘olam in  the baglnmng of LS
The some ?roblam os  before, but now eadh Pzrgan/machmc i has o different cc«pmrt\é <y rqweszr\tmg

how many  Jobs that person/ maching 1 coulk  hondle  Cinstead of Just hmvmf Cogactty  one for 2ouch \>€(sm\>
Then _ again, e wart o Qssign  all the Jobs to  people - while no Person will be outcloaded Quordmg to thar cq\md{j

We dont need fo Solie Ehis  more Xenum\ Probkzm agonn Thece s a Q;MFLJL feduction to the Speclal cace

go\(s Jobn  has Capadhs 2. Then we Can gamw create 2 vertices foc John, %Qf) Tohnd and John2 ,

R > Johnl o
Qonnuﬁni to the Same  Subet o% 3”10& as  John did O coffer O;/zj Coffee
\Sn?'\h Cookan! O ¢ ooki
g Q/ ¢ i
Then, i+ showld be clear that there s an sttgnmen% of cQFac:g(Al o) C[“‘“"”j —— > cleaing
all ‘30‘0& Sud:\&utuk to the Qu[)cmﬁz& if ond or\LL\,g i§ X1l vertices 2ach Lq?qd{ﬂs oL

thee s \'vm’td\‘mg in the new gr(xPl\ With all  Jobe  watched
Thic  veduction may not be very efficient. ac the number of vectices Tn the new %mph Cowld bewome  WXUAYL,
as each  perSon Could hove CO\PQL\\\‘% 0g %\Sln as MU
But it is still polynomiol An Terms of the Input instana, and this s Qood 2nough Lor our pucpose
There s o direct and wmove  efficient vy to work on the more Compoc (Qpraunfmﬂm Cin o gimlar spicit

to  what we did for DI&kst(o\]s algorithm oS 8FS- Simulotion n the big Srqu n Lto), but we wonl oo 1t hece

Baseball / Bosketboall League Winner

Supposs  yeu ace  a fan  of  Toronto Blue Toys or  Thronte Rapters o Watecloo  LJacciors.

T}\Qﬂ ace P““:s"“3 in the m&m( <onsSon . Th% o(e okn'mg okag but nstt ot the top of the table .

Yow wonder whethee 1t ¢ ol (mmkamaﬁmklg> Pn%él\o(e ’Fu( them to finish on top  In the and a{ the SeaSon
Toputs  The cucrent %Jmnok’mj/to\bli, ond.  the (Qmwmng Schedule.

Outgut: Whethee % s \)uss\\ah that LﬁDuJ feam Can  Win the leaque

The feoture of the boseball [ bosketboll lzague s that there s onhé wn oc e  (ie wno dfow &S In -?ooﬂm(/).
Suppose your  team  has  Currently  won W Qames

Ticst . i+ is obviowe that we oStume that thmé will  Win all theur (Qmmr\h\g qames ‘For o total o{ k/\)* 8&{'{\2&-
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Then, we wont to know whether tThere (s oo $Cenacls  that M‘g other  team il win les¢ <han \/d% gomas .

Let +the other eams be {1,1) ‘/n"t) ond Qumz.\tk% team 1+ had  wbn (- gcxmes.

We havae the Yemoining schedule, showing  that thee are  gtill qi;  qames to be plaged between team 7 ond teom .
A \ RO ploy J

How do we detecmine £ there I8 Sl oo Scenacic  that Youc teom  Coan Sl R

Win  the league

Solution * Tt is net difficult to feduce Tt to the capacitated O\SQ\wxnmamf problem onct we see it the gkt way

We woant +o L\wggign” the winnec of gach Cemaining match %o that no tom will win more than \I\J*—\.\J;—\ games
Tn more detonl, eoch team | is o pecson in the Capaatated 0SSignment i)\’DHQm L with ca?qcm& LJ*—\AJ‘\'L

Toch mmam?ng match 1§ o ]eb n the CQExmhﬁm uss?gnmmt problom 1\5 o match s betwesn team
ond trom y , then the Lofmggov\d\v\i job Can only be hoandled ‘D% toam 1 and teem 1.

“Than, Yyour tesm  Can still win the leoque i ond only if ol the Jobs COon be assigned Smtisgﬂmf the Cq\azxu‘fg{

Conctearnts (e all the rammmng matches Can be p[(xg@i Without W“f; Toam win mofe thon w*ﬁwrl gamas).

Remack: Tt s on NP-hard pmbm to  determine i youc ”&)qvu(\ﬁ@ football team Con still win the logue

(‘\m w\nn'mg team  {ets 2 ?cwr\ts . goch tzam Qets  enc ?o‘\ﬁ in o O\ww).

Lookinx Torward

Sust a quick overview  of  whot ¢ ohead  Tn this  topic

Other O\EEUCQTIL\S‘ The network "@Low Pfob(am Con be Solued ugsfr\g the &ugmzﬂtﬁng PD{W\ method jcor bipar{ite mﬂgchmﬁ

One useful application is to find the modmum numbec of edge-disjomt poths betwesn twe verties ¢ and t .
Which is an mportont  peoblem both in thau(% and n proctice

The famouus “mo\x—\qu rin-cot thiorem ¢ O \/u% imFa(tW\t yia-mox  theorem . which Can be \woumk

usSim Similoc  technigques as  in the alporithmic oy o kénl'i Thesrem
$ % 8 P §

Mou can learn more about network Hlows  from [ KT, 0pv. CLRS | omd You showld  be (chtg\ Now .

Extensions *  The maximum mm‘tchm\o\ F(ab\zm on  Qenecal jron\S can be <olued in PoanmmL time .

Even  the  moximum welghtw\ version ,  Wwhere auu% jSq hos  Q wught/ Con be Solued in Pckﬂmm‘\al time.

This was  «a S(c;uﬂckbrzmk'm3 (esult bL& Tdmonds n  the Tos.

The maximum weighted YY\Okd\inﬁ Probtﬁm Con be wced ., in o clever w%, to  <olve the Chinese ?ostmw\

problem  thot we mentioned  in Lol in polynomial time.

Dwx({@r [,Qh% Uaectex cover s called the ™ duol” P(ob(@m o"{ maichuﬁ) 3 Hew could we Come wp with 13
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Actually, there 1t a systemotic woy  to defing  the dwal problem of an optimization problem.
t%romgh the we of linear progromming.

Most  Combinatoriol optimiyetion Prcb{@ms can be Solued in the gueml {ramework o& {ineac Prc&grﬂmmlni_

This s onz of the mest_ if nob the mest. ?ow!@r%vtk algov‘:thmxt fmmzwark o POU{SHDM‘\QL time Lomputation

The mmﬂ bgautrfu min-mox theorems Can alse be %%Stzmo\ﬁmkuﬁ clervaed frnm [ineor ?rngmmm\r\j dwtﬁﬂ

Unfoﬁw\om\g , Wt wont leocn  obouk lineac Pﬁlyro\mm?r\g in this  course ; See L kT, DPy. cLRS] ’?Dr’ moce

Thae ae  olso  vorivbus  Coutses  n the C&O deportment on  Chese Topies.
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